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INTRODUCTION

Group extensions of dynamical systems form an important and efficiently
explored class of extensions. This large class enjoys a great variety of useful
properties that make considerations on them quite fruitful. The group extensions
are considered in measure-theoretic ergodic theory and in topological dynamics
as well. In both cases the results are formally similar however the methods are
different. The methods applied in the study of the class of group extensions are
usually of algebraic and topological character, therefore some differences in the
methods may be observed on appearance (or not) of compactness of the group
in the considered group extension. In applications it is rather difficult to exceed
behind of the class of locally compact groups — the groups that admit a one-point
compactification. This is one of the main reasons to limit the object of research
to the locally compact groups, frequently even to the compact ones.

Let us now define more precisely the objects that will appear in this disserta-
tion. By [2], an ergodic extension T: (Z,A,m) = (Z,A,m) of an automorphism
T:(X,B,u) = (X,B, ) is of the form

(1) T (X xY,BRCuev) = (X xY,BRC,udv),
T(x,y) = (Tz,¥(z)(y)),

where 9: X — Aut(Y,v) is a measurable map (and ¢ is called a Rokhlin cocycle).
Some examples of Rokhlin cocycles can be obtained in the following way. First
take G a locally compact second countable group and let p: X — G be a cocycle.
Then suppose that G acts measurably on (Y,C,v) as G g+ v, € T = {y,:
g € G}. Then let

Tor:(XxY,BoCuov) = (X xY,BoCuev)
be given by

(2> TLp,F(xay) = (T%%(x) (y))

7
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The extensions of the form (2) seem to be a very particular case of the general
situation (1). However, quite surprisingly, as noticed in [14], each Rokhlin ex-
tension (1) is isomorphic, as an extension, to (2); moreover, G may be taken
countable and amenable.

In this dissertation we consider measure-theoretic dynamical systems and
topological systems as well. In both cases the basic tools used in the study
are similar: joinings (ergodic in ergodic theory, and either minimal or B-sets
in topological dynamics), and the groups of essential values of cocycles. The
corresponding results obtained in ergodic theory and in topological dynamics
are comparable, not identical. Generally, the universe of group extensions in
topological dynamics pictured in this dissertation turns out to be more diverse
and containing few regularity — in contrast with the universe of measure-theoretic
group extensions.

This dissertation consists of eight chapters. Chapter 2 and Chapter 3 deal
with measure-theoretic ergodic theory, in Chapters 4 to 7 topological dynamics is
explored, Chapter 8 compares some results and properties in measure-theoretic
ergodic theory and in topological dynamics. Chapter 1 contains preliminary
notions, definitions, useful facts and theorems applied in the sequel.

The results of Chapter 2 come from a joint with A. del Junco and M. Lema-
czyk paper [44]. In [95], Veech proved a theorem describing factors of ergodic
2-fold simple automorphisms in terms of compact subgroups of the centralizer
(see also [45]). The property 2-fold simplicity is defined by 2-joinings — invariant
measures on Cartesian square of the given system, projecting onto the system
as the original measures. In particular, each system is a factor any of its join-
ing. In the 2-fold simplicity case, each ergodic 2-self-joining is either a graph
measure or the product measure and this property is sufficient to describe all
factors. But a graph measure, as a dynamical system, is isomorphic to the
original system and the natural projection factor map is one-to-one a.s. with
respect to the joining measure. In other words, a graph measure A is one point
extension of the base system X. In particular, the relative product A x x A is
ergodic. We will use this observation to define a new class of ergodic automor-
phisms, called semisimple automorphisms. An ergodic automorphism is called
semisimple if for each its ergodic self-joining the automorphism corresponding
to the self-joining is relatively weakly mixing with respect to the both marginal
o-algebras. It turns out that many classes of automorphisms previously studied
are semisimple. Indeed, all discrete spectrum, 2-fold simple, direct products of
minimal self-joinings, Gaussian—Kronecker automorphisms are semisimple. We
exhibit a structure of factors of semisimple automorphisms; in particular, we
prove that one can decompose a given factor map X — Y of a semisimple X
into X =Y — Y, where the extension X — Y is relatively weakly mixing and
Y 5Yisa compact group extension.
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In order to study the structure of factors of a given automorphisms, we intro-
duce the notion of a natural family of factors. A general factorization theorem
for an automorphism X possessing a natural family of factors says that if Y is
a factor of X then there exists a decomposition X — Y — Y for some natu-
ral factor Y with the remaining properties as above, i.e. X — Y is relatively
weakly mixing and Y 5 Yisa compact group extension. We also explore er-
godic compact group extensions of semisimple automorphisms. In Section 2.5 we
describe ergodic joinings of such extensions. In Section 2.6 we apply the concept
of a natural family of factors to give a description of factors of group extensions
of 2-fold simple automorphisms, generalizing earlier results from [64] and [71].
Finally, we consider the conjecture that if, for an automorphism with a natural
family of factors, all natural factors are coalescent then all factors so are. We
give the positive answer in case of group extensions of rotations (Theorem 2.6.7).

Chapter 3 contains results from a joint with M. Lemaczyk and H. Nakada
paper [66]. It is an important problem in ergodic theory to study classes of
automorphisms with a “given” set of self-joinings, see [94]. Historically, such
an approach was first presented in [86] by D. Rudolph, where the existence of
automorphisms (so called MSJ) with a minimal structure of self-joinings was
shown. A generalization of this notion appeared in [95] and then in [45] — the
notion of 2-fold simplicity. A further generalization was proposed in Chapter 2,
where the notion called semisimplicity was introduced. As proved in Chapter 2,
such automorphisms have still strong ergodic properties, and in particular the
structure of their factors can be easily described. Based on some earlier results
of J.-P. Thouvenot, it was already remarked in Chapter 2 that some Gaussian
automorphisms are semisimple (recall that Gaussian automorphisms are never
2-fold simple). In [68] a far reaching study of Gaussian automorphisms with
a minimal (in the category of Gaussian automorphisms) set of self-joinings (called
GAG) is presented. All GAG systems turn out to be semisimple.

Almost all examples of automorphisms presented above are weakly mixing.
In fact, the only exception are ergodic rotations which are 2-fold simple but not
weakly mixing. Being more precise, the MSJ property implies weak mixing, while
in the class of 2-fold simple automorphisms we have: either such an automor-
phism is weakly mixing or it is a rotation (see [45]). In the class of semisimple
automorphisms it is a question whether the existence of a discrete part in the
spectrum forces a decomposition into direct product of the form “discrete spec-
trum automorphism x weakly mixing automorphism”. The question is natural
because it has been noticed in Chapter 2 that an ergodic distal automorphism is
semisimple if and only if it is a rotation. It follows that more is true: since each
ergodic automorphism is relatively weakly mixing over its maximal distal factor,
if an ergodic automorphism is semisimple then it is relatively weakly mixing over
its Kronecker factor (see Section 2.4).
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In Chapter 3 we will construct semisimple weakly mixing extensions of irra-
tional rotations. The main idea of the construction comes from some papers by
D. Rudolph [88] and E. Glasner, B. Weiss [38]. Roughly, we fix a simple (or even
semisimple) action of an Abelian locally compact second countable group that
will serve as fiber automorphisms of a skew product whose base is an irrational
rotation. When some assumptions on the relevant fiber cocycle are put then the
skew product turn out to be semisimple (it cannot be 2-fold simple). In order
to see that we have constructed a completely new class (in particular, no fore-
mentioned direct product decomposition exists) of semisimple automorphisms
we use some recent results from [63]: the class we will consider is disjoint in the
sense of Furstenberg from all weakly mixing automorphisms, on the other hand
the automorphisms from this class are relatively weakly mixing extension of the
base irrational rotation.

An essential part of this chapter is to show the existence of some cocycles over
irrational rotations, taking values in Abelian locally compact second countable
groups and having strong ergodic properties (see Section 3.3). Here, we consider
two examples of well known (one being real-valued, described in Subsection 3.3.1,
and the second, described in Subsection 3.3.2, integer-valued) cocycles over the
rotation by an irrational a, where a has bounded partial quotients.

Chapter 4 is based on [36] (a joint paper with E. Glasner and A. Siemaszko).
Given a dynamical system (either measure theoretical or topological), its family
of factors can have a rich and complex structure. An interesting step towards
a systematic classification of this family (in the measure theoretical case), was
taken in Chapter 2. It was shown there that for an ergodic system (X, B, u,T),
there always exists a unique minimal natural family of factors, N, that includes
all those factors arising from ergodic self-joinings and that has the following
property: for every factor sub-algebra A of B there exists a natural cover ADA
such that the corresponding factor map from the factor defined by A to the one
defined by A, is a compact group extension. This natural subfamily of factors is
strongly related to structure theory and can, in some cases, considerably simplify
the study of the family of all factors. Two such cases are studied in Chapter 2:
the case of an ergodic group extension of a group rotation and the case of what
is called in Chapter 2 semisimple systems. In some cases the minimal family of
natural factors coincides with the entire family of factors (see [26], where this
is shown for Bernoulli systems; see also [33]). However, even in these cases, the
mere fact that N consists of all factors is of great interest.

The purpose of the investigation is to study several analogies of the notion of
natural family of factors in topological dynamics, or more precisely, in the theory
of minimal dynamical systems (called here minimal flows). Our first approach
(expounded in Section 4.2) is perhaps the most straightforward one. We define
a self-joining of the minimal system (X,T) to be any minimal subset of X x X.
With this definition of joining we mimic the definition of natural family of factors



INTRODUCTION 11

given in Chapter 2. As in the measure theoretical case we get in this way the
existence of a unique smallest natural family of factors N, that includes all the
factors arising from self-joinings. This family N has the property that for every
factor Y of X there exists a unique natural cover Y € N such that the map
Y 5Yisa regular (but not necessarily a group) extension. We characterize the
least member of the smallest natural family of factors of the system (X, T') as the
unique maximal regular factor of (X, T). At the end of Section 4.2 we consider
an alternative approach. We call a non-empty subset W of X x X a B-set if
it is closed, T' x T invariant, topologically transitive and such that the union of
the minimal subsets of W is dense in W. Now we enlarge the class of admissible
self-joinings by allowing all B-sets to be joinings. The corresponding notion of
a natural family of factors now has the property that the map 7: Y > Yis again
regular and in addition admits a decomposition 7 = w o k, where k is a group
extension and w a proximal one. We show that for this type of natural family the
Kronecker factor is the least member of the smallest natural family. By a result
of Bronstein, for a PI-flow X, and in particular for a distal flow, a B-set in X x X
is necessarily minimal ([10], see also [7]), and the two notions of natural families
coincide. Unlike the situation in ergodic theory, the largest zero entropy factor
of a minimal system need not be natural.

Section 4.4, motivated by [44], [64], [71] and [92], deals with natural families
of factors for a minimal group extension of a group rotation. We show by direct
methods that for such a flow the family {X/F : F' a closed normal subgroup
of G}, is a natural family of factors for the G-extension (X,T) of the group
rotation Z = X/G (Proposition 4.4.8).

In Chapter 5, based on a joint with M. Lemaczyk paper [65], we will study
dynamical properties of extensions by topological cocycles taking values in a lo-
cally compact group G. Such a subject is under research mainly in the measure-
theoretic setting. K. Schmidt in [89] developed the idea of an essential value of
a cocycle as a tool to investigate ergodic properties of extensions by cocycles with
values in G. It is also well known that one of the consequences of Dye’s theorem
([15]) on orbital equivalence is that the first cohomology group (of cocycles tak-
ing values in a fixed locally compact group) is the same for all ergodic systems.
In particular, if G = R then for each ergodic system there exist non-regular (in
the sense of [89]) cocycles (these are cocycles ¢ which are not cohomologous to
any cocycle taking values in the group of essential values of ¢). Of course the
structure of such cocycles is far from being understood.

In the topological setup Dye’s theorem is no more valid and we may hope
that for some classes of topological systems the structure of cocycles will be
much more clear. In this paper we make first steps following this direction and
show that a particularly easy classification appears if we study real cocycles
over minimal rotations 7. We show that if such a cocycle ¢ is not regular then
necessarily [¢dp # 0 (p is a unique T-invariant measure). In this case the
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partition into orbits of the corresponding skew product
Tp: X xR — X xR, Ty(z,t) = (Tz, p(x) + 1)

is the decomposition of Tj into minimal components. Otherwise, when f odu
= 0, the cocycle is regular and moreover, either it is a topological coboundary
or Ty is topologically ergodic.

We should emphasize that such a classification is no longer valid for strictly
ergodic systems that are not rotations (see Section 5.5).

In [28] and [38], S. Glasner and B. Weiss studied the problem of topological
disjointness from the class WM of all minimal weakly mixing topological systems.
They considered the following situation. Assume that 7: X — X is a minimal
rotation and let (S);cr be a weakly mixing flow on a compact Hausdorff space Y.
Assume that ¢: X — R is a topological cocycle and let

Ty X xY =X xY,  Tyla,y) = (T2, 840 (y).

Then for ¢ running through a certain generic set of cocycles, the following results
have been proved: j:¢ is not PI but it is disjoint from all weakly mixing trans-
formations, if moreover, (S;):cr is regular then T » is a multiplier of the class of
topological systems disjoint from WM. We introduce the notion of universally
ergodic cocycles and show that the two disjointness results hold under the only
assumption of universal ergodicity of ¢.

The purpose of Chapter 6, containing results of [72], is to describe groups
of essential values of continuous cocycles (over minimal rotations) taking values
in locally compact Abelian groups whose dual is connected. Recall that in the
measure-theoretic context the notion of essential values over ergodic actions has
been introduced by K. Schmidt ([89]). In topological dynamics a parallel theory
has been developed by G. Atkinson [6], although only for extensions by R™. An
adaptation of Schmidt’s concepts was considered in Chapter 5. It was suggested
that a full description of all groups of essential values is possible over minimal
rotations and indeed, in Chapter 5 it has been shown that the only possible
groups of essential values for cocycles taking values in R are {0} and R. Here
we go further and study the case of cocycles taking values in locally compact
Abelian groups without compact subgroups. By a classification of LCA groups
([77, Theorem 25]), such a group is of the form R™ @& D, where D is discrete,
torsion-free. Our main result shows that a group of essential values is then
contained in R™ and moreover, it must be a linear subspace of R™. We will
also prove that an R™-extension of a minimal rotation is conservative iff the
cocycle has zero mean (with respect to Haar measure), and that topological
non-ergodicity of a conservative R™-extension leads to a functional equation.
Both these results are essential improvements of the paper by G. Atkinson [6].

In this chapter we also propose the notion of a regularity of a topological
cocycle. Namely, we say that a cocycle ¢ is regular if it is cohomologous to
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a cocycle taking all values in the group E(p) of essential values of ¢. In this case
infinity is not an essential value of the quotient map ¢: X — G/E(y), however
the converse does not appear to hold in general. Due to our analysis of possible
groups of essential values we show that a cocycle (over a minimal rotation) is
regular iff the corresponding extension is conservative.

We should like to emphasize that our analysis of cocycle group extensions
essentially exploits the fact that we study cocycles over minimal rotations. It
has been already noticed in Chapter 5 that the group of essential values may be
Z for some minimal extensions by R, however in this case the base cannot be
a rotation.

Chapter 7, based on [75], a joint paper with A. Siemaszko, is devoted to the
problem of minimal subsets of cylinder transformations. Let X be a compact
metric space and T7: X — X be a homeomorphism of X. Let ¢: X — R be
a continuous function. By a cylinder transformation we mean a homeomorphism
Ty: X x R — X xR (or rather a Z-action generated by it) given by the formula

Ty(xz,r) = Tz, p(z) +71).

We will also consider the case R™ instead of R. It is essentially proved by
A. S. Besicovitch in [8] that the cylinder transformation cannot itself be minimal.
We also mention a deep result of P. Le Calvez and J.-Ch. Yoccoz saying that
there is no minimal homeomorphism on the infinite annulus or more generally
on the two-dimensional sphere with a finite set of points removed [60]. This of
course generalizes Besicovitch’s result.

The problem of the minimal subsets of a cylinder transformation turns out to
be related to the problem of possible forms of w-limit sets. H. Poincaré was the
first to consider flows (generated by differential equations) on R? that had time
one homeomorphisms topologically isomorphic to cylinder cocycle extensions
over irrational rotations [83]. He made an attempt at classifying possible form of
the vertical section of w-limit sets. His classification turned out to be partial and
only A. B. Krygin gave the full classification in [55]. In [56] A. B. Krygin gave
a full classification in the differentiable situation proving that actually there are
four possibilities: either {0} — the case of coboundary, or R — the case of transitive
point, or Rt, or R™.

In Sections 7.1 and 7.2 of this chapter we show that there are no minimal
sets for any transitive cylinder transformation defined by bounded variation co-
cycles over an irrational rotation on the circle (Theorem 7.1.4) and over adding
machines (Theorem 7.2.4). Moreover, the only compact monothetic groups that
do not admit transitive cocycles are finite cyclic groups (Theorem 7.3.6).

Chapter 8, based on [74], is devoted to compare some twin notions in mea-
sure-theoretic ergodic theory and in topological dynamics. Some notions and
theorems in topological dynamics imitate their analogues from measure-theoretic
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ergodic theory (see [34]). However the structure of objects in topological dy-
namics is sometimes more complicated than in ergodic theory. In particular the
theorem saying that each measure-theoretic dynamical system is built up from
ergodic components has no appropriate version in topological dynamics. The two
most similar counterparts in topological dynamics of measure-theoretic ergod-
icity are minimality and topological transitivity (topological ergodicity). Both
notions have some properties similar to ergodicity, unfortunately not all of them.

In this chapter we will compare some properties of special cocycle extensions
(see (2) above) in measure-theoretic ergodic theory and in topological dynamics.
It is known that each measure-theoretic extension is a cocycle extension [2],
however the cocycle takes its values in a big Polish group, namely in the group
of all automorphisms of a fixed Lebesgue space. In topological dynamics there are
extensions that cannot be represented as cocycle extensions (see Example 8.2.1).
The special cocycle extensions considered below will strongly depend on cocycles
taking values in locally compact groups.

To study them, the main tool we will use is the notion of the group of
essential values of a cocycle. This notion was introduced by Klaus Schmidt ([89])
in the measure-theoretic context. A topological version of the notion of group
of essential values inherits many properties and consequences of the original
Schmidt’s definition (see [6], [64]). In this chapter we also work with the problem
whether the conjugacy class of the group of essential values is a cohomology
invariant in a nonabelian case. In measure-theoretic ergodic theory this is not
true — see [5]. We present a counterexample to this guess in topological dynamics
(see Example 8.2.3). In [74] a comment on this example was given that this
is a topological counterexample to a relevant measure-theoretic theorem [13,
Proposition 1.1]. This comment miss the goal as [13, Proposition 1.1] is based
on an extra assumption that the cocycle under considerations is regular. It is
easy to see that the Danilenko’s proof works also in topological dynamics. On
the other hand, for some constructions and strong theorems in ergodic theory
there is a topological counterpart. In this chapter we compare descriptions of
isomorphisms of Rokhlin cocycle extensions in ergodic theory and topological
dynamics.

In the topological context we will study only extensions of the form (2) and
here I is assumed to be a continuous action of a locally compact second countable
group G on a compact metric space Y. In the study of extensions of the form (2)
an important role is played by associated, so named, cylindrical transformations
Tp: X xG = X X G, Ty(x,g) = (Tz,¢(x)g). Similarly to the measure-theoretic
situation central object is the set E(¢) of essential values of . We will give
(Section 8.2) examples that some important properties of Fo () that hold in
ergodic theory are not inherited by topological dynamics. In this paper we also
describe (Section 8.3) base preserving equivariant homeomorphisms of Rokhlin
cocycle extensions of minimal flows, that means, equivariant homeomorphisms
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of the form S: (X x Yhf) — (X x Y,,T), where both T and T are Rokhlin
cocycle extensions of a given topologically transitive flows (X, T'), and both these
extensions are defined by the same cocycle ¢: X — G. The results of this chapter
refer to [63, Proposition 5], [14, Theorem 7.3|, [67, Proposition 2.1].






CHAPTER 1

PRELIMINARIES

1.1. Measure-theoretic dynamical systems

Let T be an automorphism of a probability Lebesgue space (X, B, ) (some
basic information on Lebesgue spaces can be found in Appendix A). Then the
quadruple X = (X, B, u,T) will be called a measure-theoretic dynamical sys-
tem, or shortly a dynamical system. In the sequel we will often shortly call T
a dynamical system.

One of the most important theorems in ergodic theory is so named the
Birkhoff-Khinchin Ergodic Theorem:

Theorem 1.1.1 (Birkhoff-Khinchin Ergodic Theorem). Let (X, B, u,T) be
a dynamical system and f € LY(X,B,u). Then for p-almost every x € X the
following limits exist and are equal to each other

n—1 n—1
.1 N —k
(1.1) Jim Y f(The) = lim Y7 f(T )
k=0 k=0
. 1 " def =
= 1 Tk - .
nsb 2m + 1 k;nf( o)

Further f(Txz) = f(x) whenever the limits above exist. Moreover,
(1:2) Tel(X8y) ad [ Fa)du= [ fl)dn
s X

The limits that appear in the Birkhoff~Kchinchin Ergodic Theorem are called
time means or means along trajectory.

A measurable set A is called invariant with respect to the automorphism 7' if
U(AATA) = u(AAT~1A) = 0. A measurable function f is said to be invariant
with respect to the automorphism T if u({z € X : f(z) # f(Tz)}) = 0.

Now we formulate one of the most important definition in ergodic theory.

17
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Definition 1.1.2. A dynamical system (X, B, u, T') is said to be ergodic if for
any invariant with respect to T set A, either pu(A) =0 or p(A°) = p(X\ A) =0.
In such a case T is said to be an ergodic automorphism.

Each ergodic dynamical system may be characterized in the following way.
Proposition 1.1.3. Let T be an automorphism of a probability Lebesgue

space (X, B, 1). The following statements are equivalent.

(a) T is ergodic.

(b) For every A € B with p(A) > 0 we have i (U,-o T "A) =1

(c) For every A,B € B with (A) > 0, u(B) > 0 there exists n > 0 with
W(T"ANB) > 0.

Now we give a characterization of ergodicity in terms of measurable real
functions.

Proposition 1.1.4. Let T be an automorphism of a probability Lebesgue
space (X, B, 1). The following statements are equivalent.

(a) T is ergodic.
(b) If f is measurable and (f o T)(x) = f(x) a.e. then f is constant a.e.
(c) If f € LA(X,B,u) and (f o T)(z) = f(x) a.e. then f is constant a.e.

Theorem 1.1.5. Suppose that T' is an automorphism of a probability Le-
besque space (X, B, u). Then T is ergodic if and only if for all A,B € B

- —1i
JEEMZ“ AN B) = u(A)u(B).

Definition 1.1.6. Let 7" be an automorphism of a probability Lebesgue
space (X, B, p).

(a) We say that T is weakly mizing if
n—1
.1 s
lim — E lW(T*ANB) — u(A)u(B)| =0 forall A,B € B.
n—oo N 4=

(b) We say that T is strongly mizing or mizing if

lim (T "ANB)=pu(A)u(B) forall A, B e B.
Evidently each strongly mixing transformation is weakly mixing, and each
weakly mixing is ergodic. We also have the following characterization of weakly
mixing automorphisms.
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Theorem 1.1.7. Suppose that T is an automorphism of a probability Lebes-
gue space (X, B, ). The following statements are equivalent:
(a) T is weakly mizing.
(b) There exists a subset J C ZT of density zero such that
lim w(T7"ANB)=pu(A)u(B) foral A, B e B.

JFn—o00

(¢) For each A, B € B we have

n—1

1 y
Jim = (T AN B) — u(A)u(B)|* = 0.
=0

(d) TxT: (X xX,BB,uxpu) — (X xX,BRB,ux u) is ergodic.
() TxT: (XXX, BB,uxp) = (X xX,BRB,uxp) is weakly mizing.

(f) If0 # f € L?>(X,B,p) and \ € C satisfy foT = \f then A\ =1 and f
18 constant a.e.

If we are given a dynamical system 7" on a probability space (X, B, i), then
other T-invariant probability measures on (X, B, ) may exist. The following
theorem gives some information on the structure of the set of such measures.

Theorem 1.1.8. Suppose T is a dynamical system on a measurable space
(X, B) along with two probability T-invariant measures p and v on B. Then:

(a) If p is ergodic with respect to T while v is absolutely continuous with
respect to u, then p = v.

(b) If both measures p and v are ergodic with respect to T then either u = v,
or p and v are mutually singular.

Theorem 1.1.9. Let T be an automorphism of a probability Lebesque space
(X, B,u). Then there exists a measurable partition P of X satisfying the follo-
wing conditions.

(a) Each element of the partition P is a T-invariant set.
(b) If C € P and uc is the conditional measure on C, then T is ergodic on
the Lebesgue space (X, B, uc).

The partition P the theorem above is describing is called a decomposition of
T into ergodic components. By virtue of Theorem A.2.6, such a decomposition is
unique. Each system (X, B, u¢) is called an ergodic component of the dynamical
system (X, B, u, T). The decomposition (see Definition A.2.5)

p= / po dp
X/P
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is called the decomposition of the measure u into ergodic components or the ergo-
dic decomposition. Denote by E(X,T) the family of all ergodic for T probability
measures on X. By Theorem 1.1.9, E(X,T) is non-empty.

Definition 1.1.10. Let T:(X,B,u) — (X,B,u) be an automorphism of
a probability Lebesgue space. By the centralizer C(T') of T we mean the set

C(T)={S:X — X : S preserves p and ST = TS}.

Note that the centralizer is always a semigroup, not necessarily a group. The
notion of coalescence, described below, comes from [80].

Definition 1.1.11. Let T:(X,B,u) — (X,B,u) be an ergodic automor-
phism. We will say that T is coalescent, if C(T) is a group.

We equip C(T') with the weak topology in the following way. We say that
a sequence (S,)n>1 of elements of C'(T') converges weakly to S € C(T) if

w(S;HA)ASTH(A) 2250 for each A € B.

Definition 1.1.12. Let (X, B, 4, T) and (Y,C,v,S) be two measure-theo-
retic dynamical systems, and let m: X — Y be a measurable map satisfying
u(r=H(C)) = v(C) for all C € C. If Somr = woT then we call m a homomorphism.
In such a case (Y, C,v,S) is said to be a factor of (X, B, u,T), and (X, B, u,T)
1

is said to be an extension of (Y,C,v,S). If m is a conjugacy (i.e. 7' is an

isomorphism of the o-algebras € and B), then we call © an isomorphism.

1.2. Ergodic dynamical systems with discrete spectrum

The content of this section is borrowed from [98, Chapter 3].
Let (X,B,u, T) be a dynamical system. Define

Ur: Lz(Xva/J') - Lg(ngwu)

by Ur(f) = foT. Then Ur is a unitary operator on L*(X, B, u). It is clear
that if (X,B,u,T) and (Y, C,v,S) are two isomorphic dynamical systems then
the corresponding unitary operators Ur and Ug are conjugate, i.e. there exists
an invertible linear operator W: L%(X, B, u) — L?(Y,C,v) such that Up o W =
WoUr and [Wf -Wgdv = [ f-gdu for all f,g € L*(X,B,pn) (ie. W is an
isomorphism of Hilbert spaces).

An important role in ergodic theory play eigenvalues of Up. It is clear that
if T and S are isomorphic then Uy and Ug have the same eigenvalues.

Theorem 1.2.1. Let (X, B, u,T) be an ergodic dynamical system and let
Ur be the corresponding unitary operator. Then:

(a) It Urf = \f, where A€ C, f € L*(X,B,u,T), f #0, then |\ =1 and
| f| = const a.e.
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(b) FEigenvalues corresponding to different eigenvalues of Ur are orthogonal.

(¢) If f and g are both eigenvalues corresponding to the eigenvalue A then
f=cg a.e. for somec e C.

(d) The eigenvalues of Ur form a subgroup of the unit circle T ={z € C:
|z| = 1}.

Definition 1.2.2. We say that an ergodic dynamical system (X, B, u,T)
has discrete spectrum (pure-point spectrum) if there exists an orthonormal basis
for L?(X, B, u,T) consisting of eigenvalues of T'.

Theorem 1.2.3 (Discrete Spectrum Theorem). Let (X, B, u,T), (Y,C,v,5)
be ergodic dynamical systems with discrete spectrum. Then these systems are
isomorphic if and only if Ur and Ug have the same eigenvalues.

Natural examples of ergodic transformations with discrete spectrum are ro-
tations on groups. For a compact Abelian group G, denote by v the normalized
Haar measure on G, and by G the character group of the group G. Let a € G,
the automorphism 7T: G — G defined by T'(g) = ag, g € G, is called a rotation
on the group G. If moreover this automorphism is ergodic with respect to the
Haar measure v, we call T" an ergodic rotation.

Theorem 1.2.4. Let T, given by T(g) = ag, be an ergodic rotation on
a compact Abelian group G. Then T has discrete spectrum. Moreover, every
eigenfunction of Ur is a constant multiple of a character, and the eigenvalues of
Ur are {v(a) : v € G}.

Theorem 1.2.5 (Representation Theorem). Every ergodic dynamical sys-
tem (X, B, u,T) with discrete spectrum is isomorphic to an ergodic rotation on
some compact Abelian group. The group is metrizable if and only if (X, B, ) has
a countable basis.

Theorem 1.2.6 (Existence Theorem). Every subgroup A C T = {z € C:
|z| = 1} is the group of eigenvalues of an automorphism with discrete spectrum.

Consider now an ergodic dynamical system X = (X, B, u,T) and let m: X —
Y = (Y,C,r,S) be a homomorphism such that the system Y has discrete spec-
trum. Then Y is a canonical factor of X in the sense that whenever 7: X —
Y = (Y,€,7,S) is another homomorphism such that Y is isomorphic to Y, then
7 1(€) = 7~1(@), [79]. Using this property one can deduce that each ergodic
dynamical system X is possessed of the largest factor with discrete spectrum, i.e.
a factor with discrete spectrum Y such that whenever Y is another factor with

discrete spectrum of X, then Y is a factor of Y.

Definition 1.2.7. Let X be an ergodic dynamical system. The largest factor
with discrete spectrum of X is called the Kronecker factor.
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1.3. Measure-theoretical joinings

IEFT:(X,B,u) — (X,B,u), S:(Y,Cv) — (Y,Cv) are ergodic automorphi-
sms then by a joining of T and S we mean any 7' X S-invariant measure A on
X X Y such that, for B € B and C € C,

ABxY)=u(B), AMXxC)=uv().

The set of all joinings of T" and S we will denote by J(T,S) or J(X,Y), while
the subset of J(T,S) consisting of all T x S-ergodic joinings, by J¢(T,S) or
J¢(X,Y). Obviously the product measure p X v is a joining of T and S, therefore
J(T,S) # 0.

Proposition 1.3.1. If A € J(T,S) and if

A=/ ydr(y)
E(T,S)

is its ergodic decomposition, where E(T,S) stands for all T x S-ergodic measures
on X xY, then 7(J¢(T,S)) =1.

Proof. As A is a joining, for any B € B we have

W(B) = ABxY) = [ (B xY)dr(),
E(T,S)
Each measure (- xY) is an ergodic measure on B, hence the equality above gives
an ergodic decomposition of u. However p is already ergodic, so y(+ xY) = p
for -a.e. v € E(T,S). In a similar way we prove that y(X x -) = v for T-a.e.
~v € E(T,S). Thus v € J¢(T, S) for T-a.e. v € E(T, S). O

Proposition 1.3.1 says that the ergodic decomposition of a joining consists of
joinings. In particular J¢(T,S) # 0.
If f: X — Y is a measurable map then we define a graph measure iy on X xY
by
p(Ax B) = p(AN f~H(B)).
It is easy to observe that the ;i y-measure of the graph of the map f in X x Y is
equal to 1 (notice that if py € J(T,5) then So f = foT).

Lemma 1.3.2. If A € J¢(T,S) then

(1.3) A=pr < V 3 A(BxCUB°xC(C)=0.
Ccee BeB

Proof. If X = g, then for a C € € put B = f~(C). Clearly the equality
A(B x C°U B¢ x C) =0 holds.

To prove the converse observe first that for such sets C and B we have u(B) =
v(C)=XNBxC).If \(B'xC°UB'“x C) =0, then u(B'NB) = u(B) = u(B'),
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so B = B’ almost surely. Thus for a given C the set B is unique up to the
measure y. Define an isomorphism F' of the Boolean o-algebras € and B by

F(C)=B & ABxC°UB®xC)=0.

Then F defines an isomorphism of Lebesgue spaces f: (X, B, u) — (Y, C,v) such
that f~1(C) = F(C) for all C € C. Clearly A = py and we are done. O

If Y = X and f = Id, the identity function, then the graph measure pq we
will call the diagonal measure.

Now we present the definition of simple and minimal self-joinings transforma-
tion (see [45]). Let (X, B, 1, T) be an ergodic dynamical system. If Sq,...,S; €
C(T) then we call the image of the measure p under the map

Xz (S1z,...,Sa) e X x...x X = X"}
N————

k times

an off-diagonal measure. Each off-diagonal measure is clearly an ergodic k-joining.
By a product of off-diagonal (POOD) on X* we mean that the set {1,... ,k} has
been split into t;-element subsets A;, i = 1,...,r, then on each X% we put an
off-diagonal measure and then take the product of these off-diagonal measures. A
POOD is evidently a self-joining of (X, T'). Note that both product measure and
off-diagonal measures on X* are POOD. We say that T is k-simple if C(T) is
a group and each k-self-joining of (X, T') is POOD and T is simple if it is k-simple
for each positive integer k. If T is simple and additionally C(T) = {T™ : n € Z}
then we say that T has minimal self-joinings, (MSJ).

Definition 1.3.3 ([22]). Two automorphisms T;: (X;, Bi, ui) — (X, Biy ),
i = 1,2, are said to be disjoint if J(T1,Ts) = {p1 X pe}. We will then write
Ty L Ts.

The notion of disjointness given in Definition 1.3.3 is also called the disjoint-
ness in Furstenberg sense.

Definition 1.3.4. If S:(Y,C,v) — (Y, C,v) is a common factor of
E:(XiaBiaﬂi) - (XiaBiaﬂi)v 1=1,2,

and A € J(Y,Y), by the relatively independent extension Ne J(X1,X3) of A we
mean the measure

~

A(A1 x As) :/y YE(A1|Y)(91)E(A2\Y)(Z/2)d/\(yl’?ﬁ)-

Denote by N = 11 Xe o the relatively independent extension of the diagonal
measure on Y X Y. By the relative product Ty x g T of T1 and T with respect to
S we mean the relatively independent extension of the diagonal measure on Y.
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We say that T and T» are relatively disjoint over S, if the relative product
Ty xg T is ergodic.

1.4. Group extensions of measure-theoretic dynamical systems

Let T:(X,Bg) — (X,Bo) be an automorphism of a standard Borel space
(X, By), that means T is a bijective map such that T-!By = By. Let p be a pro-
bability T-invariant measure on (X, Bg). Denote by B the T-invariant o-algebra
of all y-measurable subsets of X. Then (X, B, i) is a probability Lebesgue space
with T being an automorphism of it. In what follows all o-algebras under consi-
deration will be complete with respect to the corresponding measure.

Let G be a locally compact group with the unit element e, equipped with
a left-invariant Haar measure v = v defined on the o-algebra B(G) of Borel
subsets of G. Suppose that ¢: X — G is a Borel map. Define a Z-cocycle ¢(*): Z x
X — @ for the Z-action n — T™, n € Z, by

p(Trla)p(T" %) .. p(Ta)p(x),  n2>1,
(1.4) P (z) = q e n=0,
o(Trz) LT ia) =t (T tz)™t, n< -1

Then the cocycle identity
(1.5) P (@) = o (T 2) ™) ()

is fulfilled. Note that each measurable Z-cocycle ® = ®(n, x) is of the form (1.4):
simply define p(z) = ®(1,z). In what follows we will shortly call measurable
p: X — G a cocycle. Such a cocycle allows us to define an T,;: X x G — X x G
by the formula

(1.6) Typ(z,9) = (Tz, p(2)g).
Then
(1.7) (Ty)™ (2, 9) = (T"x, 0™ (z)g), n €L

The map T, preserves the (possible) infinite measure p % vg. The dynamical sys-
tem (X x G, B®B(G), pxva,T,) is called a group extension of T, or, indicating
the group, a G-extension of T'. If G is compact then T}, is also called a compact
group extension. We say that the cocycle ¢ is ergodic if the corresponding group
extension T, is ergodic, i.e. if for each T -invariant set A € B ® B(G), either
(L xvg)(A) =0or (ux vg)(A°) = 0.

For each g € G, let o4(x,h) = (x, hg). For this right action of G on X x G
we have T,0, = 04T,.
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If H C G is a closed subgroup then we define T, i: X x G/H — X x G/H
by the formula

(1.8) Tou(x,9H) = (Tx, p(x)gH).

If no confusion can arise then we will denote the measure v restricted to the sets
of the form BH = |J,czbH, B C G, i.e. to the sets invariant with respect to
the right action of H on X x G, again by v = vg. Let t = p x v. Denote by B
the product o-algebra B ® B(G). If p: G — G/H is the natural projection then
we denote

(1.9) By = B @ p(B(D)).

The factor Ty, g of T, we will call a natural factor of T, and T, i an isometric
extension of T'. If the group H is normal in G, then we call T,, i a normal natural
factor of T,,.

Theorem 1.4.1 (Veech’s Theorem, [34]). Let us assume that T: (X, B, u) —
(X, B, u) is an ergodic automorphism and that C is its factor. Let

B ®e = / v dP(v)
J2(T)

be the ergodic decomposition of the relatively independent extension of the diago-
nal measure on CR C. If P-a.e. 7y is a graph measure, then there exists a compact

subgroup H C C(T) such thatY = X/H, i.e.
C={Be€B:h(B)=B forallhe H}.
In other words, B is a group extension of A by the group H.

The proof of the theorem below, that is a relative version of Veech’s Theorem,
was communicated to the author by M. Lemaczyk.

Theorem 1.4.2. Suppose that T:(X,B,u) — (X,B,p) is an ergodic au-
tomorphism, G is a compact metric group equipped with the normalized Haar
measure v defined on the o-algebra G of Borel subsets of G. Denote i = j X v.
Let ¢: X — G be a measurable cocycle such that T, is ergodic. If A is a factor of
T, such that B @ {0, G} C A, then there exists a compact subgroup H C G such
that A = B ® B(G) i, where B(G)p is the Borel structure on the quotient space
G/H. In other words, each factor A satisfying B @ {0,G} C A C B @ B(G) s
an isometric extension of B.

Proof. Let

ﬁmﬁ=/ ydP(v)
J5(T)
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be the ergodic decomposition of the relatively independent extension of the
diagonal measure A4 on A ® A. Observe that

P({v € J5(T) : 7laga = An}) = 1.

Now suppose that v € J$(T') satisfies y|aga = Aa, then

YNisoin,oe@ein,.0)) = Ase{0,6})
and consequently
Y{(z,9,2,h) :x € X, g,h € G}) = 1.

The (measurable) map (z,g,z,h) — g~ his T, x T,-invariant, hence it is y-a.e.
constant, i.e. there is go € G such that g~'h = gy for y-a.e. (z,g,x,h). This is
equivalent to say that « is a graph joining. By virtue of Veech’s Theorem, there
exists a compact subgroup H C G such that

A={BeB®B(G): Bh=Bforallhe H} = B® B(G)g,
which finishes the proof. (|

The content of the following can be found e.g. in [50]-[52]. We will list some
basic facts concerning the ergodic decomposition of a compact group extension
of an ergodic automorphism and, in Section 2.5, apply them in our analysis of
ergodic joinings for group extensions of semisimple automorphisms.

Let (X, B, u, T) be an ergodic dynamical system. Let G be a compact metric
group equipped with the normalized Haar measure v on the family B(G) of Borel
subsets of G. Assume that ¢: X — G is a Borel map. Because the G-extension
T, is not necessarily ergodic with respect to i, let

i= [ aaw
E(Ty,)

be the ergodic decomposition of .
Take any A € E(T¢). Denote by H the stabilizer of A in G, i.e. H = {g €
G: g =M}

Lemma 1.4.3.

(a) H is a closed subgroup of G.
(b) If (x,9),(z,h) €Y, then hH = gH.

Let us decompose A over the factor (X, pu, T):

A:/szdu(x).

Let vy denote the Haar measure on H.
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Lemma 1.4.4. For almost each x € X there exists a g = g, € G such that
Az = 0z X gug.
Let us define a function 7: X — G/H by
(1.10) 7(z) = 9. H

where g, is defined by Lemma 1.4.4. Then (X x G/H,\,T,) is isomorphic to
(X, 1, T): the map p: X x G/H — X, p(x,gH) = z is measurable and M-a.e.
one-to-one. Therefore p is invertible and p~!(z) = (z,7(x)). It forces 7 to be
measurable. Also

(1.11) 7(Tz) = p(z)7(x)

Theorem 1.4.5. There exists a function t: X — G such that the system
(X x G,\,T,) is isomorphic to (X x H,pu x vg,Ty), where

Y(z) = t(Tx) Fp(z)t(x).

By [89], ergodicity of T\, may be described using the notion of essential values
of ¢. Denote G, = G U {0} to be the one-point compactification of G (if G is
compact then Go, = G).

Definition 1.4.6. A g € G is called an essential value of ¢ if for each
positive measure set U € B and for each open neighbourhood G, D V > ¢ there
exists an integer n such that the set

UNT"UN{zeX:eM™(x)eV}

has positive measure. Denote by E,(¢) the set of all essential values of ¢ and
set
E(p) = Exc(p) NG.

The set E(p) has the following properties.

Proposition 1.4.7.

(a) E(p) is a closed subgroup of G;
(b) ¢ is a coboundary if and only if Ex () = {0};
(c) T, is ergodic if and only if E(p) = G.

Given a cocycle p: X — G, let p*: X — G/E(p) be the corresponding qu-
otient cocycle.

Lemma 1.4.8. E(¢*) = {0}.



28 MieczystAw K. MENTZEN

Definition 1.4.9. Assume that the group G is Abelian. We say that ¢ is
regular if it is cohomologous to a an ergodic cocycle 9 taking all values in E(y)
i.e. if there exists a measurable function f: X — G such that all values of the

cocycle $(z) = (f(Tx)) () f(x) are in E().

By [89], regular cocycles are, in measure-theoretic ergodic theory, characte-
rized by the following property.

Proposition 1.4.10. A cocycle ¢ is regular if and only if Ex(¢*) = {0}.

It follows that a regular ¢ is cohomologous to a cocycle : X — E(p) and
the latter cocycle is ergodic as a cocycle with values in E(y). In particular, if
E(p) is cocompact then ¢ is regular and as a direct consequence we obtain that
all cocycles taking values in compact groups are regular.

Proposition 1.4.11 ([69]). Let T be an ergodic automorphism. Assume that
G and H are Abelian locally compact second countable groups and let m: G — H
be a continuous group homomorphism. Let p: X — G be a cocycle. Then

m(E(p)) C E(T o).

Moreover, if ¢ is regular then

m(E(p)) = E(T o).

1.5. Rokhlin cocycle extensions

Let (Y, €, v) be a probability Lebesgue space, G an Abelian locally compact
second countable group; in what follows we will assume that G contains no
non-trivial compact subgroup. Let {R,},cc be a measurable action of G on
(Y,C,v) by automorphisms of the Lebesgue space (Y, C,v), i.e. the following
map

GxY3(gy)— Re(y) €Y

is measurable, and satisfies R. = Idy and R,y = R4 0 Ry,.

Definition 1.5.1. We say that the action {R,}scc is ergodic if for any
C € C satisfying v(RyCAC) = 0 for all g € G we have v(C) =0 or v(C) = 1.

Definition 1.5.2 ([67], [90]). We say that the action {Ry}seq is mildly
mizing if for any sequence (gi)r>1 of elements of G going to infinity in G, and for
any C € C satisfying limy_,oo ¥(Rg, CAC) — 0 we have v(C) =0 or v(C) = 1.

Definition 1.5.3. We say that the action {Ry},eq is weakly mizing if the
action G x (Y xY) 3 (g,y1,¥2) — (Rg(y1), Rg(y2)) € Y x Y is ergodic.
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Let T: (X, B, ) — (X, B, 1) be an ergodic automorphism, § = {Ry}4cq an
action of G on (Y, C,v), where GG is an Abelian locally compact second countable
group. Assume that ¢: X — G is a cocycle. We define

To5: (X XY, BRCuxv)— (X xY,BRC,uxv),

T%9($7 y) = (T.’E, Rap(m) (y))

We call Tw G a Rokhlin cocycle extension of T. We will make use of some recent
results from [63] (Propositions 1.5.4 and 1.5.5 below).

Proposition 1.5.4. If § is ergodic and ¢ is ergodic then Ty, g is ergodic.

Proposition 1.5.5.

(a) If the action G is mildly mizing and T, g is ergodic, then the extension
T, — T is relatively weakly mizing.

(b) If G is weakly mizing, T, g is ergodic and the mazimal spectral type of
G satisfies the group property then the extension T, g — T is relatively
weakly mixing. In particular, the assertion holds whenever the action G
is Gaussian.

We will also make use of the following relative unique ergodicity result ([63])
for Rokhlin cocycle extensions.

Proposition 1.5.6. Assume that ¢ is ergodic and G is a Borel action on
(Y,C). Suppose that p is an ergodic Ty, g-invariant measure (on B ® C) whose
projection on B equals p. Then p = Qv , where V' is G-invariant and ergodic.

The following disjointness result has been proved in [67].

Proposition 1.5.7. Suppose that W is an ergodic automorphism. If T L
W, ¢: X — G is ergodic and the action § = {Rg}gec is mildly mizing, then
Tog LW.

1.6. Gauss dynamical systems

The definition of Gauss dynamical system given below comes from [12]. Con-
sider the space M of all bisequences of real numbers, i.e. let M = R%. We will
use the following notation: if x € M, then let z[s] be the sth position in the
sequence x. Suppose that M is the o-algebra generated by the cylinder subsets
of the space M, i.e. by the sets of the form

Csa={xeM:z[s] € A},

where s € Z, A C R is a Borel set. Denote by T the shift transformation in
the space M given by (T'z)[s] = x[s + 1]. A probability measure p on M is
said to be a Gauss measure if the joint distribution of any family of variables
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x[s1], [s2], ... ,x[sr] is an r-dimensional Gauss distribution. It is known that
such a probability distribution is well defined by the numbers

m(s;) = /x[s] dp(zx), i=1,...,m

(1.12)
b(si,sj) = /x[sl] ~xlsldu(z), 4,7 =1,...,r

If 1 is a Gauss measure, then (M, M, u) is said to be a Gauss random process.
The Gauss measure p is stationary (that means invariant with respect to T') if

(1.13) m(s) =m = const, b(sy,s2) =b(s1 + 8,82+ 5),
for all s1, s9, s € Z, equivalently
b(s1,52) = b(0, 52 — s1) def b(sy — s1), S1,82 € Z.

One usually assumes that the mean m vanishes, since the transformation z[s] —
x[s] —m maps arbitrary Gauss measure u into a Gauss measure with zero mean.
The function b(s), s € Z, is said to be the correlation function of the Gauss
measure. Moreover, the correlation function is positive definite. By the Herglotz
theorem (Theorem A.3.3), it may be presented in the form

™

b(s) = / e do(N),
—T

where ¢ is a finite positive Borel measure on the circle T. The measure o is called

the spectral measure of the Gauss measure y. If m = 0 then the spectral measure

o uniquely determines the original measure p. Moreover, as b(s) = b(—s), we

have 0(A) = o(—A) for any Borel set A C T.

Definition 1.6.1. The shift transformation on the space (M, M) equipped
with a Gauss stationary measure p is said to be a Gauss automorphism.

There is a more abstract equivalent definition of Gauss automorphism. Sup-
pose T is an automorphism of a measure space (M, M, p). The real element
ho € L?>(M,M, ;1) is said to be a Gauss element with zero mean if for any
collection of integers ny,... ,n, the random variables h; , j = 1,...,r, where
hn, = Ufhg = ho o T™, have the joint Gauss probability distribution with zero
mean. In such a case for Borel sets C4,... ,C, C R we have

p{x: hy () € Chy.o.  hy () € Cp })
:/ p(tM, oty dtD | de™),
Cl><... CT

where p(t™), ... ,t(")) = const - exp[—(Dt,t)/2], t = (tM),... ,t(), D is the ma-
trix inverse to the scalar product matrix B = (H(hn,th)H)” and the constant
is determined by the normalization condition.



CHAPTER 1. PRELIMINARIES 31

Definition 1.6.2. The automorphism T is called a Gauss automorphism if
there exists a Gauss element hg € L?(M,M, ;1) with zero mean such that the
T-invariant minimal o-algebra M, containing of all sets of the form B, ¢ =
{reM:h,(x) € C},neZ,C CR,is a Borel set, coincides with M.

In general, if hg is a Gauss element, then we refer to the o-algebra M, as
to Gauss subalgebra.

1.7. Topological dynamics — definitions and notations

Let X be a locally compact space. By Hom(X, X) we denote the group of all
homeomorphisms of the space X with the uniform convergence topology, making
Hom(X, X) a topological group. For a compact metric (X,d) the topology of
uniform convergence is defined by the metric

d(p, q) = sup d(p(z), q(z)) + sup d(p~ " (z), ¢~ (z))
zeX €Y
for p,q € Hom(X, X).

Let T be a locally compact group acting on X as a group of homeomor-
phisms I' = {v : t € T} C Hom(X, X). More precisely, we consider a map
T x X 5 (t,x) — v (z) € X that is continuous and satisfies the conditions:
Yes(2) = 1 (vs(2)), Ye(x) = x = Idx (x), where e denotes the unit of T'. In the
sequel we will assume that the action I' is effective i.e. 7 = Idx if and only if
t = e. The pair (X,T") will be called a locally compact T-flow, or shortly a T-flow.
To emphasize that X is compact we call (X,T") a compact T-flow. For the case
T = Z, any action of Z is defined by one homeomorphism ~;; this homeomor-
phism is traditionally denoted by T and in such a case we will denote a Z-flow
by (X,T).

Let (X1,T'1) and (X3,T'2) be two T-flows. By (X7 x X2,I'1 x I's) we denote
the T-flow given by the action (21, xa,t) — (v} (21),77(22)).

Let (X,T) be a T-flow. For z € X denote

Orb(z) = Orbr(x) = {yw(z) : t € T},

the orbit, and

Orb(z) = Orbr(z) = Orb(x),
the orbit closure of the point z. Similarly, for a set A C X write Orbp(4) =

{y(z) : x € A, t € T} for the orbit, and Orbr(A) = Orb(A) for the orbit closure
of the set A. The flow (X, T") is point transitive, if there exists o € X with dense
orbit: Orb(zg) = X. A set A C X is said to be I-invariant, if v,(A) = A for
all t € T. We say that a set M C X is I'-minimal, if M is closed, I'-invariant
and each nonempty closed invariant subset of M is equal to M. If X is minimal

itself, we call the T-flow (X,T') a minimal flow.
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Theorem 1.7.1. If X is a compact Hausdorff space then there exists a mi-
nimal subset of the T-flow (X,T).

Theorem 1.7.1 fails when the phase space X is only locally compact, an
example (somewhat artificial) can be found in [7, Chapter 1, pp. 27-28]. In
Chapter 7 a large family of quite natural locally compact flows that do not
admit minimal subset will be described.

For open sets U,V C X the dwelling set D(U,V) C T is defined by

DU V)={teT :wU)NV #£0}.
For z € X and an open U C X define the dwelling set D(z,U) by
D(z,U)={teT:v(x)e U}

Clearly X is point transitive if and only if there exists zg € X such that
D(xo,U) # 0 for every nonempty open U C X. A point z € X is almost perio-
dic if for each nonempty open neighbourhood U > x the dwelling set D(z,U)
is syndetic (a set A C T is syndetic whenever there exists a compact subset C
of T such that T = CA; see e.g. [97, IV(1.2)]). If T = Z, then the notion of
a syndetic set coincide with the notion of a relatively dense one: a set A C Z is
relatively dense if there exists a positive integer N with the property that each
n € Z has a form n = k + r, where k € A and 0 < r < N. Each element of
a compact minimal set is almost periodic; for each almost periodic point xq, the
closure orbit Orbr(x¢) is a compact minimal set. A flow (X,T) is topologically
ergodic if D(U, V') # () for any non-empty open sets U,V C X. Equivalently, X
is topologically ergodic if and only if each nonempty open invariant subset of X
is dense. Each point transitive flow is topologically ergodic, not vice versa. Both
these notions coincide however in the case of metric spaces.

Let (X,T) be a Z-flow. An x € X is called a recurrent point if for any
open neighbourhood U of x the dwelling set D(x,U) is both upper and lower
unbounded. In other words, a point z € X is recurrent if there exist sequences
of integers n; — 400, m; — —oo such that T"x — z, T™ix — z. Anz € X
is called a wandering point if there exists an open neighbourhood U of z such
that D(U,U) = {0}, i.e. the sets T"U, n € Z, are pair-wise disjoint. If X is
a complete metric space then the set consisting of all recurrent and wandering
points is residual ([40, Theorem 7.24]). By definition, T is conservative if for
any non-empty open set U C X, D(U,U) \ {0} # 0. Clearly, T is conservative
if and only if no point in X is wandering. If (X, T) is point transitive and X is
a perfect space then T is conservative. Conservative homeomorphisms are also
called regionally recurrent ([40]) or non-wandering ([97]).

We say that (X, T) is uniformly rigid (or shortly rigid) if there exists a sequ-
ence (tj);>1 of elements of the group T" such that ¢; 2%, 50 and Ve 2% d
uniformly; we will then call (t;);>1 a rigidity time for T ([37]). The simplest
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uniformly rigid homeomorphisms are rotations on monothetic groups: if X is
a monothetic group with {a™ : n € Z} = X, then the homeomorphism 7: X — X
defined by T'(z) = ax, = € X, is called a minimal rotation (note that such a T
is indeed a minimal homeomorphism). If 7" is such a rotation and 7"tz — x for
some z, then (n;);>1 is a rigidity time for T

A pair (z,y) € X x X is called distal if there exists § = §(x,y) > 0 such that
d(v(z),v:(y)) > d for all t € T. If a pair is not distal, it is said to be prozimal.
A flow (X,T) is called distal if each pair (z,y) € X x X, z # y, is distal. A flow
(X,T) is called prozimal if each pair (z,y) € X x X is proximal. No Abelian
group T admits non-trivial proximal flows (see [27]).

Every distal flow can be decomposed into minimal pieces (see [16]). From
this it is easy to deduce Ellis’s result that if (X,T') is a minimal flow, then the
T-flow (X x X,T' x I') is decomposable into minimal pieces if and only if (X,T")
is distal.

We say that two compact flows T-flows (X1,T'1) and (X3, T'2) are disjoint, if
for the T-flow (X; x X5,y x '), the only nonempty closed I'y x I's-invariant
subset D C X; x X satisfying 7;(D) = Xy, where m;(x1,22) = 2, 1 = 1,2, is
just X7 x Xs5. In such a case we will write X7 L Xo.

The centralizer, C(X,T), of (X,T) is the set of all continuous S: X — X
that commute with the action I' of T*:

C(X,I)={S: X — X : S is continuous and S oy, =~ 0S5 for all t € T}.

Clearly, C(X,T) equipped with the topology of uniform convergence is a topo-
logical semigroup. The set of all invertible elements of C'(X,T') we denote by
Aut(X,T). We endow Aut(X,T") with the topology induced by the metric given
by the formula

d(f1, f2) = sup d(f1(x), f2(z)) + jgg(ffl(w), fa '(2)),

that makes Aut(X,T") a topological group.

Let (X,T) be a T-flow. We say that a T-flow (Y, A) is a factor of (X,T) if
there exists a continuous map 7: X — Y (called a homomorphism) such that
7(X) =Y and m o~ = d; om. In such a case (X,T") (or sometimes 7) is called
an extension of (Y, A). It is easy to see that any factor of a minimal flow is also
minimal. If the map = is also a homeomorphism, we say that (X,T") and (Y, A) are
isomorphic and call  an isomorphism. If m: (X,T') — (Y, A) is a homomorphism
we can define a closed equivalence relation R, C X x X by

(1.15) R, ={(z,2") e X x X : () = w(2')}.

The relation R, is I-invariant, that means (v;(z),v(z')) € Ry for each t € T
whenever (z,2’) € R,. Obviously, the quotient space (Xg_,T'g_) (here T'r_ de-
notes the quotient action of T on Xg_) with the quotient topology is isomorphic
to (Y,S). This allows us to picture factors of (X,T") as I' x I-invariant, closed
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equivalence relations (ICER’s) on X, also called factor relations. Conversely, gi-
ven such a relation R we can define a homomorphism 7: (X,T') — (Xg,Tg) by
7(x) = [z]r (here [x] g denotes an equivalence class of ). Note that if we have two
factor relations R;, ¢ = 1,2, and a homomorphism m: (Xg,,Tr,) — (Xr,,Tr,)
with 7, = mo7g,, then Ry C Rs. If we have a family {R; };c1 of factor relations,
by \/;c; Ri we denote the smallest factor relation containing all R;’s.

If Y ¢ X and R is a factor relation on X x X, then by Ry we denote the
restriction of Rto Y (i.e. Ry = RN (Y xY)).

We say that a T-flow (X,T') is equicontinuous, if for each x € X and for
each « € Ay — the uniform structure on X (see Section B.1 for the definition
of uniform structure), there exists an open neighbourhood U of x such that
v4(U) C afyg(x)] for all g € G. The standard examples of equicontinuous flows
are rotations on topological groups. An extension 7: (X,T') — (Y, A) is said to
be an equicontinuous extension if for each o € A x there exists § € Ax such that
(v(x),y(z")) € a for all t € T and for all (z,z') € R.

Next we describe a special class of extensions — the group extensions. The
following definition is a slight modification of [97, V (4.1)].

Definition 1.7.2. An extension m: (X,I') — (Y, A) of T-flows is called
a group extension with group K whenever the following conditions are fulfilled:

(a) K is a topological group acting continuously on X from the right as
a subgroup of Aut(X,T") of automorphisms of (X,T);
(b) the fibers of 7 are precisely the K-orbits in X.

An important example of a group extension is a cocycle extension.

Definition 1.7.3. Let (X,T') be a T-flow, K a locally compact group, ®:
T x X — K a continuous cocycle. Define a T-action y¢: T x X x K — X x K
by the formula

(1.16) Vo (g, 2, k) = (74(x), D(g, 2)K).

Denote I'g = {(7:(+ ), ®(¢, -)) : t € T}. The T-flow (X x K,T'g) is called a cocycle
extension of (X, T).

If the cocycle extension (X x K,I'g) is point transitive, we say that & is
a point transitive cocycle.

In this dissertation we will deal mainly with T" = Z. In this case each cocycle is
defined by a single continuous map. To be more precise consider a Z-flow (X, T),
where T: X — X is a homeomorphism, and a continuous map ¢: X — K, where
K is a locally compact group. Define a cocycle ® = p():Z x X — K by

(T 2)p(T"22) . p(T)p(r),  n=>1,
(1.17) oM (z) = e, n =0,
o(Trz) to(Tr 1 a) =t p(T o)~ n<—1.
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Then clearly the cocycle identity @™ *%) () = (™) (T*x)™®) (2) is fulfilled. Thus
a continuous map ¢ defines a Z-cocycle p(™). Conversely, each Z-cocycle W: Z x
X — G is of the form ¥(n,z) = ¢(™(x), where ¢(x) = ¥(1, ). Therefore we
will call a continuous function ¢: X — K a Z-cocycle.

Definition 1.7.4. Let (X,T) be a compact Z-flow, (Y,T') a compact G-flow,
where G is a locally compact Abelian group and I' = {v, : g € G} an effective
continuous left action of G on Y. Assume that ¢: X — G is a continuous map.
We define a homeomorphism T, 1: X XY — X x Y by

T@,F(x,y) = (Txa%p(:c) (y))a T € Xv NS Y.
The Z-flow (X x Y, T, r) we will call a Rokhlin cocycle extension of T

A homomorphism m: (X, T') — (Y, A) of T-flows is called isometric if there
exists a group extension p: Z — Y and a homomorphism o: Z — X such that
Too =p.

A minimal T-flow (X,T") is regular if for each almost periodic point (z,y) €
X x X there exists an S € C(X,TI') such that y = S(z).

The following theorem is due to W. H. Gottschalk, [39], and J. Auslander, [7].

Theorem 1.7.5. Every compact regular distal flow is equicontinuous (is a
group extension of a trivial flow).

The notions of distality and regularity can be “relativized” (with respect to
factor). Let 7: (X,I') — (Y, A) be a homomorphism of T-flows. Then 7 is said
to be distal (regular) provided the defining conditions from the absolute case
hold for every (x,y) € R,. The homomorphism is called prozimal if every pair
(z,y) € R, is a proximal pair; it is called a weakly mizing homomorphism if the
flow (R, T x T) is point transitive. In any such a case the flow (X,T") is called
a distal (regular, prozimal, weakly mizing) extension of (Y, A), respectively.

We will also use the relativized version of Theorem 1.7.5, [29]. This could
be considered as a topological version of theorem of Veech (see [95], also [45];
a proof of Veech’s theorem is also contained in [61]).

Theorem 1.7.6. Let (X, T) be a compact minimal Z-flow and let m: X — Y
be a regular distal homomorphism. Then 7 is a group extension.

1.8. Universal flows

Let T be a group with the discrete topology. Suppose that X is a compact
Hausdorff space and I' ¢ Hom(X, X) is a continuous left action of T' on X,
ie. (X,T) is a T-flow. Fix zy € X. Such a flow with distinguished point will be
called a pointed flow and denoted either by (X, T, zq) or shortly by (X, zg). If we

have a family {(Zs, 25) }sex of pointed minimal flows we may choose ¢ € [], 5,
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satisfying (o) = 2z, and set

(1.18) \/ (Zy,25) = (Orb(zg), 20).

oeED

For two pointed minimal flows (X, z¢) and (Y, yo) we will use the notation
(1.19) (X, @0) V (Y, 50) = (X VY, (20,90))-

By Theorem B.2.5, the continuous map T' > ¢t +— v (xg) € X can be extended to
a continuous map BT 3 p — pxg € X. In such a way we have defined an action
of T on BT by (t,p) — tp. Clearly each map p — tp is a homeomorphism so
we can consider a T-flow (ST, T). This flow is evidently point transitive. Now,
if (X,T,20) is a pointed T-flow that is point transitive with Orb(zg) = X, then
we are able to define a homeomorphism =: (87,T) — (X,T') in the following
way. Extend the map T 3 t — ~:(x9) € X to a continuous map T > p —
prg = m(xo) € X. Then (X,T) is a factor of (8T, T). This means that (8T, T) is
the universal flow in the class of all compact Hausdorff point transitive T-flows.
Notice that it is true that for each x € X the map T > p — pxr € X is
continuous, however in general the map X 3 z — px € X need not be continuous.
Observe also that (pg)x = p(qzx) for p,q € 8T, x € X.

Lemma 1.8.1. Let (X,T) be a compact Hausdorff flow and z € X.
(a) Orb(z) = (BT)x.
(b) Orb(z) is minimal if and only if x € Mx for each minimal ideal M C 3T
if and only if in each minimal ideal there is an idempotent v such that
VT = .

Proof. The property (a) is clear.

(b) Assume that Orb(z) = (BT)z is a minimal set. Then (87)x = Mx
and ¢ = ex € (BT)r = Mz, where e is the unit element of the group T, so
x € Mz. In particular, x = mox for some my € M. Consider the nonempty
set {m € M : mz = z}. By Lemma B.2.7, this set contains an idempotent.
Suppose now that ve = x, where v € M is an idempotent; then x = v € Mx.
To this end assume that z € Mz for each minimal ideal M C BT. We will
show that Mx is a minimal set. Suppose A C Mz is an invariant closed set.
Then (BT)A C A. Let ma € A, then (8T)ma C Mz, (8T)m C M, and, by
minimality of M, (8T)m = M. Thus (8T)ma = Mz C A, hence Mz is minimal.
As Mz = (3T)z = Orb(z), Orb(z) is a minimal set. O

Lemma 1.8.2. Let (X,T') be a compact Hausdorff T-flow, x,y € X. The
following conditions are equivalent.

(a) x and y are prozimal.
(b) There exists p € BT such that px = py.
(¢) There is a minimal ideal M such that px = py for every p € M.
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Proof. Suppose x and y are proximal, then there is a net (¢;);cs of elements
of T such that v, (x) — z, v, (y) — z. Passing to a subnet if necessary we may
assume that t; — p € BT. Then px = z = py.

Suppose that (b) is true, px = py. Let M be a minimal ideal, then N = Mp
is also a minimal ideal and clearly gz = qy for all ¢ € N.

Clearly (c) implies (a). O

Lemma 1.8.3. Let (X,T') be a minimal compact Hausdorff T-flow, x € X.
Then

P(z)={y € X : x and y are prozimal}

= {vz : v is an idempotent in some minimal ideal of BT'}.

Proof. If x and y are proximal, then, by Lemma 1.8.2, there is a minimal ideal
M such that px = py for all p € M. As X is minimal, there is an idempotent
v € M such that y = vy (Lemma 1.8.1) and va = vy = y. Conversely, if v is an
idempotent in ST then z and vz are proximal since vz = v(vz). a

Lemma 1.8.4. Let (X,T) be a compact Hausdorff T-flow, v an idempotent
in some minimal ideal of BT. Then every pair of different points in vX = {x €
X :vx =z} is distal.

Proof. If x,y € vX, then v(z,y) = (z,y) and hence Orb(z,y) C X x X
is a minimal set (Lemma 1.8.1(b)). If z and y were proximal, this minimal set
would be included in the diagonal. O

Now fix a minimal ideal M in BT. Denote by J the set of all idempotents in
M and choose a distinguished idempotent v € J. Denote

G =uM.

By Proposition B.2.8, G is a group.

Given a compact Hausdorff minimal T-flow (X, T"), choose a point zg € uX =
{uz : z € X} = {x : ux = x}. Under the map 8T 3 p — pxgy € X, the ideal M
is mapped onto X and u onto zp. Thus (M, w) is a universal minimal pointed
flow in the sense, that for every minimal flow X there is a point o € X such
that (X, zg) is a factor of (M, u). Unless we say otherwise the base point xg of
a minimal pointed flow (X, xo) will be chosen so that uzg = zo.

Definition 1.8.5. Let (X, z() be a pointed minimal flow. Define the FEllis
group of (X, xo) to be

G(X,z0) ={a € G:axy =z}

It is clear that G(X,xg) is a subgroup of G.
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Proposition 1.8.6. Let m: (X, 20) — (Y, y0) be a homomorphism of pointed
minimal flows.
(a) S(X,20) C S(Y,y0).
(b) S(X,z0) = G(Y,yo) if and only if w is proximal.
(¢) If w is prozimal then 7= (y) C Jx for any x € 7~ (y).
(d) 7 is distal if and only if for every y € Y and p € M with pyo = y the
following holds: m*(y) = pS(Y, yo)zo.

Proof. (a) Let o € §(X, xp), then ayy = an(zg) = m(axg) = 7(xo) = yo)-
(b) Suppose §(X,z0) = G(Y,40). We show that z1,22 € 7~ (yo) implies x4
and xo are proximal. For such xzi,z5 we have x1 = pxg, o = qxg for p,q €

M. Denote a = up~lq, then ayg = up~lqyo = up lqn(xo) = up~'m(qao) =

up~im(pro) = upp~in(x0) = uyo = yo. Thus a € G(Y,yo) and hence a €
G(X,x0) i.e. up~lqrg = mo. Thus ur, = upro = up(up~1qr) = uqro = Urs and
T1, To are proximal.

Conversely suppose that 7 is proximal and let o € (Y, yp). Then 7(azg) =
ayo = yo implies axg and x are proximal. On the other hand axy and z are
distal (o = uar) by Lemma 1.8.2(c), hence axg = z¢ and o € §(X, z).

(c) Suppose 7 is proximal and let z, z; € 7~ !(y), then x and z; are proximal
and by Lemma 1.8.2(b) there exists an idempotent v’ in some minimal ideal L
of BT such that z; = v'z. Now let v € J be equivalent to v’ (i.e. vv' = v/,
v'v = v, see Lemma B.2.10), then y = 7(v'z) = w(vv'z) = vr(v'z) = vy, and
hence w(vz) = vr(xz) = vy = y. It follows that va and v’z are proximal. But
v’z = v’z ant thus vz,v'z € vX and by Lemma 1.8.2(c), vz and v’z are also
distal. Therefore x1 = v’z = v € Jz, and the proof is complete.

(d) Suppose 71 (pyo) = pS(Y,v0)x0, and let v € J be such that vp = p.
Then pS(Y, yo)zo C vX and 7 is distal by Lemma 1.8.2(c).

Let 7 be distal. If y = pxo for some p € M then for a € §(Y,yo) we have
7(pazg) = m(pwo) = pyo = y. Thus pG(Y, yo)zo C 7 1(y). On the other hand
if 7(z) = y then & = gxo for some ¢ € M and since 7(qzrg) = y = w(pxro) we
conclude as in (b), that a = up~tq € G(Y,yo). If v € J is such that vg = ¢
then ¢ = vpa. Now y = w(z) = w(gqzo) and y = pyo = vayy = 7(vazy). Thus
qxo = v(paxg) and paxy are both distal and proximal. Hence they are equal and
x = qzo = paxg € pS(Y, yo)zo. |

Proposition 1.8.7. Let ¢: (X, x0) — (Y, yo) and v: (Z, z0) — (Y, y0) be two
distal homomorphisms of compact Hausdorff minimal pointed flows. There exists
a homomorphism 0:(Z, zo) — (X, o) if and only if §(X, z0) D G(Z, 20).

Proof. Suppose first that 6 exists. Then, by Proposition 1.8.6(a), (X, z¢) D
9(Z7 Zo).

Suppose that §(X,xz¢) D G(Z,29). For p € M define 0(pzy) = pxo. If z =
pzo = q2o for p,q € M then up~1q € §(Z, z9) and by assumption, up~lqro = x¢
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1

and pp~lgzy = vqro = pro, where v = pp~! is an idempotent in M. Thus gxo and

pxg are proximal. Now pzg = gzo implies pyo = qyo and hence ¢(pxzo) = ¢(qxo).
This implies that prg and gz are also distal i.e. pzg = qxg and 6 is well defined.
Clearly 6 is a continuous homomorphism and the proof is complete. |

Let (X,T) be a compact Hausdorff T-flow and let 2% be the family of all
closed nonempty subsets of X. Recall that the Vietoris topology on 2% is defined
by a basis consisting of sets of the form

<U1,...,Un>:{A62X:ACUUi, ANU; #0, z:1n}

i=1
where Uy, ... ,U, are open subsets of X. In this topology, if a net (A;);cr co-
nverges to A, lim A; = A, then
A={limz; :x; € A;, i € I' and (A;);er is a subnet of (A;);er}-
Because X is assumed to be compact Hausdorff, so is 2% with Vietoris topology.
This topology is metrizable if and only if X is metrizable.

There is a natural T-flow structure on 2% induced by (X, T"), namely (¢, A)
7t (A). The map T > t — 7;(A) € 2% can be extended to a map

BT >prpoAe2X.
The following lemma is clear.

Lemma 1.8.8. Suppose A € 2%, p,q € BT. The following statements hold:

(a) po A is the set of all points x € X such that there exist nets (x;)ier
of elements of A and (t;)icr of elements of T for which limt; = p and
lim v, (2;) = z,

(b) pACpoA,

(c) po(qoA)=(pqg)o A.

For an arbitrary A C X (not necessarily closed) define
(1.20) poA=poA

Recall that G = uM C M, where M is a fixed minimal ideal in ST and u a fixed
idempotent in M; G is a group with the unit element u. One can easily verify
the following.

Proposition 1.8.9. The operation
GDAr (uocA)NG
defines a closure operation on G.

The operation G D A — (uo A) N G will be denoted by G D A — A" . The
topology induced on G by this operation we will call the 7-topology.
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Lemma 1.8.10. A" = u(uo A).

Proof. We have u(uo A) C G, u(uo A) Cuo(uoA)=u?>0oA=wuoA. On
the other hand if p € (w0 A) NG then up =p so p € u(uo A). O

The following proposition collects facts proved in [27, IX.1].

Proposition 1.8.11.

(a) In T-topology G is a T1 compact space.

(b) 7-topology is weaker than the original topology induced from M.
(c) For each 8 € G the maps

Goa—afeG and Go>ar faeG

are homeomorphisms in the T-topology.
(d) All the groups of the form G(X,xzo), where uxg = xo, are closed in
T-topology.

Definition 1.8.12. For every 7-closed subgroup F' of G we let
F = ﬂ{VT : V is 7-open neighbourhood of w in F'}.

Proposition 1.8.13 ([27, Theorem IX.1.9]). Let F be a T-closed subgroup
of the group G.
(a) F' is a T-closed normal subgroup of F. Moreover, F' is invariant under
all topological automorphisms of the group F.
(b) F/F' with the quotient topology is a compact Hausdorff topological group.
(¢) If K is a 7-closed subgroup of F then F/K is a Hausdorff space if and
only if ' C K.

Definition 1.8.14. We say that a compact Hausdorff minimal pointed T-flow
(X,T, o) is incontractible if uo Gxg = X. We say that an extension ¢: (X, zg) —
(Y, yo) is relatively incontractible (RIC), if for every p € M,

¢~ (pyo) = p o (Y, yo)o.

RIC-extensions are open and have a dense set of almost periodic points in the
relation R,. Every distal extension is RIC. Every homomorphism from a minimal
flow to the one-point flow is RIC.

Theorem 1.8.15 ([27, Proposition X.3.2]). Let ¢: X — Y be a homomor-
phism of compact Hausdorff minimal flows. Then there exists a commutative
diagram of minimal flows homomorphisms

X8 x+
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where 0, 0* are proximal and ¢* is RIC. The extensions 6 and 0* are isomorphi-
sms if and only if ¢ is already RIC. We may also assume that X* = X VY™, and
0* and ¢* are projections onto the first and the second coordinate respectively.

Definition 1.8.16. The diagram in Theorem 1.8.15 is called the shadow
diagram of ¢: X — Y.

The main reason that RIC-extensions are so useful is the following theorem
(see [18]).

T

Theorem 1.8.17. Let (X,T) — (Y,T) be a RIC-extension of minimal
flows. Then there exists a commutative diagram

X257z

1A

Y

where p is an isometric extension with B = F'A (B = §(Z,2), F = (Y, v0),
and A = G§(X,xq)). The flow Z is the largest isometric extension of Y within X,

and p is an isomorphism if and only if ™ is a weakly mixing extension if and
only if B=F.

Definition 1.8.18. We say that a minimal flow X is strictly PI, if there is
an ordinal v and flows {W,, : @ < v} such that

(a) Wy is the trivial flow.
(b) For every v < v there exists a homomorphism ¢,: Wo11 — W, which
is either proximal or almost periodic.
(c¢) For a limit ordinal o < v, W, =\/5_, Wp.
(d) W, =X.
We say that X is a PI-flow if there exist a strictly PI flow X’ and proximal
homomorphism ¢: X' — X.

Using the shadow construction and Theorem 1.8.17 repeatedly one obtains
the following structure theorem.

Theorem 1.8.19 ([18]). Given a RIC homomorphism © = mo: (X, T) —
(Y, T) of metric minimal flows, there exist a countable ordinal n and a canonically
defined commutative diagram (the canonical PI-tower):

0.
X:XO<01—X1-.. XV e XV+1"'X77:XOO
T S N I
™0 ™1 Ty Tnu+1 Moo

Y:YOTZ1<TYI Y, ZV+1%YV+1'“ Yn:Yoo
1 0ut+1

Pr+1
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where for each v < n,m, is RIC, p, is isometric, 0, 51, are proximal and T 18
RIC and weakly mizing. For a limit ordinal v, X,,Y,, 7, are the inverse limits
of X,,Y,,m, forv <wv. In terms of Ellis groups: B = AF*> and AB' = B, where
A =G(X),B =G(Yy), and F = S(Y). The extension 7 is P1 if and only if
X =Y.



CHAPTER 2

SEMISIMPLE AUTOMORPHISMS

2.1. Group and isometric extensions, joinings

Let T: (X, Bg) — (X, Bp) be an automorphism of a standard Borel space. Let
1 be a probability T-invariant measure on (X, By), B the T-invariant o-algebra
of all p-measurable subsets of X. Then (X, B, i) is a probability Lebesgue space
with T' being an automorphism of it. Let S: (Y,€C,v) — (Y,C,v) be a factor
of T:(X,B, ) — (X,B,u). If no confusion can arise, we will often use the
following abbreviations: T'— S or B — € or even X — Y. In terms of joinings
we can express the fact that the extension X — Y is a group extension (see
Theorem 1.4.1 — the Veech’s Theorem).

Suppose now that B; C B is a T—invariant sub-o-algebra (factor), hence
giving rise to a factor T: (X, By, 71) — (X, B1,7) of T. Note that if we take the
family of all factors of T', say B,k € A, containing B; with the property that
each A € J¢(By,B,) that projects onto the diagonal measure on B; ® By is
a graph joining, then the smallest factor of T' containing all B,;, k € A enjoys the
same property. Hence there exists the maximal factor B C B such that B — B4
is a group extension. Note also that if By, Bs C B are factors then the smallest
factor of B containing B; and Bs can naturally be identified with an ergodic
joining of By and Bs.

Suppose (X, B,u,T) — (X,B1,71,T) is an extension of ergodic systems.
Denote

w= L p df(T)
X
to be the disintegration of y over i. We have T = Ty, where
To(z,2) = (T7,0:(2))

with X = X x Z, =i x v (see [23]). Then puz can be viewed as a measure on
B just concentrated on the fibers of the natural map m: X — X, i.e. uz = 0z X v.

43
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Definition 2.1.1. Denote H = L?(X, u). We say that a function f € H is

almost periodic (AP) if for each £ > 0 there exist ¢1,...,gr € H such that for
each p € Z
(2.1) a0 TP = gillee i) < 2

for a.a. T € X.

Definition 2.1.2. If B, is a factor of B then we say that the extension
B — By is compact if the set of AP functions is dense in the Hilbert space
H = L*(X, p).

Theorem 2.1.3 ([99]). An extension (X, B,pu,T) — (X, B1,71,T) is com-
pact if and only if there exists a compact group G and its closed subgroup H
such that Z = G/H and 0z = p(T)H for a measurable map o: X — G, i.e. the
extension X — X 1is an isometric extension.

Proposition 2.1.4. Suppose that (X,B,T) — (X, B,T) is an ergodic iso-
metric extension. Then there exists an ergodic extension (Y, C,S) of X such that
Y — X is a group extension and moreover for each ergodic extension (Y, B’ S")
of X withY' — X a group extension we have

Y — X — X

N

Y

Proof. Let S:(Y,C,7) — (Y,C,7) be any ergodic extension of X that is
a group extension of X. Take the family of all factors (3 C C‘f Kk € A, that are
group extensions of B and set

e= ()¢

KREA

Note that if A € J¢(€C, (‘3) projects onto the dlagonal measure on B ® B then for
any ergodic extension X of A on C® € we have that A is a graph measure. Hence
if A € C then there exists a set B € € such that

X(AX?AEN/XE) = 0.

Thus, it is clear that Be én for each k € A and consequently Beg. By Veech’s
Theorem, € — B is a group extension.

Take any ergodic joining of Y’/ and Y which is diagonal on X; we get a sys-
tem Z. Now, Y and Y are represented in Z by some invariant o-algebras, say A
and A’. Let C; = ANA’ C €®C. Take any ergodic self-joinings A on €; ® C; that
is diagonal on X x X. Then this joining has an ergodic extension Nto Z x Z.
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Take any set C' € C. Because A and A’ are group extensions of X, there exist
A€ Aand A’ € A’ such that

MNCx ZAZxA) =0, MNCxZAZxA)=0.

Therefore A = A" € ANA’ = €. Hence ) is a graph joining and consequently C;
is a group extension of X. O

Definition 2.1.5. The extension Y of X, defined (up to an isomorphism)
by Proposition 2.1.4, will be called the minimal group cover of X.

Definition 2.1.6 ([23]). An extension X — X is called distal if for a certain
ordinal 7 we have a family of factors B, k < n, such that B, 11 — B, is compact,
and if  is a limit ordinal then B, = {J,., ., B’

H. Furstenberg in [23] proved for each factor By C B the existence of the
maximal B C B such that B — B, is distal. Actually this follows from the
following lemma:

Lemma 2.1.7. If By D B and By D B are ergodic distal extensions and
A € J¢(Bq,Ba) satisfies AlB@B = A, then (B1®Bs, \) is a distal extension of B.

Proof. Let A € J¢(B1,B2) and A|sgs = A. By Theorem 1.4.5, if By and By
are group extensions of B then A is a group extension of yu because (B® B, A) is
isomorphic to (B, u). Consequently, if B; and B, are isometric extensions of B,
then, by Theorem 1.4.2, A is also isometric extension of B.

Now we will use transfinite induction. Assume that %1 and %2 are ergodic
extensions of B such that each ergodic joining of %1 and %2 which projects onto
B ® B as the diagonal measure, is a distal extension of B. Let B; C %1 and
By C %2 be ergodic isometric extensions. Extend A to an ergodic joining X of
some ergodic group covers of By and Bs. Then Nisa group extension of B. Again
by the Theorem 1.4.2, X is an isometric extension of B.

If By and By are inverse limits of consecutive isometric extensions, then
by the considerations above A is a distal extension of B as an inverse limit of
isometric extensions of B. |

Now, let us consider A € J(T,.5), where T: (X, B, u) — (X, B, ), S: (Y, C,v)
— (Y, C,v). Then there exist the biggest o-algebras B1(\) C B, B2(A) C € such
that A identifies B1(\) x Y with X x By(A). Indeed, take the family of all pairs
(B1,B2), B1 € B, By C €, where X identifies B; x Y with X x Bs. Then the
smallest factor containing all of By, say %1, and the smallest one containing all
of By, say %2, has the property, that %1 XY 2 X x %2. In fact, consider B x Y
and X x C as two sub-o-algebras of B x €, where the equality between sets is
understood mod A. Then B x YN X x € is on one hand a sub-o-algebra of B x Y,
so of the form B’ x Y, and on the other hand, a sub-o-algebra of X x €, so of
the form X x €. We have B;(\) = B’ and Ba(A) = €.
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2.2. Furstenberg decomposition

Definition 2.2.1. Let T: (X, B, 1) — (X, B, u) be an ergodic automorphism
and A C B be its T-invariant o-algebra. We call T relatively weakly mixing
(rel. w. m.) with respect to A, if the relatively independent extension of the
diagonal measure on A, say A = u X 4 p, is ergodic. For short this will be denoted
by B — A rel. w. m.

Note that if T3 is weakly mixing and T} is ergodic then clearly Ty x T, — T}
rel. w. m.

Suppose that B — A, rel. w. m. and we have B D A; D As. Then we can
consider the relatively independent extension of the diagonal measure on A, in
B ® B as well as in Ay ® A;. The latter is a factor of the former, so obviously
A1 — Ag rel. w. m.

Definition 2.2.2. Let T: (X, B, u) — (X, B, i) be ergodic and A be a factor
of it. Assume that A C A; C B is another factor. The decomposition B —

A1 — A is called a Furstenberg decomposition of B — A, if B — A; rel. w. m.
and A; — A is distal.

By the method presented in [23] we know that for each A C B there exists
a Furstenberg decomposition of B — A.

Proposition 2.2.3. For any A C B there exists only one Furstenberg de-
composition of B — A.

Proof. Let C be the maximal distal extension of A such that B — € — A.
Take any Furstenberg decomposition B — A— Aof B— A. Then, by Lem-
ma 2.1.7, each ergodic joining of € and A that projects onto A®A as the diagonal
measure is a distal extension of A. Therefore A C €. Conversely, since B — A is
rel. w. m., so is € — A. Hence € = A. O

Proposition 2.2.4. Let T: (X, B, u) — (X, B, u) be ergodic and
T/: (X/7 B/7M/) - (X/a B/7M/)7 Tl: (X17 B17#1) - (leglnul)

be its two ergodic extensions. Suppose that A € J¢(T',T1) is such that N xxx =
Ax. Assume moreover, that (X1,u1) — (X, p) is distal and (X' x X1,)) —
(X', 1) rel. w. m. Then in (X' x X1, ) we have B’ x X; — X' x By.

Proof. Let us assume that

(X/XX17)\>_)(X17//21)_>(X17M1) and (X/,/,L/)—><X7ﬁ)—>(X,M)
are Furstenberg decompositions. It is then clear that the extension ()?1, ) —
(X, ) is distal. By Lemma 2.1.7, the maximality of X, and the fact that the

extension X — X, where X is the smallest factor of (X’ x X1, ) containing
X, and X, is distal, we must have X C X;. Therefore, (X', /) and (X1,7i1)
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are relatively disjoint over X. Thus, no harm arises if we assume that A is the
relative product of X’ and X; over X. To be more precise, let

X' =XxZ, T'(7,7) = (T%,05(2)),
X, =X x2Z, T3 2)=(T760=)).

Therefore, the relative product X’ x & X, of X’ and X; over X, denote it by
T:(X x Z' x Z1) — (X x Z' x Zy), is defined by the formula

T(%,2',21) = (T%,05(2), 01 (21)).

By our assumption, the relative product T=T X x7 T:X x 7' x AR AR
X X Z' x Z1 x Zy is ergodic. It is clear that

T(%,7 21, 2) = (T%, 0% 9 )(zl),Q(lﬁz,)(zg)),

y VI

where G(IZ (z:) = 9;\(22»), i = 1,2. Therefore the relative product )?1 X X1

which is defined on X x Z1 X Zj by the formula
(&, 21,22) = (T2, 04(21), 05(22))

is a factor of f, hence is ergodic. This means however that X 1= X that com-
pletes the proof. O

As a consequence we have

Proposition 2.2.5. Let T: (X, B, ) — (X, B, u) be ergodic and {A; : i € I'}
a family of its factors such that B — A; rel. w. m. for each i € I. Then

BHA:ﬂAi rel. w. m.

iel

Proof. Let A’ O A be the maximal distal extension of A in B. Then B — A’
rel. w. m. By virtue of Proposition 2.2.4, A’ C A; and consequently A" C A,
hence A’ = A. O

Proposition 2.2.6. Suppose that B O Ay D As, and that both extensions
B — Ay and A1 — A are relatively weakly mizing. Then the extension B — As
1s relatively weakly mizing as well.

Proof. Let .Zlg be the maximal distal extension of Ay in B. We have 2[1 — Ao
is distal Whlle A1 — As rel. w. m. Therefore .AQ and A; are disjoint relatlvely
to Ao, so .Ag NA; = As. It follows from Proposition 2.2.5 that B — A2 N Aq
rel. w. m. O
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2.3. Semisimplicity

Definition 2.3.1. Let T:(X,B,u) — (X, B, u) be ergodic. We say that T
is semisimple if for every self-joining A € J¢(T,T) we have

(X x X, ) =% (X, p) rel. w. m.,
where m;: X X X — X, m(x1,20) = x4, 1 = 1,2.

Below we present some examples.

Example 2.3.2. Suppose that the automorphism 7" has discrete spectrum.
In such a case each joining A € J¢(T,T) is a graph joining, so T is semisimple.

Example 2.3.3. Assume that T has 2-fold simplicity property, i.e. if A €
J¢(T,T) then either X is a graph joining or A = u x p. So, immediately from
Definition 2.3.1 we get that T is semisimple.

Example 2.3.4. Ty,..., T, 1 <k < oo, with MSJ (for definition see Sec-
tion 1.3). Then clearly T7 x ... x T} is semisimple.

All the examples above are in some sense pure; they are either weakly mixing
or discrete spectrum. Semisimple maps can however have mixed spectrum.

Example 2.3.5. T =T} x Ty, where T} has discrete spectrum and 75 has
MSJ. Then each A € J¢(T,T) is either a graph joining (7' can be viewed as a
group extension with a constant cocycle of T5) or appears in the ergodic decom-
position of u x p, where g = 1 X po. Any such a A is isomorphic to T1 x Ty X T,
so T is semisimple.

Proposition 2.3.6. Let T:(X,B,u) — (X,B,u) be semisimple and let
Ai, A2 C B be factors. Suppose that B — Aj rel. w. m., j = 1,2. Then, for
each X € J¢(A1,As), we have

(A1 @Az, A) — (A4, 1) rel. w.m., j=1,2.

Proof. Extend X to A € J¢(T, T) whose projection on A; ® Ay is X. We have
that both extensions (X x X,\) — (X, u) — (A1, ) are rel. w. m. By Propo-
sition 2.2.6, (X x X,A) — (A1, u) rel. w. m. But obviously, we have a sequence
of factors

(X x X, ) = (A1 @ A2, \) — (Aq, ),

so we must have (A ® Az, \) — (Aq, p) rel. w. m. O
Substituting in Proposition 2.3.6, A, = Ay = A we obtain the following

Corollary 2.3.7. Suppose that T: (X, B,u) — (X, B, pn) is semisimple and
let A C B be a factor. If B — A rel. w. m., then also T: (X, A, 1) — (X, A, 1)
s semisimple.
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2.4. Natural factors and the structure
of factors for semisimple automorphisms

Definition 2.4.1. Let T: (X, B, u) — (X, B, u) be ergodic. Suppose that 9
is a class of factors satisfying

(2.2) M is closed under taking intersections and containing B and the trivial
o-algebra N.

We will call N natural if
(N-1) B;(A\) eNforall A e J(T,T), i =1,2.
(N-2) If Ay, Az € Mand S: Ay — A establishes an isomorphism then S sends
natural factors contained in A; into natural factors contained in As.

Since D1 is closed under intersections, for each factor A C B we have a smallest
natural factor A € M with A D A.

Definition 2.4.2. Let A C B be a factor. The smallest natural factor A € N
such that A D A will be called the natural cover of A.

Remark 2.4.3. Suppose that T is an ergodic automorphism. Then directly
from the definition it follows that there exists the smallest family 91y of natural
factors. Note also that if B — A rel. w. m. then A € Ny. Indeed, in such a case
we have pu x 4 p € J(B,B) and obviously B;(u x g ) = A, i =1,2.

Proposition 2.4.4. A family N satisfying (2.2) is natural if and only if
whenever A € J¢(T,T) and X\ restricted to factors Ay ® As establishes their
isomorphism then X\ is an isomorphism on the natural covers.

Proof. Suppose that a family D0 of factors satisfies (2.2).

First assume that 91 is natural. Let A € J°(T,T') and A|4, g4, is an isomor-
phism. By (N-1) we have that .7[; C B;(A), j = 1,2, and (N-2) completes this
part of the proof.

To prove the converse take A\ € J¢(T,T), then X establishes an isomorphism
between By ( ) and By (A). Since these two are the biggest with this property we
must have B; ( ) =B;(A), 7 =1,2 and (N-1) follows. Now, let A, Ay € 9 and
S be an isomorphism between them. Lift this isomorphism to a A € J¢(T,T).
Take A € ‘ﬁ with A C Ajy. Then A is an isomorphism of A = A with SA but
also with SA. Hence SA = SA so SA € 9 which completes the proof. a

Corollary 2.4.5. Let N be a natural family of factors for T'. Then for each
factor A of T the extension A — A is a group extension.

Proof. Take any ergodic self-joining A on A ® A that is diagonal on A ® A.
Hence A establishes an isomorphism of A with itself (by the identity). From
Proposition 2.4.4, A is an isomorphism of A with itself, so A is a graph joining on
A®A. By Veech’s Theorem (see Theorem 1.4.1), A — A is a group extension.[]
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Lemma 2.4.6. Let Ti: ()’Z},E,ﬁl) — (5(\,,@:,/@), 1= 1,2, be ergodic distal
extensions of Ty: (X;, By, pi) — (Xi, By i), ¢ = 1,2. Assume that \ € Je(ﬁ @)
has the property that its restrzctwn A to By ®Bg s a graph joining and moreover
for i = 1,2 the extension (Bl ® Bg,)\) — (Bz,uz) is rel. w. m. Then A is also
a graph joining.

Proof. Note that in (ﬁ@@;, \) the o-algebras B; = By (mod A). Therefore
Bi®By— B — B and By ®By— By~ By

are, by assumptlon two Furstenberg decomposmons of B1 = Bo. By Pr0p051—
tion 2.2.3 we have Bl = Bg (mod )\) 0 \ is an isomorphism of Bl and Bg

Below, we will consider a family of natural factors for semisimple maps.

Proposition 2.4.7. LetT: (X, B, u) — (X, B, u) be ergodic and semisimple.
Put
N={ACB:B— Arel. w.m.}U{N}

Then the family N is natural.

Proof. By Proposition 2.2.5, 0 is closed under intersections. We will prove
that if A € J¢(T, T') establishes an isomorphism of A; and Aj; then A is also an iso-
morphism of natural covers Al and Ag Now, A1 and Ag can be described as the
maximal distal extensions of A4 and As respectwely By Pr0p051t10n 2.3.6, if by h)
we denote the restriction of A to .A1 ®A2 then (.A1 ®A27 )\) (.AZ, u) rel. w. m.,
j=1,2. Lemma 2.4.6 finishes the proof. D

By applying Proposition 2.4.7 and Corollary 2.4.5 we obtain the following

Theorem 2.4.8 (Structure Theorem). Assume that the automorphism T
(X,B,u) — (X,B,u) is ergodic and semisimple. Then for each factor A there
exists an A with B — A rel. w. m. such that A is a group extension of A.

Remark 2.4.9. If T is 2-fold simple then the only factors with respect to
which T is rel. w. m. are the trivial ones, so applying Theorem 2.4.8 we obtain
the well known Veech’s Theorem on factors of 2-fold simple maps (see [95], [45]).

Reamrk 2.4.10. Applying Theorem 2.4.8 it is very easy to give examples
of T' that are not semisimple. Indeed, if there are Bo C By C B such that
B — B, isometric, B; — Bs isometric but B — B, is not isometric, then B
is not semisimple. Since B — B, is distal, we must have @\2 = B. If B were
semisimple, then, by Theorem 2.4.8, B — B would be a group extension.

Corollary 2.4.11. If T:(X,B,u) — (X, B,un) is ergodic and semisimple
then its entropy h(T) is equal to zero.

Proof. First, note that no Bernoulli T (X, B, ) — (X, B, p) is semisimple.
Indeed, take any nontrivial weakly mixing compact group extension Ti: (X X
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G,B,ji) — (X xG,B , ) of T By [87], T, is again Bernoulli with the same
entropy as 7. Now, in B we have two factors, namely, B and B isomorphic to
T. If T were semisimple, then the smallest factor containing these two factors
(equal to %) would have to be rel. w. m. with respect to B; a contradiction.
Suppose that h(T) > 0. Then there exists a Bernoulli factor A with the
same entropy. Take the natural cover A of A. Then A — A i is a compact group
extensmn If A is weakly mixing then .A is Bernoulli, so A is semisimple. In
general, A can be represented as .A A® X, where A is Bernoulli and X is
the maximal Kronecker factor of A (see [87]). Moreover, A can be represented
as a nontrivial group extension of a Bernoulli factor, say of .A1 Hence A ® X
is a nontrivial group extension of .A1 ® K. But these two automorphisms are
isomorphic so the former is not semisimple. ]

Remark 2.4.12. Suppose that T is ergodic and distal. Then T is semisimple
if and only if T has discrete spectrum. Indeed, if T is semisimple and X is its
maximal Kronecker factor then B — X rel. w. m. (92 is a group extension of
X that is a group extension of one point dynamical system; since X must be
semisimple, we have X = X).

2.5. Joinings of ergodic group extensions
of semisimple automorphisms

Assume that T: (X, B, u) — (X, B, p) and S: (Y,€,m) — (Y, C,m) are ergo-
dic automorphisms. Let G1, G2 be compact metric groups with Haar measures
v1, Vg respectively. Let ¢1: X — G1, p2:Y — Go be such that T,,, and S,, are
ergodic.

Suppose that A € J¢(T,S) has the property that the two extensions

(T'xS,A\)— (T,u) and (T xS,A)— (S,m)

are rel. w. m. The following theorem describes any X e J(Ty,,Sp,) whose
projections on B ® C is A.

Theorem 2.5.1. There are normal closed subgroups Hy C Gy, Ho C G,
a continuous group isomorphism v: G1/Hy — Gao/Hs and a Borel map f: X x
Y — Go/Hy such that for any Borel sets AC X, C1 C G1, BCY, Cy C Gy we
have

NA X C ><B><02)=/ E(xaxyxc, | Hi)(w,y,g1H1)
XXYXG1/H,

“E(xxxBxc,|H2)(,y, f(2,y)v(g1H1)) d(A X v1)(z,y, g1 H1).

The proof of Theorem 2.5.1 is long and is divided into several lemmas.
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Let m X XG1 XY x Gy = X XY, 7(x,91,y,92) = (z,y). Then X = A. Let
us decompose A over the factor (X x Y, \,T x S):

)= / Nay) AN, ).
XXY

Let H = {(h1,h2) € G1 x Ga : X(hl,hg) = X}, be the stabilizer of . By
Lemma 1.4.4,

A= / O(zy) X (91, 92)vm AN (2, Y),
XxXY

Where (glagQ)H = T(I, y)
Let H; C Gy, Hy C G2 be given by

Hy={g1€G1:(g1,e2) € H}, Hy={g2€Gy: (e1,92) € H}

where e; denotes the unit element of the group G1,i = 1,2. Put m;: Gy xGo — G,
771'(91792) =g, 1t =12

Lemma 2.5.2. m;(H)=G,,i=1,2.

Proof. First, we note that T,,, X S,,, X X G1 XY x Gg, \) is a group extension
of T x S, where the group we extend by is H (see Theorem 1.4.5). If we take
the projection onto the first three coordinates, then we get a group extension
of (T x S, X xY,\) by m1(H). This group extension is ergodic. On the other
hand, (T,,, X x G1,) — (T, X, p) is a group extension and (T'x S, X x Y, \) —
(T, X, p) rel. w. m., so the relative product Ty, X (x .7y (T x S, ) is ergodic.
This relative product is equal to ((T' x S)W,XLPU i.e. it is a group extension of
(T x S, A\) via G;. Since the latter is ergodic, m1(H) = G;.

The proof of the equality mo(H) = G is similar. O

The next lemma immediately follows from Lemma 2.5.2.

Lemma 2.5.3. The subgroups Hy and Hy are normal in Gy and G5 respec-
tively.

Lemma 2.5.4.

(a) If (91,92), (91, G2) € H then g5 g2 € Ho.
(b) If (91,92) € H, (g1, 92) € H then gy 'g1 € Hy.
(¢) (91,92) € H if and only if g1Hy x goHs C H.

Proof. (a) Let us assume that (g1,92) € H, (g1,92) € H. Then (g7 %, 95 %) €
Hand H 3> (97,95 ") (91,92) = (e1,95 'g2). Therefore g, 'go € Hy. The proof of
(b) is similar.

(c) Assume that (g1,g2) € H. Take hy € Hy and hy € H. Then (hy,e2) € H
and (e1, he) € H. Therefore (h1,h2) € H and, by assumption,

H > (91, 92)(h1, h2) = (g1h1, g2h2).
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Because hq, hy were arbitrary, g1 H; x goHy C H. O
We define a map v: G1/H; — G2/ Hs by the following formula
(2.3) v(g1H1) = m2((g1H1 x G2) N H).

Lemma 2.5.5. The map v defined by (2.3) is a continuous group isomor-
phism.

Proof. By Lemma 2.5.4, v is well defined. The continuity of v is evident.
Obviously v is bijective. Because Hy; x Hy C H, v(Hy) = Hy. We now prove that
v is a group homomorphism.

Take ng,ng S Gl/Hl. Set ’U(gH1§H1) = gHQ’ U(ng) = ngQ, ’U(ng) =
§1H2. Then gng X gHQ C H, ng X 91H2 C H,ng X §1H2 C H. This im-
plies ggH; x ¢1g,H2 C H. By Lemma 2.5.4, gHs = ¢1g,Hs, i.e. v(gH1gH,) =
v(gH1)v(gH1).

Obviously v(g ' Hy) = v(gHy) L. O

As an immediate consequence of Lemma 2.5.4 and Lemma 2.5.5 we have
Lemma 2.5.6. H = gHy x v(gHy).
Let

geGy

(T X S)cpi,Hi:X XY x GZ/Hl — X XY x GZ/H“
(T % 8) g, 1, (21,22, gH;) = (Tx1, S0, 03 (24)gH;), i=1,2.

Then (X x Y x Gi/Hij, A x v, (T x S)g,.1,), © = 1,2, is an ergodic dynamical
system.

Our next aim is to define an isomorphism I of (T'x S),, g, and (T X S)y,, H,-
It will have the form

T: If)vZX XY X GI/HI — X xY x GQ/HQ,
If,v(x7yang) = (xvyaf(xay)v(ng))a

for some measurable map f: X xY — Gy/H,.
Let a: (G1 x G2)/H — G2/ Hj be the (open) map given by

(2.4) a((g91,92)H) = gav(g; ' H).

We have to prove that « is well defined. Assume that (g1,92)H = (¢1,92)H.
Then (97 91,95 '92) € H and therefore

(2.5) v(gy "G Hy) = g5 ' G2 Ho.

We will show that (ggv(gl_lHl))_lﬁgv(ﬁlHl) = H>.
Indeed, by (2.5),

(g20(g7 "H1)) " "gav(gy "H1) = v(91H1)g5 'G2Hav(gy "Hy)
= (g1 Hy)v(g9y "gr Hy )v(gy P Hy) = Ho.
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Thus « is well defined.
Having a we can define the desired function f: X x Y — Go/Hs, by setting
(2.6) f(z,y) = a(r(z,y)),

where 7 is defined by (1.10) and it satisfies (1.11) for ¢ = @1 X ¥2.
Now, one easily checks that

(T X S)¢27H2 ol=1o (T X S)S@hHl'
We will also use the following

Lemma 2.5.7.

(a) 7(x,y) = U gHy x f(x,y)v(gH1) A-a.s.
geG1

o 3 U ) <o x S =1
(xyy)Géfo

Proof. (a) Fix (z,y) € X xY. Set 7(z,y) = (a,b)H. Then by (2.4), (2.6)
and Lemma 2.5.6,

U gH1 x fa,y)vu(gH) = | gHi x bo(a™ Hy)v(gH)

9eG geGr
= U gH; x bv(a™ gH,) = U agHy x bv(gHy)
g€G1 geGy
—(a,b) | gH1 % v(gHy) = (a,b)H = 7(z,).

g€G1

(b) Using (a) we have

1:}(( U 1 xrton)

z,y)EXXY
=X {(z, )} x Hy x f(z,y)v(gH)
((Iyyg(xy< y gglg ! y)v(g 1))
(U (@) <ot fetem)) 0
ez

Proof of Theorem 2.5.1. By Lemma 2.5.7 we can define an isomorphism

U: (X XY x Gl/Hl X G2/H27X7 (T X S)Lp1><tp2,H1><H2) -
(X XY xGi/Hy) x (X xY xGo/H),(Axvi)1,(Tx8)p, 1, X (TX8) gy, 1)

by
Ulz,y,gHy, f(z,y)v(gH1)) = (z,y, gH1, 2, y, (2, y)v(gH1)).
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Then U sends the measure X to (A x v1)7 and we have

MA X BxC)= / Xaxs(2,y,gH)
XXYXG1/Hy

“xaxc(z,y, f(z,y)v(gHy)) d(X x v1)(z,y, gH:)

for ACX xY,BCG1/Hy, C CGy/Hs.
Therefore, for A C X x G1, BCY x G,

AMA x B)
- / Elvr | Hy) (i gHy) - B Ha) (2, y, f (. y)o(oHy)) dA din
XXYxG1/Hy

which finishes the proof of Theorem 2.5.1. |

Corollary 2.5.8. Assume T: (X, B, u) — (X, B, u) is an ergodic semisimple
automorphism. Let G be a compact metric group equipped with the normalized
Haar measure v, let ¢: X — G be such that T, is ergodic, and suppose \ €
J(T,,Ty,) is an extension of some A € J¢(T,T). Then there are normal closed
subgroups Hy, Ho C G, a continuous group isomorphism v: G/H, — G/Hy and
a Borel map f: X x X — G/Hy such that for any Borel sets A,B C X and
C1,Cy C G we have

MA X Cy x B x Cy) = / E(xaxxxc, [ H1)(z,y, gH1)
XxXxG/H,

: E(XXXBXC2‘H2)(1'7yaf(may)v(ng))d(A X V)(l’,y,ng). U

Assume that T (X, B, u) — (X, B, i) is an ergodic automorphism and ¢: X —
G a cocycle such that T, is ergodic. Suppose that S € C(T) has an extension to
S € C(T,). If we assume that additionally S is invertible then it is well known
that

(2.7) S(x,9) = Sro(x,9) = (Sz, f(z)v(g)),

where f: X — (G is measurable and v: G — G is a continuous group epimorphism
(this result can be directly deduced from Theorem 2.5.1). In general we obtain
the following:

Proposition 2.5.9. If S € C(T,) is an extension of some S € C(T') then s
is of the form (2.7), where v:G — G is a continuous group homomorphism (not
necessarily onto).

Proof. Write S(z, g) = (Sx,¢(x,g)). Since ST, = T,,S we get
V(Ty(x,9)) = e(Sz)(z, 9).
Writing o, (z, h) = (x, hg) we have o, € C(T,). Set
Fy(x,h) = ¢(z, h)""og(z, h) = ¢(z, h) "y (, hg).
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We have

FyTy(z,h) = (T, (x, h)’lwagTw(x, h) = (YT, (, h))ill[}Tcp(fUa hg)
= (p(Sz)p(x, )" p(S)(x, hg) = Fy(x, h).

Thus Fj is a constant function. Set

v(g) = Fy(- ).

Clearly v: G — G is measurable. We now show that v is a group homomorphism.
We have v(e) = e and

v(g192) = (2, h) " Y (x, hgigs)
= (z, h) " "p(x, hg1 )Y (x, hgr) " ¥ (z, (hg1)g2) = v(g1)v(ga).

In particular, v is continuous.
Put
f(z, h) =z, h)v(h)™" as.
Take any g € G. Then for a.e. (x,h) we have

fog(x,h) = f(z, hg) = ¥(z, hg)v(hg) ™
= 1/1(96, h)w(xa h)ildj(xv hg)v(g)ilv(h)il = 1/}(‘% h)’l}(h) = f(:L‘, h)

Therefore f depends only on x |

Definition 2.5.10 ([79]). Assume that A C B is a factor of T. We call it
a canonical (resp. weakly canonical) factor of T if for each isomorphic copy A’ of
A we have A" = A (resp. A’ C A).

Proposition 2.5.11. Suppose that T: (X, B, u) — (X, B, n) is semisimple.
Let T: (X, B, 1) — (X, B, 1) be an arbitrary ergodic distal extension of T. Then
T is a weakly canonical factor of T.

Proof. Suppose that B’ is a factor of B isomorphic to B. Let A be the smallest
factor containing B and B’. Since T is semisimple, A — B rel. w. m. However,
B A— B, and B — B is a distal extension. Hence A and B are relatively
(over B) disjoint, and consequently B = A. a

Remark 2.5.12. Notice that the centralizer of a semisimple automorphism
need not be a group; for instance, take 7' =T} x 11 X ..., where T has MSJ.

Remark 2.5.13. D. Newton in [79] asked about canonicality of automor-
phisms, i.e. whether there are automorphisms which are canonical factors in an
arbitrary ergodic extension. As shown in [61], the only ones with this property
are those with discrete spectrum. Let us ask what is the class of automorphisms
which are canonical factors in an arbitrary ergodic distal extension. The above
proposition says that semisimple coalescent automorphisms enjoy this property.
The question arises whether they are the only ones.
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It follows from Proposition 2.5.11 that a semisimple automorphism sits weak-
ly canonically in any of its ergodic group extensions. In particular, if SecC (Ty),
then 5'71(23) C B and we can apply Proposition 2.5.9. Hence we obtain the
following generalization of the results from [4], [79], [71]:

Corollary 2.5.14. If T,: (X x G,1) — (X x G,1) is an ergodic group
extension of a semisimple automorphism and S e C(T,) then there are S €
C(T), a Borel map f: X — G and a continuous group homomorphism v: G — G
such that

S(x,g) = (Sz, f(x)v(9))-

If, additionally, T is coalescent, then v is onto.
2.6. Applications of natural families

Lemma 2.6.1. Assume that T: (X, B, u) — (X, B, u) is a 2-fold simple we-
akly mizing automorphism, ¢: X — G a cocycle such that T, is weakly mi-
zing. Let \ € J(T,,T,) with MNsos an isomorphism. Then By(\) = By, and
‘BQ(X) = %Hz for some Hy and Hy which are normal.

Proof. Let H C G x G be the stabilizer of X. By Lemma 2.5.2, m;(H) = G,
i = 1,2. Since B1()\) and By()\) are two factors between B and B (X is an
isomorphism on the base), it follows that B1(X) = By, and By(X) = By, , where
Hy, Hy are closed subgroups of G (this easily follows from the relative version of
Veech’s Theorem). We will prove that for each g € G

(2.8) Byim,g C Bi(N).

Fix g € G. Since m;(H) = G, i = 1,2, there exists g2 € G such that (g, 92) € H.
We have

0g(Br,) = Bg-1m1g: 092 (Br,) =B -1y,

so (by the definition of B ()) it is enough to show that
agﬁHl = UQZ%HZ mod \.
This is however obvious, because if A € B Hy, B € B H, and
MA X (X x G)A(X xG) x B) =0
then
MogA x (X x G)A(X x G) x 04,B) = MA x (X x Q)A(X x G) x B) =0.

Therefore (2.8) follows. The proof is complete by the symmetry of the argu-
ment. O
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Lemma 2.6.2. Let T be semzszmple and coalescent, p: X — G ergodic
H C G a closed subgroup and S € C( ). Assume that BH is S-invariant. If S
is invertible on B then S so is on T>H

Proof. By Corollary 2.5.14 we have
S(x,9) = Sr.(x,9) = (Sz, f(@)v(9)),

where v: G — G is a group automorphism. We have assumed that S-1B g C
By which means that S¢v(z,gH) € X x G/H for all (z,9) € X x G. But
Sto(x,gH) = (Sz, f(x)v(gH)) so f(x)v(g)v(H) € G/H for all (z,g9) € X x G,
hence v(H) = (f(z)v(g)) " 9(z,g)H and v(H) = goH. But v(H) is a subgroup,
so go = e and hence v(H) = H. We have achieved that on X x G/H

S(w,gH) = Sy,n(x, gH) = (Sz, f(x)v(g) H)
and one directly checks that Sy, g is invertible. O

Corollary 2.6.3. If T — T is an isometric ergodic extension, T is semi-
simple and the group cover of T is coalescent then T is also coalescent.

Proposition 2.6.4. If T,: (X x G,pn) — (X x G, 1) is a weakly mizing
group extension of a weakly mizing 2-fold simple map T, N is the natural family
of factors for T defined in Proposition 2.4.7 then the family

= {@H : H is a normal closed subgroup of G} U {IM}
is a natural family of factors for T,.

Proof. Since obviously 91 is closed under taking intersections (the smallest
closed subgroup generated by a family of closed normal bubgroupb is normal)
and Lemma 2.6.2 holds true, it remains to show that if S:B H, — B H, 1S an
isomorphism of two natural factors then S sends natural factors contained in
By, to natural factors contained in By,. By Proposition 2.5.9, S(z,gH;) =
(Sz, f(x)v(gH1)), where v:G/Hy — G/Hj is a continuous group isomorphism,
S e C(T) and f: X — G/H is measurable. If H’' is a closed normal subgroup
containing H; then by the form of S we have S’BH/ =B o(H'/H,) and it is clear
that v(H'/H1) is a normal subgroup of G/Hs. O

Remark 2.6.5. From Proposition 2.6.4 and Structure Theorem we get im-
mediately the result on the structure of factors for group extensions of rotations
proved in [71].

Remark 2.6.6. If we assume that a 2-fold simple map is not weakly mixing,
then in fact it has discrete spectrum (see [45]) and then both Lemma 2.6.1 and
Proposition 2.6.4 are valid for each ergodic cocycle p: X — G.

The question whether or not each factor of a coalescent automorphism is
again coalescent was stated by D. Newton in 1970, [80], and the negative answer



CHAPTER 2. SEMISIMPLE AUTOMORPHISMS 59

is contained in [61] (see also a recent paper by A. Fieldsteel and D. Rudolph [19]).
An ergodic group extension of a rotation need not be coalescent, but we will
assume, that this is the case and ask about the coalescence of all factors. Our
goal is to prove the following theorem (which is a generalization of a result from
[61] for the Abelian case).

Theorem 2.6.7. IfT,: (X x G, 1) — (X x G, ) is an ergodic group exten-
sion of a discrete spectrum T and N denotes the natural family of factors defined
in Proposition 2.6.4, then all factors of T, are coalescent whenever all natural
factors so are.

Proof. Let € be such a factor of T, that is 1som0rphlc to its proper factor
&' G &. To simplify the notation we assume that € =B. Now, & C € and they
are 1som0rphlc so by coalescence property of natural factors we have &/ = & =

Let H(E) be the compact subgroup contained in C(T,,) that determines 8
Let S be this (noninvertible) element of the centralizer of € that gives rise to an
isomorphism of € and &’. Denote by S an extension of S to C (T,). By assumption

of this theorem, S is invertible. Moreover the factor & = § & is determined by
S713(€)S. Consequently
S571H(8)S C H(E)

and the inclusion is strict. Denote
H={geG:0,cH(E)},

where og4(z,h) = (x,hg). Note that each o, € C(T,) and it can be written
as Idg,,,, where 74(h) = g~'hg. Now, each element U € H(€) is of the form

U = Uy, (Proposition 2.5.9) and if two elements U,U € H(&) have the same
projections on the first coordinate (i.e. they are liftings of the same U € C(T))

then U = U o og4 for certain g € H. Suppose that S = Stw, where w:G — G is
an automorphism. Then we have

57 = (ST u-1((r5-1)-1],w-15
where w™! denotes the inverse in the sense of composition of maps, and
(Sr.w) ™t 0040 Spuw = Tu-1(g).

Take under consideration the factor B 1, which is determined by the group H(&)N
{o4:9 € G} C C(T,), and consider S~!By. The latter factor is determined by

§_1J‘C(%H)§: {Uw—l(g) g E H}

Denoting H' = {g € G : 0,,-1(y) € 513(€)S} we have H is a proper subgroup
of H' because S~13(€)S determines Sle=¢and & isa proper factor of &.
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o~

Thus By is a proper factor of Bg. Moreover, S~ (Bg) = By, and therefore
{0w-1():9€ HY = ST'H(By)S = H(S™H(By)) = H(Bu).

It implies that B g has a proper factor %w—l( ) isomorphic to it. The result
follows from Lemma 2.6.2. ]

2.7. Final remarks

In 1997 P. Gabriel, M. Lemariczyk and K. Schmidt showed [26] that for
Bernoulli transformations the smallest natural family of factors consists of all
factors (later, E. Glasner, [33], gave an alternative proof of this theorem). On
the other hand for all 2-fold simple maps the smallest natural family consists
only of one element (see Remark 2.4.9). From this point of view Bernoulli shifts
are an opposition of 2-simple systems.

For semisimple maps on the set J¢(T',T) there is a natural structure of a mo-
noid (see [35]). Suppose that A1, A2 € J¢(T,T). We have

(XXX,)\:[) rel. w. m. X rel. w. m. (XXX,)\Q)

so the relative product over X is rel. w. m. Since A\; X x Ag is ergodic, hence the
projections on the first and on the third coordinate give us an ergodic self-joining
obtained by Aj o Ay € J¢(T,T). This multiplication is associative and has a unit
— the diagonal measure on X. If T is weakly mixing then p x p € J¢(T,T) and
(wx p)oX = puxp for each A\ € J¢(T,T). More generally, if A is a factor
and A\ € J¢(T,T) is diagonal on A then (u x4 pt) o A = pu x4 p. In particular,
the relatively independent extensions of diagonal measures gives us idempotents.
The only invertible elements are graph joinings pug with S € C(T) necessarily
invertible. In 2003 Y. H. Ahn and M. Lemariczyk proved a much more general
theorem ([3, Theorem 1]) saying that an automorphism is semisimple if and only
if the set of all ergodic self-joinings forms a semigroup with the circle o operation.
This theorem suggests that semisimplicity is a quite natural notion.



CHAPTER 3

SEMISIMPLE GROUP EXTENSIONS OF ROTATIONS

In this chapter we show that semisimple actions of locally compact second
countable Abelian groups and cocycles with values in such groups can be used to
built new examples of semisimple automorphisms (Z-actions) that are relatively
weakly mixing extensions of irrational rotations.

3.1. General backgrounds

Recall (see Definition 2.3.1) that T is semisimple if for each ergodic A € J¢(T')
the extension (B ® B,\) — (B x X, \) is relatively weakly mixing (clearly,
(B x X, \) can be identified with (B, u)). It has been noticed in Chapter 2 that
an ergodic distal automorphism is semisimple if and only if it is isomorphic to
a rotation. Moreover, if T" is semisimple and B — A is relatively weakly mixing
then A is also semisimple. It follows that if 7" is semisimple and D stands for its
maximal distal factor then D is semisimple because B — D is relatively weakly
mixing. We have shown the following.

Proposition 3.1.1. If T is semisimple then it is a relatively weakly mizing
extension of its Kronecker factor.

Let (X, B, 1) be a standard probability space. Let T: (X, B, u) — (X, B, u) be
an ergodic automorphism. Assume that G is an Abelian locally compact second
countable group, ¢: X — G is a cocycle and consider the group extension

To: (X xG,BG, uxma) = (X xXGBRG,uxmeg),
Ty(z,9) = (Tz,0(x) + g).
Here G denotes the o-algebra of Borel sets of G and m¢ stands for a (infinite
whenever G is not compact) Haar measure on B(G). As it follows from [89],

ergodicity of ¢ is “controled” by the group E(p) of essential values of ¢ (see
Definition 1.4.6).

61
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Given T: (X, B, ) — (X, B, pn) and ¢: X — G by ¢.p we denote the image
of pon G via . Recall also that an increasing sequence (g,)n>1 of integers is
called a rigidity time for T if T — Id weakly. We will make use of the following
essential value criterion.

Proposition 3.1.2 ([69]). Assume that T is ergodic and let ¢: X — G be
a cocycle with values in an Abelian locally compact second countable group G.
Let (gn)n>1 be a rigidity time for T. Suppose that (p(9)),u — v weakly on
Goo = GU{o0}. Then supp(v) C Ex(p).

Assume that G is an Abelian locally compact second countable group that
contains no non-trivial compact subgroup and let § = {Ry}4cc be a Borel ac-
tion of this group on a Borel space (Y, €) (we always suppose that such a space
is standard that is, up to isomorphism, Y is a Polish space, while C stands for
the o-algebra of Borel sets) meaning that the map G xY 3 (g,y) — Ry € YV
is measurable. If now v is a probability measure invariant for the action of G
then the notions defined in the previous section for Z-actions have their natural
extensions to corresponding notions for actions of G on (Y, C,v) (see also [45]).
In Chapter 1 a definition of mildly mixing action is given (see Definition 1.5.2).
An equivalent condition for mild mixing is the following (in the case when G con-
tains no non-trivial compact subgroup): the action G is mildly mixing if for each
non-trivial factor A C € of § the representation g — Ug, € U(L*(Y/A,A,v))
(Ur,f = foRy for f e L*(Y/A, A,v)) is faithful and its image is closed. For
other conditions, equivalent to mild mixing, see [76], [24], [90], [63]. In particular,
for Z- (or R-) actions, mild mixing is equivalent to the lack of nontrivial rigid
factors.

3.2. Self-joinings of Rokhlin cocycles extensions for regular cocycles

By the circle we will mean T = [0, 1) with addition modulo 1. Given t € R
by {t} we will denote its fractional part. Given an irrational « let [0 : ag, a1, .. .]
denote the continued fraction expansion of « (see e.g. [49]). We say that « has
bounded partial quotients if the sequence (an)n>1 is bounded. We will denote
by (gn)n>1 the sequence of denominators of «, that is ¢ = 1,¢1 = a; and
Gn+1 = Gni1Gn + Gn-1, n > 2. We will make use of the following result of
C. Kraaikamp and P. Liardet (see also [59]).

Theorem 3.2.1 ([54]). If a has bounded partial quotients then:

(a) for each real 8 ¢ Qa + Q the set of accumulation points in T of
({gnB})n>1 is infinite;

(b) for each real B ¢ Za+Z there exists 0 < ¢ < 1 in the set of accumulation
points in T of ({gnB})n>1-

The following well known result follows from the classical Koksma inequality
(e.g. [57]) and elementary properties of denominators of a.
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Proposition 3.2.2. If T:T — T is given by Tx = x + «, f: T — R has
bounded variation and [ f(t)dt = 0 then |f\9)(t)| < 2Var(f) for each t € T
and each n > 1.

Closed subgroups of R™ are described in [77, Chapter II]. It follows that if
E C R? is a closed subgroup then it has one of the following forms:

(a) E = {tv :t € R}, where v € R?,

(3.1) (b) E = {n?l +muy:in,me 7}, where v, v € R?,
(c) E ={tv,+kva:teR, ke€Z}, where vy, vy € R
(d) E =R

Note that subgroups of the form (c) are cocompact whenever Vs #0.

Let § = {Ry}gcc be a weakly mixing action of G on (Y, €, v), where G is
Abelian locally compact second countable group. Given H C G x G a closed
subgroup satisfying

(32) Wl(H):G:ﬂ'g(H),

where m;(g1,92) = gi, © = 1,2, we denote by M(Y x Y,C® C; H) the set of all
probability measures p on C® € that are Ry, X Rg,-invariant for all (g1,92) € H
and such that p(C xY) = p(Y x C) = v(C) for all C € C. If p € M(Y XY,
C® C;H) and p = [ pydP(v) denotes the H-ergodic decomposition of p, then
v(+) = [py(- xY)dP(v) and in view of (3.2), for P-a.e. v, py(+ x Y) is G-in-
variant. Since v is an extreme point in the simplex of all §-invariant measures,
py EM(Y xY,C® C; H) for P-a.e. y. It easily follows that M(Y x Y,C® C; H)
is a simplex whose set of extreme points coincides with M¢(Y x Y, C® €; H) the
set of ergodic members of M(Y x Y, C® C; H).

In what follows we will keep in mind Remark A.3.17. Moreover, we will use
the notion of spectral disjointness.

Definition 3.2.3. Let G be a locally compact group, I'y = {'y; i g € G}
and 'y = {73 : g € G} be two actions of G on a probability Lebesgue spaces
(X1,B1, 1) and (Xa, Bo, puo) respectively. We say that the actions I'y and I’y
are spectrally disjoint, if the maximal spectral types of I'y and I's are mutually
singular.

The relations between spectral disjointness and disjointness in the Fursten-
berg sense (see Definition 1.3.3) is given in the following lemma that is a stra-
ightforward generalization of [42, Theorem 2.1].

Lemma 3.2.4. Let G be a locally compact group, T'1 = {v; : g € G}
and T'y = {73 : g € G} be two actions of G on a probability Lebesgue spaces
(X1,B1, 1) and (Xa,Ba, uz), respectively. If Ty and Ty are spectrally disjoint
then they are disjoint in the Furstenberg sense.
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A role of our assumption of weak mixing of the G-action § = {Ry}4cq is
easily seen in the following.

Proposition 3.2.5. An ergodic G-action is weakly mizing if and only if for
each sub-action H of a closed subgroup H C G X G satisfying (3.2), the H-action
18 still ergodic.

Proof. The proof we will present was done by F. Parreau. Let p: GxG— H
be the dual homomorphism corresponding to the natural embedding of H in
G x G. Denote

[=H"={(n,72) € Gx G (y1,%)(H) =1}.
In view of (3.2),
(3.3) NG x {1} =Tn{1} xG={(1,1)}.

The maximal spectral type of the product action § ® G equals 7 X 7, where T
stands for the maximal spectral type of G. Since G is weakly mixing, 7 = §g + 7,
where 7. is a continuous measure on G and T. is the maximal spectral type of
the unitary action of § on the space L3(Y, €, v) of zero mean functions. Now, the
maximal spectral type of the product action §® G on L(Y x Y,C ® C,v x v)
equals
0o X Te + Te X 0g + Te X Te.

Since the maximal spectral type of H on any §®G-invariant subspace of LZ(Y XY,
C® C,v x v) is the image via p of the maximal spectral type of § x G on that
space, all we need to show is that the measures

P« (0o X 7‘5), p*(Tc X 60)7 p*(Tc X T¢)

are singular with respect to 9. However, directly from (3.3) it follows that for
each v € G,

I'NGx{y}=FN{y} x G has at most one element.

Now, if ¢ is any finite Borel measure on @, then

P«(7e X 0)({0}) = (7 x 0)(T) = /éTc(F NG x {y})do(y) =0,

so the result easily follows. |

The following proposition describes the simplex M(Y x Y, € ® C; H) in some
cases.
Proposition 3.2.6.
(a) M(Y xY,C®CGxG) ={vxv}
(b) M(Y xY,C® C; H) = {v x v} whenever H is cocompact.
(c) MY x Y,€® € Ag) = J(9).
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Proof. (a) This is a standard argument using spectral disjointness of the
trivial identity G-action and any ergodic G-action (see Lemma 3.2.4).

(b) Assume that pp € M¢(Y x Y,C® C; H). Then for each (g1, g2) € G x G,
(Rg, X Rg,)«po € M(Y x Y,C® C; H). We put

(3.4) p= [ By R dl (o) ).
(GxG)/H

Then p is a well defined G x G-invariant measure, hence p = v x v. We look at the
decomposition (3.4) as a decomposition of an H-invariant measure v x v which is
H-ergodic by Proposition 3.2.5. Since in this decomposition all measures are in
MY xY,C®C; H), by extremality, (Rg, X Rg,)«po is one and the same measure
a.e. and therefore pg = v X v.

(c) This part is obvious. O

Assume that T: (X, B, u) — (X, B, ) is an ergodic automorphism and let
: X — G be a cocycle. Throughout we suppose that the G-action § = {R,}gca
is weakly mixing. Assume that H is a closed subgroup of G. Furthermore, assume
that ¢: X — H is a cocycle cohomologous to ¢, i.e. for some measurable f: X —
G, ¢ = f — fT + 4. Consider the corresponding Rokhlin cocycle extensions
Tpg: X XY — X xY and Ty g: X xY — X xY, defined by T, g(z,y) =

(T‘T>R<p(m) (y))7 Tw’g(l’,y) = (TLL', Rw(m) (y)) Then
(3.5) T, and Ty, g are relatively isomorphic,

that is, there exists an isomorphism which is the identity on B x Y. Indeed, the
map X xY 3 (z,y) — (2, Ry(z)(y)) € X xY establishes a relative isomorphism.

Proposition 3.2.7. Assume that ¢ is reqular but is not a coboundary. As-
sume that G is mildly mizing. Then T, g is ergodic.

Proof. In view of (3.5), one has to note only that for any closed subgroup
H C G, H # {0}, the corresponding action H is ergodic. a

Remark 3.2.8. The fact above is clearly false whenever G is compact. The
reason is that in such a case G acts on itself by translations and for no proper
closed subgroup H the action of H by translations on G remains ergodic.

Given A € J°(T) denote by J(T, g; A) the set of self-joinings of T, g whose
restriction to B® B equals A. Given a cocycle p: X — G and A € J¢(T'), consider
the cocycle v X ¢ = (p X )\, where

(o x @) (w1, 22) = (p(21), p(22)) € GXG.

It is considered as a cocycle for the Z-action given by (T x T, ). Let H) C
G x G be the group of essential values of (p X @)y, i.e. Hx = E((¢ X ¢©)2).
Denote by H), the corresponding to H) subaction of the product G x G-action

{Rg, X Ry, }g1 g0eG-
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Theorem 3.2.9. Let p: X — G be an ergodic cocycle. Assume that (¢ X ©)x
is reqular. Then there exists a measurable f = (f1, f2): X x X — G x G (defined
A-a.e.) such that the map Ay given by

X XY x X XY 3 (z1,y1,72,92)
— ($1,$27Rf1(9c1) x sz(:cz)(ylva)) EX XX XY xY

establishes an affine isomorphism of

J(Ty55A) and AQM(Y xY,C®C; Hy)
={Axp:peM¥ xY,C®C H)}

More preciselyN, there exists 6: X x X — Hy an ergodic cocycle for (T x T, \) sugh
that for each A € J(Ty, g;\), Ay establishes an isomorphism of (Ty,q x T g, A)
and ((T x T)g,3¢,, A X p), where A x p = (Ag).(N).

Proof. Since (¢ X ), is regular, there exists a measurable function f: X x
X — G x G and an ergodic cocycle 8: X x X — H) (both maps defined A-a.e.)
such that

(o x @) (1, 22) = f(21,22) — f(T21,Tx2) + 0(21,22) A — a.e.

It then follows from Proposition 1.4.11 that H, has dense projections.
Assume that A € J¢(T,, g; A). If by A\; we denote the image of A via the map
Ay then clearly the commutation relation

Ap(Tpg x Typg) = (T x T)gac, As

gives rise to a measure-theoretic isomorphism of (T, g x T, g,A) and ((T x
T)o 55, Xl) However 6 is ergodic and the projection of Aon X x X equals A, so
by the relative unique ergodicity property (Proposition 1.5.6), A= Ax p, where
p is Hy-invariant and ergodic.

Furthermore, the maps

XxY > (xhyi) s ('r'uRfl(mz)(yz» EX XY, i=12

have the property that (s;)«(p x v) = pu x v. It follows that the projections of
p on Y are equal to v and therefore p € M°(Y x Y, C ® C; H,). Since for each
pe MY xY,C®C; Hy), (A;l)*)\ x p € J(Ty,g;A), the result follows. O

Remark 3.2.10. The above proof tells us that the isomorphism Af of
(Typ,5 x Tp,g,A) and ((T'x T), Iy (Af)«(N)) is “relative” over T, g in the sense
that

Af(BRCx X xY)=BxX®CxY

and the action of ((T'x T)g,g¢,, (Af)«(N)) restricted to (Bx X ® CxY) is isomor-
phic to T, ¢. It follows that the relative properties of the two automorphisms
over T, g are the same.
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We will now study some particular cases of A\ for which (¢ X ¢), is indeed
regular.

Corollary 3.2.11 (relative self-joinings). If ¢: X — G is ergodic then
J(Tp5:Ax) = Ax x J(9)
up to permutation of coordinates.

Proof. We have Ha, = Ag, f=(0,0) and (¢ x ¢)ay is regular. It follows
that, up to permutation of coordinates, the map Ay is the identity, and we apply
Theorem 3.2.9. O

The corollary above allows us to give a list of relative factors of T, g, that
is all factors that contain B x Y. The result below generalizes the well known
compact group extension case.

Corollary 3.2.12. Assume that p: X — G is ergodic. Let BxY C A CBRC
be a factor of T, g. Then there exists D C C that is a G-factor and A =B @ D.

Proof. Tt follows from Corollary 3.2.11 that

pxyxﬁuxyz/ Ax X pdP(p).

Je(9)

Hence this relative product is invariant under Idx x Ry x Idx x R4 which means
that A is invariant for the action {Idx x Rg}gec. Since B xY C A, we obtain
a measurable family for {Q, }.cx of partitions @, of Y such that {{z} X Q. }rcx
generates A. Let C, C C denote the c-algebra generated by @,. Since A is
Idx x Rg-invariant, C is a G-factor. But A is also T, g-invariant, so R,(;)Qz =
Q7. for a.e. x € X and therefore the map x — L?(C,) is T-invariant. Since

the map « — E(-|C,) is measurable, Q, = const for a.e. x € X and the result
follows. |

The following corollary generalizes Glasner’s results of Section 2 from [32].

Corollary 3.2.13 (relative simplicity). If § is additionally 2-fold simple
then Ty, g is relatively 2-fold simple, that is the only ergodic self-joining of T, g
that projects onto Ax is either a graph or the relatively independent extension
Of AX .

Proof. Take X € J(T,,g; Ax). If X is not the relative product then A=
Ax X vy where W € C(9). Then clearly A = (u X v)1axw - O

Now we consider a more general situation of an ergodic self-joining of T}, g
whose projection on X x X equals pg for some S € C(T).
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Denote by M(Ty,xpos,5x5; it) the set of all probability T, x 05,5 xg-invariant
measures on B®C® C whose restrictions to B equal p (here p x 0S5: X — GxG,
(p x po S)(z) = (p(x),e(Sz))). Then the map A given by

X XY XX XY 3 (z,91,57,92) — (z,y1,42) € X XY XY

establishes an affine isomorphism of J(T,, g; 1s) and M(Tyxpos,5x6; 1t). More
precisely, for each A € J (Typ,5; 1s), A establishes an isomorphism of (T, g X
T%g,X) and (Tpxpo5.5x5, (A)«(X)). Moreover, this isomorphism is the identity
on the first two coordinates, so it is relative with respect to T}, g. Therefore, in
what follows we will identify J (7., g; pts) with M(Typxpos,5x G, 14)-

Assume now that additionally ¢ x p 0 S: X — G x G is regular. From the
above it follows that in Theorem 3.2.9 with no loss of generality we can replace
J(Tp,5: 1) by M(Tipxpos,5xg: 1) and if A € M(Tpxp08,5x g, 4) then by applying
Remark 3.2.10 we obtain that the relative properties of (T, xp05,5x5,A) and
(T x T3¢, » (Af)*(X)) over Ty, g are the same. In particular, we obtain the
following.

Proposition 3.2.14. Assume that ¢: X — G is an ergodic cocycle, S €
C(T) and ¢ X po0 S: X — G x G is reqular, say

(pyp08)=(froT, fa0T)—(f1,f2)+80,

where 0: X — H, ;. Let Xe M(Tpxpos,gxg; ). Then

(a) X is ergodic if and only if (Af)*(X) is ergodic;

(b) X is one point extension of Ty.s (that is, X is a graph) if and only if
(Af)*(X) is one point extension of Ty, g;

(c) X =pux v xvif and only if (Af)*(X) =pus XV X v;

(d) (T, x Ty g,A\) — T,g is relatively weakly mizing if and only if

(T X T)o,56,5, (Ag)w(N) = Ty g
1s relatively weakly mizing.

In general we do not know whether or not given an ergodic cocycle ¢, is
px oS for each S € C(T) regular (see next section for examples of ¢ for which
the answer is positive), but obviously we have the following.

Remark 3.2.15. The cocycle (¢ X ), is a regular cocycle when A = ppe.
Indeed, in such a case (o x )y is cohomologous to (¢ X ) since clearly poT*
is T-cohomologous to ¢ (w o T* = ¢ + k) o T — k),

We will also need the following.
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Lemma 3.2.16. Assume that G is weakly mizing and ¢ is ergodic. Let D C €
be a G-factor. Then T, g is relatively weakly mizing over B ® D if and only if §
1s relatively weakly mizing action over D.

Proof. First notice that directly from the definition of conditional expecta-
tion if D C € then (up to permutation of coordinates)

UXVXpgD XV =Ax XV Xp V.

It follows that the relative product T, ¢ Xsgp Ty g over the T, g-factor B @ D
is isomorphic to Tipxy (R, x Ry }ycalen, e Where @ X o1 X — G x G, (¢ x ¢)(z) =

(p(z), 0(2)).
Since (¢, ¢): X — Ag is ergodic, Ty, %y (R, X Ry}oeclenye 15 ergodic if and only
if the diagonal Ag-action on € ®q € is ergodic itself (see Proposition 1.5.6). O

3.3. Cocycles over irrational rotations

In this section we put X =T = [0,1) and we consider Tx = x+« (mod 1) an
irrational rotation on X. By p we denote Lebesgue measure on T. Throughout
this section « is assumed to have bounded partial quotients.

3.3.1. A real-valued ergodic cocycle ¢ for which ¢ x po S is regular
for each S € C(T). We will consider the real cocycle ¢(x) = {z} — 1/2. Let
(gn)n>1 be the sequence of denominators of . Assume that 5 € [0,1) and that

k—o0
{gn, B} —— c€10,1).
Consider the sequence (vg)r>1 of probability measures on R? defined by

v = ((p x 9o §)lm)).p,
where Sz =z + 3 (mod 1). Since

|01 (2) — ) (y)| < 4 Varp = 4
z,y€(0,1)

and [y ¢dp =0, Im(pxpoS) ) C [—4,4] x [—4,4]. It follows that we can select
a subsequence from the sequence (v),>1 that converges weakly to a probability
measure v (which is also concentrated on the above square). No harm arises if
we assume that vy, Koo, V.

We will now show in what kind of subsets of R? the support of v is contained.
To this end let us verify that

n n_l n
el () = gur + %a - % + M(z), where M(x) € Z.

It follows that @) (x4 3) = @) (z) + ¢, 8+ M(x + 3) — M(x) if 4+ < 1 or
o) ({z+BY) = o9 (2) + (guB — gn) + M({z +8}) — M(z) if 1 <z + [ < 2.
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Consider now the image of measure () x o) o S)upt via
F:RxR—T, F(zy) =™

that is, we send v, to the circle. However F o (o x @ o §)(@n)(z) = e2mnf,
whence F, vy, is the Dirac measure concentrated at e>™*”_ Since v, — v weakly,
F.v, — F,.v (since all these measures are concentrated on a bounded subset
of R?). Since Fyvy = 8 2mian, s and e mlf — e2™¢ [y = §2mic. It follows that

suppr C {(z,y) € R? : 202 — 2™} — f(p ) e R?:y—az —c € Z}.

Lemma 3.3.1. If a has bounded partial quotients then the cocycle p X o S
is ergodic for each (B € [0,1) satisfying 5 ¢ Qa + Q.

Proof. In view of Proposition 3.1.2, supp(v) C E(p x ¢ o S). It follows from
[69] that each accumulation point of the sequence (((%)),1),>1 is an absolutely
continuous measure (more precisely, it is a measure whose image via exp is
Lebesgue measure on the circle). Thus the support of v which is contained in the
union of lines of the form y = z — ¢ — k (with parameter k € Z) has “absolutely
continuous” projections on both coordinates.

Due to Theorem 3.2.1(a), if o has bounded partial quotients then for each
B ¢ Qa+Q, the set of accumulation points of the sequence ({¢,8})r>1 is infinite.

Since the projections of v are absolutely continuous and the number of ¢ €
[0,1) under consideration is infinite, E(¢ X ¢ 0 .S) cannot be of the form (a)—(c)
(see (3.1)). It follows that E(¢ x ¢ o S) = R? and thus ¢ x ¢ o S is ergodic. [J

Lemma 3.3.2. If « has bounded partial quotients and 8 € (Qa+Q)\(Za+7Z)
then E(p x ¢ 0 S) is cocompact. In particular, ¢ X p o S is a reqular cocycle.

Proof. Tt follows from Theorem 3.2.1(b) that there exists ¢ € (0, 1) and a sub-

sequence (g, )r>1 such that {g,, 3} A% ¢ As in the proof of Lemma 3.3.1 we
get that there are uncountably many essential values of ¢ x ¢ o S in the union
of the straight lines y = 2 — ¢ — k (k as before is an integer-valued parameter).
It directly follows that the group E(¢ X ¢ o S) is either of the form (c) or (d),
hence cocompact. O

Lemma 3.3.3. For each a and 8 € Za the cocycle ¢ X oS is cohomologous
to ¢ X . In particular, it is reqular.

Proof. For each n € Z we simply have @ xpoT™ —pxp = 0x o™ oT—0x (™),
The cocycle ¢ x ¢ is ergodic as a cocycle taking values in the subgroup Agx =
{(t,t) : t € R} since ¢ was ergodic. O

Collecting the results contained in Lemmas 3.3.1-3.3.3 we have proved the
following.
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Theorem 3.3.4. If a has bounded partial quotients and 5 € [0,1) then
© X oS is a regular cocycle. Moreover, for each S € C(T), E(p X p o S) is
either cocompact or equals Ag.

3.3.2. An integer-valued ergodic cocycle ¢ such that ¢ x po S is
regular for each S € C(T'). In this subsection will prove that there are cocycles
p: X — Z over irrational rotations such that:

(A) ¢ is ergodic,

(B) v @ X poS — 7 xZ is regular,
SeC(T)

C) v Y X poS — Zx1Zis not ergodic.
SeC(T)

Let G = {(m,n) € Z? : m — n is even}. Then:

G is a subgroup of Z2,

G has index 2 in Z?2; in particular G is cocompact,
G is generated by {(1,1),(1,-1)},

Az CG.

Assume that p: X — Z,

@) :{ 1 zel0,1/2),

1 ze[1/2,1).
The fact that ¢ is ergodic has been shown in [1].
For each 8 € [0,1), Im(p x po S) C G, where Sz = x + 3; therefore ¢ X p o
S: X — Z x Z cannot be ergodic as F(p X ¢ 0 S) C G.

Theorem 3.3.5. There exists an uncountable set ¥ C [0,1) of irrational
numbers such that for each o € ¥, ¢ X ¢ 0 S is regular for each S € C(T') and:

E(px@oS) CG foralB¢gZU{l/2},
E(pxpoS) =Ayg foralpeZa,
E(pxoS) =Ay if B=1/2, where Ay ={(n,—n):n € Z}.

Proof. The proof of Theorem 3.3.5 will be done in several steps. First of all
we define the set 3.
A number « is in X if the following conditions are satisfied:
(i) « is irrational with bounded partial quotients;
(ii) | — pn/qn| < 1/3¢2 for each n > 1;
(iii) gy, is odd for each n > ng;
(iv) infinitely many of p,, are odd, and infinitely many are even.
It is clear that X is uncountable.
Fix o € X. Assume that 8 € [0,1), Sz = = + 8. Suppose that (g, )r>1 is
a subsequence of the sequence of denominators of « for which

{qn,. B} koo withO<e< 1.
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We have

Tk k—
Any, <ﬂ - q > —(X’) c, where TE = [(JHkﬂ]
n

Hence for € > 0 (e < ¢) and k large enough,

(o) <p-" <lete)t,

Nk Nk an
(c—¢e)q
qny, et

D Any,
| 1 [ ] 1 |
I 7I“k T T 1 1
0 np, o 1

«~——— (3 belongs to this interval

(c+e) qi
FIGURE 3.1

equivalently (see Figure 3.1)

r 1 r 1
g e (k + (c—s)—,—k + (c—l—s)).
qny, dny  Gny qny,

Case 1. 0 < ¢ < 1/2. We assume additionally

3.6) ny, are even for k > kg

6

.7) § <1/2—c¢,

8) 5 <1/6.

Choose 0 < ¢’ < (1/2 —¢) — ¢ and then € < ¢ so that

(
(for such ng we have a > py, /qn, ). We fix § > 0 such that
(
(

3
3

For each k large enough (k > k1 and k; will be specified by the argument below)
define

i L1 1 .

A,(C):[Z ,Z—l—é), i=0,...,¢n, — 1.
an an an

For each j = 0,... ,¢n, —1, we have j/(3¢2, ) < 1/(3¢y, ), so in view of (3.8),

the interval T7 Al(f)

(3.9) is contained in an interval

{ s s 1 1 )
- I

and the map {0,...,qn, —1} 25— s€{0,... ,qn,} is 1-1
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-t itl S s+1
qny, ny, dny, Iny,
) e L ) \
L / L°F /
(4) i A (8
Al TI Al
FIGURE 3.2

(see Figure 3.2).

In view of the inequality (3.7), the interval SA,(j) is contained in an interval

s 5

n 1 1 >
an ’ an 2 an

(see Figure 3.3).

s 1 1
iy T2 g
i i1 s / s+1
Any, dn, np, Any,
[ ) \ [ ‘ L ) ‘ ... \
L / L J° [ /
A / SAY \
s 1 s 1 1
ay Tle—eg, oy Tlete)g+o oo

FIGURE 3.3

For each j =0,...,¢q,, — 1, the interval TjSA](;)

(3.10) is contained in an interval

{ t ot 1 1 >
) + 5

and the map {0,... ,¢n, —1} 27— s€{0,...,q,,} is 1I-1.
For each 7 € {0,1,... ,qn, — 1}, define

. . ; i 1 1 1 1 1 1
bk(Z)]@T]SA](v)C{22‘q ,§+§‘q )
Nk ng

(note that since g, is odd, the last interval equals [/ /gy, , (7' + 1)/qpn, ), where
" = qn, /2 —1/2). By (3.10), the function by, is well defined on {0, ... ,¢,, — 1}
with values in {0,...q,, — 1}. In fact

(3.11) br is a bijection.



74 MieczystAw K. MENTZEN

Indeed, if j = bg(i1) = bi(i2), then the intervals TjSA,(jl), TjSA,(:2) are both
contained in an interval of length 1/¢y,, it follows that A,(jl) and A,(;é) are con-
tained in an interval of length 1/¢,, which is an obvious contradiction.

We say that ¢ € {0,... ,qn, } is good if 0 < bg (i) < 3'qp, . In view of (3.11),

(3.12) card{i =0,...,q,, —1:4is good} > &gy, .

We will show that

(3.13) if i is good, z € A" then (o(%) (), 4m) (2 + B)) = (1,1).
Indeed, @(9r)(z) = 1 follows directly from (3.9) (and this is true for each i =
0,...,qn, —1). We have

Tk Z . -
@+p) e 272 g2 2 g

111111)

and the distance between T @) (z + 8) and 1/2 — 1/(2qy, ) is estimated by (see
Figure 3.3)
1 be(d) 11 1

1
(c+e)— 48§ — + <(c+e+d+0)- —<7 —
an an 3an 2 an

(by our choice of €, and for k large enough), so ¢(@)(z + ) = 1.
It follows from (3.12) and (3.13) that

il € 0,1) 1 (9 (@), 60 (2 + B)) = (1,1)} > 6 &'
for each k sufficiently large, so
(3.14) (1,1) e E(p x 9o S).

We will now show that (1,—1) € E(¢ x ¢ 0.5). We have assumed that « has
bounded partial quotients, so for some C' > 0,

for all n > 1. Since (ii) holds, for some subsequence (gn,, )i>1 we have

pnkl

l—o0 1
-

D’

Ty,

Gni,
where D > 3. But the ny,’s are still even, so without loss of generality we simply
assume that

P
An,,

R

k—oo 1
—

2
(3.15) T |06 —

Fix

1 1 1
16 0< 4" o ).
(3.16) < <mln(22 DD)
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Let 0 < & < 6”/100. For k sufficiently large and i =0,... ,¢,, — 1 put

B<i>_{i+<1 1>1 5”@'+<1 1)1 51)
g G, 2 D)u, Ay s 2 D)gn,  qn,

(see Figure 3.4).

1 1.1 i 1.1
o tD a| w2,
<>
ST = )
i Bl(j) it1
qny, dny,
<o L
= Gny,
FIGURE 3.4
Then, for every k large enough we have: for each j =0,... ,q,, — 1, for the
interval TY B,(;)
(3.17) (3.9) holds.

The interval S B,(:) is contained in an interval [S/qn, ,5/qn, + 1/qn, ) and for each
j=0,...,qn, — 1, for the interval TjSB,(;),

(3.18) (3.10) holds.

It follows that the formula

(i) =j < TISBY ¢ 5 3 3t e o
Nk Nk

defines a bijection c: {0, ... ,qn,} — {0,...,qn, }. Notice that in view of (3.16),
ST‘I"k_lB,(j) is contained in an interval of the form [u/qy, , (u+ 1)/¢y, ). In fact
it is contained in the right half of that interval and more precisely, using (3.15),
the distance of ST% B from u/qn, + 1/(2qn,) is at least ¢/(3q,,) (for k
large enough) — see Figure 3.5.

It now follows from (3.15) that the interval ST %7 B,(j) will be contained in
the right half of an [u;/qn,, (uj; + 1)/gn, ) whenever

1
j(a_pnk><c. ,
an 3 an

and thus, using (ii), for all j € {0,... ,qn, — 1} satisfying

111111)

0<j<cgn,-

We say that ¢ € {0,...,¢qn, — 1} is good if ¢ (i) = gn, — j with 0 < j < cqp,,-
The number of good i’s is at least cqy, .
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1.1
(64’5)@
‘ er\ \
| ' ]
B
<c. 1L
T2 gn,
Gny,—1 c 1
STk 25@
fe—>
i A \
| ' /)

FIGURE 3.5. T9 ~ 1 shifts B{") close to 1/qn,, + (1/2) - (1/qny,), while S
shifts 791 B") into the right half of [u/gn,, (¢ + 1)/qny, ).

It follows from (3.17), (3.18) and the above discussion that
iz €10,1) : (911 (@), ) (@ + B)) = (1, =1)} = (8" — ),
so (1,-1) € E(p x 9o S5).

In order to conclude Case 1 we have to consider the situation when ny is odd
for all k large enough. First put

1 1 1
_|_7.7_51.777 [ —

(see Figure 3.6).

FIGURE 3.6
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By consideration similar to those used before, it follows that (1, —1) € E(p x
poS). If we put

i ) 1 1 ) 1
D = Z+(1—c—5)—52-,z—|—(1—c—6)>
an an an an an

then similar arguments show that also (—1,1) € E(p x p 0 .S) (see Figure 3.7).

(c+e)

<>

)

§ 1
1
2
qny, S € dny

1
an

I T T
FIGURE 3.7

Case 2. 1/2 < ¢ < 1. We replace 3 by —f3 (that is S by S~!) and by Case 1
we obtain

(3.19) (1,1),(1,-1) € E(p x po 571)
because {¢,(—0)} — —c (and —c =1—1¢, 0 < 1 —¢ < 1/2). In fact, to obtain
(3.19) we have
(px pos™)im))u—v
and v{(1,—1)} > 0. In other words, there exists a x > 0 such that for k large

enough,

3 (000) (), 000 (5710)) = (1, 1),
ch[o,l), w(Ye)>k TEY}

Put Y} := S~1Y}. For x € Y/ we have
plam) () = =1, L) (Sz) =1

for all k large enough. It follows that for any limit measure v’ of the distributions
((px 9o 8) @), 1 we have v/{(—1,1)} > & and therefore (—1,1) € E(px poS).
We show similarly that (1,1) € E(¢ X ¢ 0.5), so finally E(p x ¢ 0 5) =G.

Case 3. ¢ = 1/2. It is clear that the method described in Case 1 (and Case 2)
gives (1,—1) € E(¢ x po 5).

Case 4. ¢ = 0. In this case one shows (by the method of Cases 1 and 2) that
(I,1) e E(p x po S).

Conclusion of Cases 1-4:

(3.20) If ¢ # 0,1/2 belongs to the set of accumulation points of the sequence
Ao (B) = {{gnB} : n > 1} then E(p x 9o S) =G,
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in particular
(3.21) if 3¢ Qa+Q, then E(p X poS) =G

(indeed, in this case the set A, (5) has infinitely many limit points). Furthermore,

(3.22) if {0,1/2} is contained in the set of limit points of A,(53), then
E(px¢poS)=G.

Case 5. 3 =1/2. In this case po S = —¢ (Sz = 2+1/2) and Im(p x 9o S) C
Ayz, and since 1/2 belongs to the set of accumulation points of A,(8) (in view
of (iii)), (1,—1) € E(p x ¢ 0 5), s0 ¢ x oS is ergodic as cocycle taking values

in Az.
Case 6. 3 =1/2', 1 > 2 (also 3 = i/2! with i odd). Because of (iii), ¢, =
2¢, + 1 and
Gn 1
Qnﬁ = 2[71 + ?
Since the set of accumulation points of {{g,/2'7'} : n > ng} is contained in
{ij2=t i =0,... 271,

(3.23) 3 ¢ belongs to the set of accumulation points of A, (5),
c#0,1/2
so by (3.20), E(p x po S) =G.
Case 7. B = u/v, v # 2. It follows v = 2w, where w > 3 is odd. The set
of accumulation points of A,(3) is contained in {i/(2'w) : i = 0,..., 2w — 1}.
But w cannot divide all denominators ¢,, n > ng, because two consecutive
denominators are relatively prime. Thus (3.23) also holds.

Case 8. 8= (1/2Ya, 1 > 2 (and B = (1/2")a + 1/2). First note that
1 1

_QZ.E’

Q@  Dn
ST

_

Pn
ig _—

an

«

so the set of accumulation points of A, (f3) is the same as that of {p, /2! : n > 1}
and we are in the situation of Case 6 by (iv).

Case 9. B = (u/v)a with u, v relatively prime, v # 2!, 1 > 1 (and 8 =
(u/v)a + 1/2). This reduces to the study of the set of accumulation points of
{pn - u/v:n > 1} and a reasoning as in Case 7 applies.

Case 10. f = a/2 (and § = a/2 4 1/2). In this case, we consider {p, - 1/2:
n > 1} (and {(pp + qn)-1/2:n > 1}) and due to (iv), both 0 and 1/2 are in the
set of accumulation points of A, (5); then we apply (3.22).

If none of the above cases holds then it remains to consider the following:

Case 11. f = (u/v)a + s/v, where

o (u,v,8)=1,
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o )< u,s<w,
e v >3.

We study the set of accumulation points of

{upn+3qn ‘n > 1}
v =

which is contained in {i/v : i = 0,...,v — 1}. If the only accumulation points
are 0 or 1/2, then

3V 3 2up,+2sq, = kyv.
Nn>N k,€Z

Hence for n > N we have
(o) =G o) G)
v =
K41 Pn+1  QGn+1 2s

det{pn qn]:l or —1.
Pn+1 Gn+1

() ()= ()
Pn+1 Qn+1 knt1 25 )

. Pn Gn =1 . . .
Since (, " " ) is integer-valued, v divides 2u and 2s. However, v > 3, so
Pn+1 dn+1 ’ ’ ’

we obtain a contradiction. Hence (3.23) must hold in this case.
The proof of Theorem 3.3.5 is complete. |

where

It follows that

3.4. Semisimple automorphisms

In this section we return to a general study of automorphisms of the form
T,,s, i.e. to Rokhlin cocycle extensions.
We prove a theorem giving rise to new classes of semisimple automorphisms.

Theorem 3.4.1. Let § = {R,}4cc be a mildly mizing action of G. Assume
that T is an irrational rotation and ¢: X — G is an ergodic cocycle such that for
each S € C(T), the cocycle ¢ x p 0 S: X — G is regular. Assume moreover that
for each S € C(T), E(p x o0 S) is either cocompact or equals Ag.

(a) If G is 2-fold simple then each ergodic self-joining of Ty, g is either
a graph or the relatively independent extension of a graph joining of
T. Moreover, T, g is semisimple.

(b) If G is semisimple then T, g is semisimple.

Proof. (a) Take X € J(Ty,g). Hence, for some S € C(T), X is an extension
of ug and therefore (see the discussion before Proposition 3.2.14) we can assume
that A € M6<Tga><<pos79><9)-



80 MieczystAw K. MENTZEN

Assume first that ¢ x ¢ o S is ergodic as a G2?-cocycle. The corresponding
§ x G-action {Rg, X Ry,}g, g.ccc is uniquely ergodic in the sense of Proposi-
tion 3.2.6(a). By Theorem 3.2.9 and Proposition 3.2.14(c), N = X vxuv. In
view of Proposition 3.2.14(d), it remains to show that the extension

(T<p><LpOS,9><9, )\) — Lp,G

is relatively weakly mixing. But if we put W = T,, ¢ and we consider the cocycle
poSaspoS: X xY — G (that is as a cocycle for W) then T, xp05,6xg and
Wyos,g are relatively isomorphic (over the common factor Ty, g) and moreover
Weos,g is relatively weakly mixing over the base W because the G-action is
mildly mixing and W5 g is ergodic (see Proposition 1.5.5(a)).

Consider now a more general case: E(p x ¢ o S) = H is a proper subgroup
of G x G. Then the extension

(Toxpos,gxg, X v X V) —=Tyg

is relatively weakly mixing if and only if so is

(T9797/’(' XV X V) — 19,9,

where 6 is an ergodic cocycle with values in H cohomologous to ¢ X ¢ o S.

Suppose that additionally H is cocompact. Then, in sense of Proposi-
tion 3.2.6(b), the corresponding H-action is still uniquely ergodic. Hence A=
1 x v x v and therefore the same argument as in the previous case shows that
(T 008,5% 5 ) is relatively weakly mixing over T .

It remains to consider the case H = Ag. It follows A= X p (recall that
we still identify A with an element of M(Typxpos,6x5)), where p € J¢(9). If
p = v X v then we are in the situation already considered. Otherwise p is a graph
and by Proposition 3.2.14(b), so must be A.

(b) The proof is along the same lines as the one of (a) except the case of
H = Ag. We have to show that the extension

(T97AG,,[L X p) - Tea{(Rngg)geG}

is relatively weakly mixing. As usual we consider T, g as a factor of the system
To {(Ry,Ry)gec} sitting” on the first two coordinates (note that as a o-algebra
it is equal to B ® C x Y'). By considering 8, D = € x Y and p, we are in the
situation of Lemma 3.2.16. Because § is semisimple and p € J¢(9), (C® €, p)
is relatively weakly mixing over D, whence (T¢X¢0379X9,X) is relatively weakly
mixing over T, g and the result follows. O

Remark 3.4.2. Tt is now easy to describe the smallest natural family (see
Definition 2.4.1) of the semisimple automorphisms arising from Theorem 3.4.1.
Indeed, such a family consists of all factors of T, g relative to which T, ¢ is
weakly mixing . First of all, note that 7' is a maximal distal factor of T, g
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It follows that if A is a factor relative to which T}, g is weakly mixing then A
contains the “first coordinate”. We then apply Corollary 3.2.12. We find that
the factors T, g relative to which T}, g is weakly mixing are of the form B ® D,
where D is a G-factor. If D is non-trivial then it is determined by {Id} x K,
which is a compact subgroup of C(T, ), and and it follows that T, g is not
relatively weakly mixing over B ® D unless D = €. We have shown that the
smallest natural family equals {T', T}, g}

3.5. Final remarks

The examples of semisimple automorphisms given by Theorem 3.4.1 are
weakly mixing extensions of rotations and each such example is disjoint from
any weakly mixing automorphism (see Proposition 1.5.5 and Proposition 1.5.7).
There are Gaussian actions that are mildly mixing and semisimple (see [68]). By
looking at the proof of Theorem 3.4.1, it is clear that the mild mixing assumption
can be replaced by being Gaussian semisimple.

If we consider extensions T, g of irrational rotations in which we have G = Z
and ¢ is given by Theorem 3.3.5 then one more assumption on {R"}, <7 has to
be added. It is is caused by the fact that EZ appears as the group of essential
values of ¢ X ¢ o S for some S € C(T). It gives rise to study J(R, R~!). In order
to obtain Theorem 3.4.1 it is sufficient to assume that the Z-action R satisfies
either

(i) R L R (see [45] for the case of MSJ), or
(i) R is isomorphic to R™! (which is always the case whenever Gaussian
actions are considered).

In Theorem 3.2.9 we deal with self-joinings of order 2. It is clear however that
the same results hold for self-joinings of higher degrees. Given n > 2 denote by
Jn(Typ,5) the set of n-self-joinings of T, g. Then Corollary 3.2.11 yields to the
following.

Proposition 3.5.1. If p: X — G is ergodic then the map

AR
(xlvylv"' 7xnayn) —0) (xlv"‘ y Ty Y1y e - - ayn)

is an affine isomorphism of J,,(T, g5 Ax) and {Ax x p:p € Jn(9)}.

In [45] the following problem is formulated: Is it true that for each ergodic
zero entropy automorphism W:(Z,€,k) — (Z,€,k), it p € J3(W) is pairwise
independent then p = k X £ X k7 (The problem is open in the weakly mixing
case.) An affirmative answer would imply that each 2—fold mixing automorphism
is 3-fold mixing (the latter being Rokhlin’s well known open problem). We have
been unable to answer Junco—Rudolph’s question. However, the method of the
present paper gives rise to the negative answer to the relative version of their
problem. Indeed, let T" be an ergodic rotation, ¢: X — 7Z an ergodic cocycle
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and R a Bernoulli automorphism. It is well known that there exists p € JS(R)
which is pairwise independent but it is not the product measure v x v x v. By
the above proposition, (A3)™!(u x p) is an ergodic element of J5(T, g) (here
Ty5(z,y) = (Tx,R?®)(y))) which is relatively pairwise independent, but is
different from (A3)~!(u x (v x v x v)). Moreover, T}, g being disjoint from the
class of weakly mixing transformations, the entropy of T, g equals zero and hence
also the relative entropy of T, g over T' equals zero.



CHAPTER 4

NATURAL FAMILIES OF FACTORS
IN TOPOLOGICAL DYNAMICS

4.1. General backgrounds

We recall the basic notation and results of the universal theory of topological
dynamics (see Section 1.8 for details). As usual BZ denotes the Cech-Stone
compactification of Z, I a fixed arbitrary minimal left ideal of the semigroup 5Z
(replacing the customary M), J the set of idempotents in I, u a fixed arbitrary
element of J, and G = ul the maximal subgroup of I corresponding to u. The
semigroup BZ acts on every compact flow (Z,T), and Orb(z) = {pz : p € BZ}
for z € Z. A necessary and sufficient condition for z to be almost periodic is that
vz = z for some v € J. Thus JZ is the collection of all almost periodic points in
Z. When z is almost periodic then Orb(z) = {pz : p € I}.

Given a minimal flow (Z,T), we shall always choose a distinguished point
zp in Z, such that uzg = zg. Our convention is that under a homomorphism
a distinguished point goes to a distinguished point. When (Z, z9,T') is such a
pointed minimal flow, its Ellis group §(Z, zg) is defined by §(Z) = §(Z, z9) =
{a € G : azg = z}. The set G is equipped with a compact T; topology, called
the 7-topology, with respect to which, all groups of the form G(Z, zp) are closed.
For a given set A C Z we denote by A~ the 7-closure of A.

If we have a family {(Z,, z5)}ocx of pointed minimal flows we choose z( €
[l,cx Zos wo(0) = 25, and set

\/ (Zs, 25) = (Orb(z¢), z0)
oeX
(see (1.18)). Observe that \/_ y,(Zs, 25) is minimal and
5V (Zr20)) = ) 507 20).
oeD ocEXD

83
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For every 7-closed subgroup F' of G we let
F = m{VT : V is T-open neighbourhood of u in F'}

(see Definition 1.8.12). Then F” is a 7-closed normal subgroup of F characte-
rized as the smallest 7-closed subgroup H of F such that F/H is a compact
Hausdorff topological group (see Proposition 1.8.13). One can iterate this ope-
ration to obtain the (possibly transfinite) sequence of “derived” groups F =
(F'Y,...,Fotl = (F*) ..., where for a limit ordinal a, F* = "{F? : 8 < a}.
For some ordinal 7 this process stabilizes (i.e. F7™1 = F"), and we denote
F = Fn.

For a pointed minimal distal flow (X, z(,T), X = Gzo and the family of
pointed factors (X, zg,T) — (Y, 40, T) is in 1-1 correspondence with the family
of 7-closed subgroups F' D A, where A = §(X,z0) and F = §(Y, yo).

In terms of Ellis groups, a minimal extension (X,7T) —— (Y, T) is proximal
if and only if §(X,xz9) = G(Y,yo). It is isometric if nd only if it is distal and
S(Y,y0)" C G(X,xg); if moreover §(X, zq) <1 G(Y,yo), then 7 is a group extension
(see Proposition 1.8.6).

If {4;} is any collection of 7-closed subgroups of G, we let \/ A; be the
smallest 7-closed subgroup of G containing all the A;’s.

In Section 4.2 we will need the following lemma.

Lemma 4.1.1 ([30, Lemma 3]). In the diagram of homomorphisms of com-
pact minimal flows
X727z

Y
suppose ™ and p are reqular, o is proximal, and X is metrizable. Then the topolo-
gical groups T = {tp € Aut(X) :mop =7} and T'p = {¢p € Aut(Z) : potp = p}
are isomorphic.

Lemma 4.1.2 ([93, Lemma 2.2.4]). Suppose that m: X — Y and 6:Y — Z
are homomorphisms of compact minimal flows. If 7 is reqular and 0 is proximal
then  om: X — Z is regular.

Proof. Suppose (z,2') € X xY is an almost periodic point satisfying 0(w(x))
= O(w(a’)). As 0 is proximal, the pair (7(z),7(z')) is a proximal pair. On the
other hand, (w(z),w(2’)) is an almost periodic pair in Y x Y, hence m(x) = w(a’).
Since r is regular, there exists S € Aut(X) such that S(z) = S(2’). O

We also have the following.

Theorem 4.1.3 ([30, Theorem 2]). Let X —— Y be a regular homomor-
phism of minimal flows; then each of the homomorphisms onto Y of the flows
X, Y, Z,, v <mn, constructed in the canonical PI-tower for w is regular.
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The following theorem is a part of [27, Theorem 2.1].

Theorem 4.1.4. Let X -5 Y be a RIC-extension. Then there exists the
mazimal isometric extension Z —2=Y such that the diagram

X— 7

| A

Y

commutes.

Theorem 4.1.5 ([30, Theorem 3]). Let (X,T) be a metrizable minimal flow
and X =Y a regular RIC homomorphism. Let X = 7 "5 Y, 7 = kow,
where Z is the largest equicontinuous extension of Y under m. Then w is RIC
and weakly mixing, and k s a group homomorphism. In particular, when X is
reqular, the homomorphism X —= Z of X onto its largest equicontinuous factor
is RIC and weakly mizing and Z is a compact group rotation.

4.2. A natural family of factors defined by minimal joinings

In this section we introduce definition of a natural family of factors (factor
relations) for a minimal flow using so named minimal joinings, and prove some
basic facts.

Definition 4.2.1. Let T be a homeomorphism of a compact metric space
(X, d). We will consider the Z-flow (X, T). The set of all minimal subsets of (X x
X, T xT) we denote by Mz (X, T). We call the elements of My (X, T') the minimal
joinings of (X, T).

The simplest examples of minimal flows are minimal rotations on compact
metrizable monothetic groups. If X is such a group and {z} : n € Z} = X, then
the map T'(x) = zoz is a minimal homeomorphism. In this case we can easily
describe the centralizer of (X,T): S € C(X,T) if and only if there is an a € X
such that S(z) = az, x € X. Actually, more is true:

MeMy(X,T) & 3 M = Graph(S) = {(z,5(x)) : x € X}.
SeC(X,T)
A minimal rotation is an example of a distal flow.

Given two minimal flows (X;, T;), and two factor relations R; on X;, i = 1,2,
the relation R; in X; x X, is defined by ((z1,22), (y1,%2)) € R; if and only
if (r;,9;) € R;. The equivalence classes of R; are of the form [z]r, X X and
X, X [z]r, respectively.

Lemma 4.2.2. Let M C X7 x X5 be a minimal set and R;, 1 = 1,2, be
two factor relations on X; with natural homomorphisms m; respectively. Then
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(R1)a = (R2)ar if and only if there exists an isomorphism S: (X1)r, — (X2)r,
such that

(4.1) (m1 X wg)(M) = Graph(S).

Proof. When (R1)r = (R2)ar and the projections of M into both coordina-
tes are onto, for each xy; € X; there exists an x5 € X5 with

([xl]Rl X XQ) NnNM = (Xl X [LCQ]R2) N M.

Define S by setting S([z1]r,) = [z2]r,. Clearly the map S is well defined,
Graph(S) is closed hence compact, therefore S is continuous. Since Graph(S) C
M and M is minimal, (4.1) holds. Clearly, S is a bijection. Now take x1, xa, x5,
so that

(42) ([.’L‘l]Rl X Xz) NnNM = (Xl X [$2]R2) nM
and
(4.3) ([Ti(z1)]r, x X2) N M = (X1 x [2h]r,) N M.

We have (TQ)RQ o S([l‘l}Rl) = [TQ(I‘Q)}R,‘, and S o (T1)R1([2131]R1) = [-TI2]R2- If we
act by T x Ty on (4.2) and use (4.3), we get

[TZ (xQ)]R2 = [xIQ]R2 .

Thus S is an isomorphism.

Suppose now that S:(X1)r, — (X2)g, is an isomorphism satisfying (4.1).
Take (21,22) € ([x1]r, X X2) N M. Then (m X m2)(x1,22) = ([x1]R,, [22]R,) €
Graph(S). We get [x2]r, = S([x1]r, ), and therefore (1, z2) € (X1 X S([z1]r,))N
M. By symmetry of arguments (Ry)y; = (R2)y and the proof is finished. O

Take any minimal set M C X; x X5. We will show that there exist two
smallest factor relations P;(M) on X; respectively, such that

(4.4) (P1(M))ar = (P2(M))ar.

Indeed, let (R, R2), o € X, be the family of all pairs of factor relations satisfying
(RE)wr = (R2)wr.
Put
P(M)= (R, i=1,2
o€Y

It is clear that P;(M) satisfy (4.4) since every equivalence class [x]p,(ar) is an
intersection of all equivalence classes [z]r1 and [z]g:z, respectively. There are
other equivalent ways of defining P;(M). Note that P;(M) is the smallest fac-

tor relation containing M o M~! for i+ = 1 and M~! o M for i = 2 (here
M~ = {(z,y) € Xo x X1 : (y,x) € M). Finally, we can also define P;(M)
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using subalgebras of €(X;). Consider two subalgebras €; C €(M), i = 1,2, defi-
ned by

C; = {h € @(M) : h depends only on the i-th coordinate}.

The intersection €; N Gy can be considered as a subalgebra of C(Xy), in such a
case we denote it by €1 (M), or as a subalgebra of C(X32), then it is denoted by
Co(M). Tt is not difficult to see that P;(M) = R(C;(M)), i =1,2.
Now, let (X, T) be a minimal flow. Assume that a family N of factor relations
satisfies the following conditions.
(N—l) Ax €N;
(N-2) {Rxr}rea CN= V)\EA Ry, €N.

Definition 4.2.3. A family N of factor relations satisfying (N-1) and (N-2)
is said to be natural if it in addition satisfies the following conditions:

(N-3) V  P(M)eN, i=12
MeMo(X,T)

(N-4) v V  RICR=(SxS)(ReN
R, Ry, RoeN S:XR1—>XR2
an isomorphism

where (z7,2%) € (S x S)(R) if and only if [x}]r, = S[xi]r,, ¢ = 1,2, for some
(1‘1,1‘2) € R.

Definition 4.2.4. For any family of factor relations N satisfying (N-1) and
(N-2) and for each factor relation R there exists the biggest factor relation R € N
with R C R. When N is a natural family we will call R the natural core of R.

The corresponding factor map 7: Xz — Xg is the natural cover of Xg.

Remark 4.2.5. Given a natural family of factor relations N for X, \/N
is the largest element of N (or the least factor in the corresponding family of
factors).

Remark 4.2.6. If we take the intersection of all natural families of factor
relations for X, we get the smallest natural family of factor relations.
It is possible to characterize natural family in an alternative way.

Proposition 4.2.7. Let N be a family of factor relations satisfying (N-1)
and (N-2). Then N is natural if and only if for every factor relations Ry, Re and
each M € Mo(X,T) satisfying (mr, X Tr,)(M) = Graph(S) for some isomor-
phism S: Xg, — Xg, we have (15 x mg )(M) = Graph(S) for some isomor-
phism §:X§1 — Xz, -

Proof. Suppose that N is natural. Denote m; = 7g, and T = TR, for
i = 1,2. Assume that M € My(X,T) and (7 X m2)(M) = Graph(S) for
some isomorphism S: Xr, — Xg,. By (N-3), R; D R; D P,(M) € N. Let
S: Xp,(m)y — Xpy(ar) be the isomorphism given by Lemma 4.2.2. It remains to

show that S acting on Xél is an isomorphism between Xﬁl and Xﬁz' By (N-4),
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(S x S)(Ry) € N hence (S x S)(Ry) C Ry. Thus Ry C (S x S)"'(Rs). But,
again by (N-4), (S x §)"1(Ry) € N and therefore Ry O (S x §)~(Rs). We con-
clude that (S x g)(él) = ég. The required isomorphism S is just S considered
on Xfil .

In order to prove the converse take any M € Mo(X,T). Using Lemma 4.2.2
we get that there exists an isomorphism S: Xp, (ar) — Xp,(ar) With (mp, (ar) ¥
7p,(m)) (M) = Graph(S). Then for some isomorphism S: Xp o~ — Xp, ()~
satisfying po o S =50 p1, where p;, i = 1,2, denote the corresponding ho-
momorphisms from Xp,pr)~ onto Xp, ar), we have (7p, (ary~ X Tp,(an~)(M) =

Graph(S). But P;(M) are the smallest with such a property, therefore

Now take R; € N, ¢ = 1,2, and an isomorphism S: Xp, — Xpg,. Take M €
Mo(X,T) satisfying (4.1) (any minimal set in {(z1,22) € X X X:mg,(x2) =
SR, (z1)}). Assume that Ry € R € N. By S Xp — X(gxs)(r) denote
the isomorphism S considered on the equivalence classes of R. Then (wgx
T(sxs)(r)) (M) = Graph(S’). Therefore (75 X T((s5xs)(r))~)(M) = Graph(S’),
where S is an isomorphism between Xz and X ((gxs)(r))~- Since R= R, we get

S’ =S’ but this forces (S x S)(R) = ((S x S)(R))~ € N. O

Corollary 4.2.8. Let us suppose that (X,T) is a minimal flow with the pro-
perty that for each two factor relations R;, i = 1,2, if (Xg,,Tr,) is isomorphic
to (Xgr,,TR,), then R = Ry. Then

N= { \/ Pu(M;) : {M;}ier € Ma(X, T)}

i€l
is a natural family of factor relations for (X, T).

Proof. Clearly N satisfies conditions (N-1) and (N-2). Now, let M e My (X, T)
and Ry, R be two factor relations on X . Suppose that M induces an isomorphism
S:Xp, — Xpg,, hence Ry = R,. By definition of N, P,(M) C R; C R;, where
Ei is the N-core of R;. Let S: Xp,(my — Xpy(ar) be an isomorphism given by
Lemma 4.2.2. Consider S on the equivalence classes of ﬁl and denote it by S.
Since R; = Rs, also El = Eg and (§ X §)1§1 = ]Sq = Rg so that S is the
required isomorphism between X 2 and X By By Proposition 4.2.7, the family
N is natural. O

Definition 4.2.9. A minimal flow (X, T) is called regular if for every almost
periodic point (z,y) € X x X there exists S € Aut(X,T) such that y = S(x).

As a corollary from Proposition 4.2.7, we obtain the following result, which
is an analog of the one in the measure-theoretic context (see [44]).
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Theorem 4.2.10. Let N be a natural family of factor relations for a minimal
flow (X, T). For each factor relation R on X the homomorphism m: Xz — Xpg
1s reqular. Furthermore if 7 is distal, it is a group extension.

Proof. Take z; € X5, i = 1,2 with 7(z;) = v € Xg, where (T1,22) is almost
periodic. Let M = Orb(z1,Z2) € Ma(Xg,Tf). Clearly (7 x m)(M) = Ax, =
Graph(Idx,). Proposition 4.2.7 yields S € Aut(Xy,Ts) with M = Graph(S).
Therefore S(%1) = Z. Thus 7 is regular. The second part of the proof follows
immediately from Theorem 1.7.6. |

Since any factor of a distal flow is distal, we have the following.

Corollary 4.2.11. Let N be a natural family of factor relations for a mini-
mal distal flow (X, T). Then for each factor relation R on X the homomorphism
m: Xz — Xgr is a group exlension.

Lemma 4.2.12. Let (X,T) be a minimal flow. Let Ry, Ra, K be factor
relations on X. Assume that M € Bo(X,T). If M induces isomorphisms
S:Xgp, — Xg, and S: X — X, then M induces an isomorphism between
XRrink and Xp,nk -

Proof. Take # € X and define S([z]r,nx) = S([z]r,) N S([z]x). All we
need to show is that S is indeed a map from Xpg,~x to Xgr,nx. Assume that
S([z]r,) = [¥]r, and S([z]x) = [Y]x. Since M € Bo(X,T), there exists y € X
such that (x,7) € M. Since M induces S and S, we have [y|r, = [J]r, and

[l = [§]x. Therefore S([z]r,nx) = [Ur, N [Tx = [Flrank- O

Lemmad4.2.13. Let K be a factor relation of a minimal flow (X, T). If Xk
1s reqular then

N={R: R is a factor relation on X and R C K}

s a natural family of factor relations.

Proof. Obviously, N satisfies (N-1) and (N-2) of Definition 4.2.3. Now, if R
is a factor relation on X, then the N-core of R is equal to RN K. To finish the
proof take two factor relations Ry, Ry on X and M € My(X,T) which induces
an isomorphism S: Xr, — Xg,. Since M must induce an isomorphism of Xg
with itself, by Lemma 4.2.12, M induces an isomorphism S": X, nx — Xpr,nk-
Clearly S op; = py0S’, where p; denotes the homomorphism Xg,nx — Xg,,
for ¢ = 1, 2. In view of Proposition 4.2.7, N is natural. O

Proposition 4.2.14. Let (X,T) be a minimal flow.

(a) There exists the greatest regqular factor' Y of X.
(b) The factorY is the least member of the smallest natural family of factors
of X.
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Proof. (a) Let X; and X3 be two regular factors of X, corresponding to the
factor relations Ry and Rs. Let Y = X7 V X5 be the factor corresponding to the
factor relation Ry N Ry. Then Y is isomorphic to the subflow Orb(xy,z32) of the
product flow X; x X5, where (21, x2) is some almost periodic point in X x Xs. To
show that Y is regular we examine an almost periodic point ((z1, z2), (w1, ws)) €
Y X Y. Now (z;, w;) is almost periodic point of X; x X;, i = 1,2, so by regularity
of X;, there exist ¢; € Aut(X;),i = 1,2 with ¢;(2;) = w;. Let ¢:Y — X x Xo
be defined by ¢(u,v) = (¢1(u), p2(v)). Clearly ¢(Y) is a minimal subset of the
flow X; x X5 and since ¢(z1,22) = (w1, ws) € Y, we conclude that ¢:Y — Y is
an automorphism of Y, and Y is a regular flow. The same argument works for a
joining of any family of regular factors. Therefore Y = \/ X,, is a regular factor
of X, where {X,} is the collection of all regular factors of X.

(b) Let K be the factor relation corresponding to Y. Since the family N
defined in Lemma 4.2.13 contains only factor relation contained in K, it remains
to show that K € N for every natural family N. Let m: Xiz — Xk be the natural
cover with respect to the smallest natural family of factors of X. By regularity
of Y, for an almost periodic point (y1,%2) € Y xY (}7 = X5), there exists
¢ € Aut(Y) with yo = ¢(y1), where y; = 7(y;). In view of Proposition 4.2.7,
there exists an automorphism ¢ € Aut(f/) satisfying mo¢ = ¢om. Put j = (Z@l),
then

m(y) = 7(o(1)) = ¢(7 (Y1) = d(y1) = y2 = 7(¥2).
Thus (7 x 7)(71,92) = (7 x 7)(11,7) = (y1,92) and (1, Y2), (¥1,y) are almost
periodic. Assume that v,w € J (J is the set of all idempotents in the fixed
minimal ideal I, see page 83) with v(y1,%) = (¥1,9), w(¥1, ¥2) = (¥1,y=2) and put
Yo = vy2. Now, since

m(y) = m(vy) = vm(y) = v7(y2) = 7(vy2) = 7(Yo)

and (¥, Yo) is an almost periodic point (v(¥,Yo) = (¥, ¥o)), by Theorem 4.2.10 we
obtain that yo = ¥ (y) for some ¢ € Aut(Y). Finally, since wv = w,

o = Wiz = wus = wiiy = wih(F) = w0 G(G1) = ¥ 0 p(wih) = ¥ 0 (),

so Xy is regular and the proof is complete. O

4.3. A natural family of factors defined by B-joinings

Now we modify our definition of natural family to obtain a stronger result
about natural covers. Using this we will be able to identify the least element in
this new natural family as the Kronecker factor, i.e. the maximal equicontinuous
factor.

Definition 4.3.1. We say that a closed, invariant set N C X is a B-set, if
it is point transitive and it has a dense set of almost periodic points. The family
of B-sets of X x X we denote by Bo(X,T) and call them B-joinings.
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Definition 4.3.2. Let (X,T) be a minimal flow. We say that a family N of
factors of (X, T) is B-natural, if it satisfies the conditions (N-1), (N-2), (N-4),
and moreover

(NB-3) 4 P(N)eN,i=1,2;
NeBo(x,1)

In other words, in the original definition of natural family one replaces the
minimal joinings M € Mq(X,T) by joinings N € Bo(X,T). Notice that if a
family is B-natural, it is natural, therefore all assertions we made for natural
family (except of Proposition 4.2.14) remain valid for B-natural family, and
that for PI flows, natural families coincide with B-natural ones. We denote the

B-natural core of the factor relation R by R.

Lemma 4.3.3. Let m: X — Y be a reqular homomorphism of minimal flows.
Let Ty be the group of automorphisms S of X satisfying mo S = w. If T'y is
compact then the homomorphism w: X/T'x — Y is prozimal.

Proof. Put Z = X/T';. Denote the corresponding homomorphism from X to
Z by k, (hence for every z € X, k(z) = T'rx and w(k(z)) = n(x)). Take z € X
with uz =  and put z = k(x), y = w(z). Denote B = §(Y,y) and F = §(Z, z).
All we have to show is that B C F.

Take 5 € B, hence 7(fz) = On(x) = m(x). Since (z, fz) is almost periodic
(u(z, Bz) = (z,0z)), by regularity of m, there exists S € Aut(X) such that
S(z) = Px. We have w(z) = n(8z) = 7(S(x)), hence, by minimality of X,
moS =mand S € I'y. Therefore we have 3z = Br(z) = k(Bz) = k(S(z)) = k(x)
and g € F. O

Theorem 4.3.4. Let (X, T) be a compact minimal flow, N a B-natural fa-
mily of factors for (X, T). Then for any factor relation R the homomorphism
m: X — Xg decomposes as m = wok, X 25 Z 25 Xp; where w is a prozimal
extension and K is a group extension.

Proof. Let us denote Y = Xg, Y =X - Consider the shadow diagram

X
l * ~ * n *
Y« (v Y) ——2z

wl J/ﬂ—* ™ J/ /
Y e —Y* Y

FIGURE 4.1 FIGURE 4.2
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of the homomorphism 7 (see Figure 4.1). By construction 7* is RIC. By The-
orem 4.2.10 the homomorphism 7 is regular. First we show that 7* is also regular.
Recall that we have denoted by I some minimal ideal in 8Z, by u an idempotent
from I and UG = ul being a group. Choose yg € }7, Yo € Y and y5 € Y* with
ugo = Yo, uyo = Yo, uy; = Y5, and such that m(Yo) = Yo, 0(y}) = yo. We may as-
sume that (Y)* =Y VY™ = Orb(go, y5), and 6* and 7* are the projections onto
the first and the second coordinate respectively (see Theorem 1.8.15 and (1.19)).
Take an almost periodic point ((g1,v*), (J2,y™)) € Rx«, then clearly (41,%2) is
an almost periodic point in R,. As 7 is regular, there exists an S € Aut(Y)
such that S(71) = 2. Now observe that S x Idy- € Aut((Y)*). Indeed, denoting
S(go) = ayg for some o € G (as S(go) = S(uyo)) = uS(Yo) = uayy) we get
a € §(Y,yo) = §(Y*,y5) since wo S = m. It follows that for each ¢ € I we have

(S x Idy+)(q(@o. v5)) = (S(q¥o). aus)
= (qago, qayy) = qo(Yo, y5) € Orb(To, y5),

ie. S xIdy- € Aut((Y)*) and 7* is regular.

Now use Theorem 4.1.4 to construct the diagram shown at Figure 4.2, where
p* is the maximal isometric extension of Y* under (37)* By Theorem 4.1.5,
p* is a group extension and n* is RIC and weakly mixing. In particular then,
R, € Bo((Y)*). Since the image of a B-set under a homomorphism is again
a B-set, we conclude that N = (6* x 0*)(Ry+) € By(Y). Let

*

L ={LCX xX:Lis closed, invariant and (7 x 7)(L) = Kf}

Let N be a minimal element in £. We will show that N € Bo(X). Indeed, let 1 be
a transitive point in N and let n € N satisfy (7 x 7)(n) = 7. Then Orb(n) C N
and Orb(n) € £. Since N is minimal, Orb(n) = N. Let M be the set of all
almost periodic points in N. Since each almost periodic points of N is an image
via T x 7 of some almost periodic point in N, we have

N =Fx 7 (M) C (7 x 7) (),

so (7 x 7)(M) = N, hence M € £.

Again by minimality of N, M = N and hence N € By(X). By the com-
mutative nature of our diagrams it follows that (o7 x mw o T)(N) = Ay and
we conclude that N = (7 x 7)(N) = Graph(S) for some S € Aut(Y,T) and
in particular N is minimal. However as Ay C N , we have N = Ag. Thus
N = (6 x 6*)(R,~) = Ay. Since * is a proximal extension, we conclude that
A(;,)* is the only minimal subset in R,-. As n* is RIC — hence R, is a B-
set — this implies that R, = A(g)*, i.e. * is an isomorphism and it follows
that 7* is a group extension. By Lemma 4.1.2, # o 7* is regular, hence in view
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of Lemma 4.1.1, the group I'; of automorphisms ¢ of Y satisfying roo = 7
is topologically isomorphic with the group I'gor+ of automorphisms of (Y)*; the
latter is a compact group and so we put Z =Y /T'; and let

y 7

14

Y

be the diagram with the corresponding quotient maps. Now, applying Lem-
ma 4.3.3 we get that w is proximal. This completes the proof of the theorem. O

We call the maximal equicontinuous factor of a flow the Kronecker factor.

Proposition 4.3.5.

(a) The Kronecker factor, Y, of a minimal flow (X,T) is B-natural, for
every B-natural family of factors.

(b) The Kronecker factor is the least member of the smallest B-natural fa-
mily of factors of X.

Proof. (a) By Theorem 4.3.4 we have Y % Z -5 Y, where £ is a K-exten-
sion (K C Aut(Y') is compact) and w is proximal. Put m = wok. Let $:Y — Y be
an automorphism of Y and let S:Y — Y be alift of S to an automorphism of Y
(use the B-version of Proposition 4.2.7). Then for y € Y and k € K, (S7, S(jk))
is an almost periodic point in Y X Y, so that also (k x )(S7, S(7k)) is an almost
periodic point of Z x Z. On the other hand,

w(rk(S(k))) = 7(S(Gk)) = S (gk) = Sn(F) = 7(SY) = w(k(SP)),

and it follows that (S (7k)) and r(S7) are also proximal points in Z. Therefore
k(S(Jk)) = k(S7) and we can define S:Z — Z unambiguously by S (ky) =
/f(g@) Since w is a proximal extension, it follows that over every minimal set
in Y XY there exists a unique minimal set in Z x Z, so that our observation
above yields an isomorphism of Aut(Y) onto Aut(Z). By Lemma 4.1.1this is
a topological isomorphism and since Aut(Y) = Y is a compact group, so is
Aut(Z). We find that Z/Aut(Z) is a factor of Z which is necessarily a proximal
flow. Finally, since a proximal minimal flow is a one point flow, we have Aut(Z2)
acting transitively on Z and conclude that w is 1-1.

Therefore 7 is a K-extension and we can finish the proof as follows. Take
yl,yg cyY and put ﬂ'(yl) = y;. We know that Sy; = yo for some S € Aut(Y).
Let S € Aut(Y) with m0 S = Som. Then n(is) = Sy; = W(Syl) and there exists
k € K such that (Syl)k‘ = Y. Therefore the group Aut(Y) acts transitively on
Y and by Theorem 1.7.5, Y is an equicontinuous factor. Thus Y = Y which
finishes the proof of (a).
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(b) Since a B-set in a Kronecker system is necessarily minimal, we see that
the proof of Lemma 4.2.13implies that the family of factor relations {R: R C K}
is B-natural. Now conclude as in the proof of Proposition 4.2.14 (b). a

Example 4.3.6. Take (X,T) to be the minimal Chacon transformation.
Then (X, T) is a regular flow and also a prime flow (i.e. has no nontrivial factors),
and it follows that the smallest natural family of factors for (X,T) is N = {X}.
In contrast, the smallest B-natural family of factors (as well as the smallest
measure theoretical one) is Np = {X,point}. If we take Y = X x Z, where
Z is an irrational rotation, then we still have N = {Y'}, but N = {Y¥, Z}.
In general, the Kronecker factor is the least member of the smallest natural
family of factors for (X,T) if an onlu if it is also the largest regular factor of
X. Comparing Propositions 4.2.14 and 4.3.5 and recalling that for PI-flows the
notion of natural coincide with the notion of B-natural, we conclude that for
PI-flows, and in particular for distal flows, the Kronecker factor and the largest
regular factor coincide.

Example 4.3.7. As established in Chapter 2, in the measure theoretical
case the map Y - Yis always a group extension. A direct corollary of this is
that the Pinsker factor (i.e. the largest zero-entropy factor) is always natural.
It turns out that the minimal flow constructed in [9] serves also as an example
of a regular, weakly mixing flow (X,T) of positive entropy with natural and
B-natural families {X} and {X, point} respectively, with the property that its
maximal zero entropy factor X — Z is neither a natural nor a B-natural factor.

Problem 4.3.8. Find a nontrivial example of a minimal flow (X, T) all of
whose factors belong to the smallest family of natural factors. Also a B-flow all
of whose factors belong to the smallest family of B-natural factors.

4.4. Group extensions of minimal rotations

In this section we describe an example of a natural family for a group exten-
sion of minimal rotation. The proof we present here involves, in some sense, only
the basic methods.

First we show how to reduce an arbitrary group extension of minimal ro-
tation to a minimal flow (Section 4.4.1). Then we describe minimal subsets in
the Cartesian square of such a flow (Section 4.4.2) and using this we construct
a natural family of factors (Section 4.4.3).

4.4.1. Minimal subsets of group extensions of minimal rotations. In
what follows we let (X,T) be a minimal rotation. We will study properties of
a group extension (X, T) (not necessarily minimal) of (X, 7).

Suppose that (X, T) is a G-extension of (X, T'). Recall that G is a compact (in
the topology of uniform convergence) subgroup of Aut(X,T). Let M C X be T-
minimal. Denote by m: X — X the factor homomorphism given by (%) = [7]¢.
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Because T is minimal, 7(M) = X. Put
H={geG:g9(M)=M}.

Clearly, H is a closed subgroup of G. Observe that if ¢ € G, then g(M) is
minimal, hence either g(M) = M or g(M) N M = (). Therefore

ge H ifand only if 3 ¢(7) € M.
zEM

For 7 € X put

Mz={g€G:g'(T) € M}.
Mz is not empty because (M) = X i.e. each [T]¢ contains at least one element
of M (GM = X and each minimal subset of X is of the form g(M)). We also
have

Lemma 4.4.1. For each T € X there exists a g = gz € G such that

Proof. Fix T € X. Take g € Mz. We will show that Mz = gH. Assume that
¢ € Mz Then ¢ ' (Z) € M and ¢g~1(z) € M. Thus ¢~ ¢'(¢ ' (z)) = g1 (Z) €
M. This and (4.5)imply that g~'¢’ € H and therefore ¢’ € gH.

On the other hand if h € H then it is clear that (gh) =1 (Z) = h~1g~}(z) € M.
Thus gh € M. O

By Lemma 4.4.1, there exists a map 3: X — G/H given by

Here G/H is understood as the homogeneous space of right cosets since H is
not necessarily normal. In what follows we will consider the quotient topology
on G/H. The map [ has the following obvious properties:

(4.7) Ale(@)) = 98(T), g€G,
(4.8) B gH) = gM, g€G,
(4.9) {3 is constant on each minimal subset of X.

Let M(X) denote the set of all minimal subsets of X. Let 2% be the space
of non-empty, closed subset of X with the topology induced by the Hausdorff
metric (see Chapter 1for definition). Recall that as X is compact, so is 2X.

Lemma 4.4.2. If g, — g in G, then g, M — gM in 2%

Proof. Suppose that g, — g. Take a sequence {my, },>1 of elements from M.
Choosing a subsequence if necessary we may assume that m,, — m, for some
m € M. Then g,m, — gm, which implies that g, M — gM. g

From this lemma it follows that M(X) is closed in 2% and on M(X) we will
consider the topology induced from 2.
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Lemma 4.4.3. The map 3: M(X) — G/H is a continuous bijection.

Proof. By (4.9), § is well defined, and by (4.9)and (4.7), it is 1-1. It follows
from (4.8)that ( is onto.

Now suppose that g,M — gM and ((g.M) = g,H — ¢'H. Choosing a
subsequence we can assume that g, — ¢’h for some h € H. By Lemma 4.4.2 we
have that g,M — ¢'hM = ¢'M, then gM = g’ M. Therefore 3(g, M) — ¢'H =
B(g' M) = B(gM). 0

Define a metric d on M(X) setting

d(gM,g'M) = d(B(gM), (g’ M)) = d(gH, g H),

where d is the quotient metric on G/H induced by an invariant metric on G. As
a corollary of the above consideration we have the following.

Proposition 4.4.4. The metric d is equivalent to the Hausdorff metric on

M(X) and 8: M(X),d) — (G/H,d) is an isometry.
Put T = T|n- Note that H C Aut(f).
Theorem 4.4.5. T is an H-extension of T.

Proof. Tt is enough to show that Tg is isomorphic to IA“H. Let ¢: My — Xg
be given by the formula ¥ ([Z]g) = [Z]¢. First we will show that 1) is one-to-one.
If Z,y7 € M and [Z]¢ = [y]a, then § = ¢(Z) for some g € G. This implies g € H
(use (4.5)) and consequently [Z]g = [§]u.

Now take [7]g € X . Because m(M) = X, there is an T € M such that
[Z]¢ = [¥]e. This implies that 1 is a bijection.

The continuity of 4 is obvious because [T]g C [Z]g, T € M. Since My is
compact, 1 is a homeomorphism. Next,

Yo Ty ([@ln) = v([TTn) = [T7]a,

Tgoy([@lu) = Te(Fle) = [T7)c-

Thus fH is isomorphic to T'¢ and the proof is complete. 0

4.4.2. Minimal subsets of Cartesian squares of minimal group ex-
tensions of rotations. Assume that (X,T) is a minimal G-extension of a
rotation (X,7T) by a homomorphism 7. Consider (X x X,T x T). Take M €
My(X,T). Clearly, the projection of M onto the first and onto the second co-
ordinate is just X. Besides (7 x 7)(M) = Graph(S) for some S € Aut(X).
Obviously (Graph(S),T x T) is isomorphic to (X,T). Observe that if W =
(7 x )~ Y(Graph(S)) and if 7: W — X is given by 7(%, %) = (%), then 7 is a ho-
momorphism and 771 (z) is a G x G-orbit of an (z,7) € 7~ !(z). Thus (W, T xT)
is a free G x G-extension of (X, T) and we can apply results of Section 4.4.1.
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Put H = {(9,9') € G x G : (g9,9")(M) = M}. By results of Section 4.4.1,
M(W) with the topology induced by the Hausdorff metric is homeomorphic to
(G x G)/H. Now, we will examine the structure of the group H.

Denote by m;: G x G — G the projection m;(g1,92) = ¢i, ¢ = 1,2. Then

(4.10) mH) =G, i=1,2

Indeed, fix g € G and (7,7') € M. Put = 7(%), 2’ = m(z’). There exists 7’ € X
such that (¢Z,7") € M. Since 7(gx) = 7(T) = z, (") = 2’. Thus T’ = ¢'7’ for
some ¢’ € G and we have (g7, ¢'T') = (9, ¢')(Z,T") € M. This implies (¢9,¢’) € H,
hence 7 (H) = G. Similarly, m(H) = G.

Put
Hy={g€G:(g,e) € H}, Hy={g€G:(eyg)cH}

Fix hy € H;. Given g € G, by (4.10), we can find j € G so that (g,j) € H, hence
(gh1,7) € H. Since (g71,571) € H, (ghig~!,e) € H. Consequently,

(4.11) H; and Hy are normal closed subgroups of G.

Besides we have

(4.12) if (91,92), (91, 92) € H then gig; " € Hy,
and

(4.13) if (91,92), (91, 95) € H then ghg, ' € Ha,
besides

(4.14) (91,92) € H iff g1 H1 x goHo C H.
Define £ by

§(gHy) = m((9Hy x G) N H).
Now, (4.11)—(4.14) imply directly that

Lemma 4.4.6. The map £ establishes an isomorphism of topological groups
between G/H; and G/Hy and moreover

H = | gHy x &(gHn).
geG

Let us define a map S: Xy, — 2¥ by
S([@)m,) = Ma(([#]a, x X) N M),

where IIo: X x X — X denotes the projection onto the second coordinate.
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Proposition 4.4.7.

M = [#]a, x S([@]m,),
zEX
moreover S establishes an isomorphism between YHI and YHQ.

Proof. First, we show that S is a map between X g, and X g,. Take (Z,7) €
([Z], x X) N M. We show that S([Z]x,) = [J]m,. To this end take another '
with (Z,%') € ([Z]g, x X) N M. Obviously

(r x m)(2,7) = (m x m)(Z,7) = [Fle x S([Ta),

where Graph(S) = (7 x 7)(M). From the proof of Theorem 4.4.5 we deduce
that there exists (g1,g2) € H such that (g1,92)(T,y) = (z,7’). Thus g1 = e
and go € Hs. This forces S([Z]m,) C [§lu,. The opposite inclusion is obvious.
Then S is obviously a bijection that commutes with T (considered on X g, and
X g, respectively). Since M is compact and Graph(S) is equal to the natural
projection of M to X g, x Xp,, S is continuous, hence it is an isomorphism of
flows. O

4.4.3. Natural family of factors for minimal group extensions of
rotations. Now we are in a position to construct a natural family of factors for
(X,T). Put

N={Rp C X x X : F is closed normal subgroup of G}.

Proposition 4.4.8. The family N is a natural family of factor relations for
(X,T).
Proof. First, Ax = R,y € N. Then notice that if Rr, € N, i € I, then

\/ Rp, = Rp,

icl
where F' is the closed subgroup generated by the union of the groups F;, i € I.
Since F is normal, the condition (N-2) of the definition of natural family is
satisfied.

Now take M € Mz(X,T). From Proposition 4.4.7 we get that P;(M) = Ry,
where H; are defined in Section 4.4.2for M. Thus P;(M) € N and condition
(N-3) is fulfilled.

To prove (N-4) take Rp, € N, i = 1,2, an isomorphism S: X, — X g, and
Rp, C Rp € N. Assume that M € My(X,T) is such that the natural projection
of it onto YRpl X Ysz is equal to Graph(S). Lemma 4.4.6 yields a topological
group isomorphism ¢: G/Fy — G /F,. Now consider S acting on the equivalence
classes of Rp. By the form of S, (S x S)(Rr) = Re¢(r/r,) and since (F'/F1) is
a normal subgroup of G/F5, the condition (N-4) is also satisfied. O



CHAPTER 4. NATURAL FAMILIES OF FACTORS IN TOPOLOGICAL DYNAMICS 99

Corollary 4.4.9. For any factor (Xg,Tr) of (X,T) there exists a largest
closed normal subgroup F of G such that

T (YF,TF) ad (YR,TR),
(where m denotes the corresponding homomorphism) is a group extension.

Proof. The group F' is defined by taking the natural core Rr of R. By Co-
rollary 4.2.11, « is a group extension. O

It is not difficult to observe (see Figure 4.3), that 7 is a I';-extension, where

={SecAut(X):m0S =n}.

G-ext.

X
F-ext.
G/F ext.
Xr

/ ext.

FIGURE 4.3.






CHAPTER 5

REAL COCYCLE EXTENSIONS OF MINIMAL ROTATIONS

In this chapter we prove that for each minimal rotation 7: X — X on a com-
pact Hausdorff space and each topological cocycle ¢: X — R either ¢ is a topolo-
gical coboundary or T, is topologically ergodic or the partition into orbits is the
decomposition of Ty into minimal components. As an application, we generalize
a result by E. Glasner and show that if (S;);cg is a minimal topologically weakly
mixing flow then whenever ¢ is universally ergodic the map

X XY 3 (z,y) = (Tz,S4z)(y) € X x Y

is not PI but is disjoint from all minimal topologically weakly mixing systems.

5.1. Existence of almost periodic points

Following [7, p. 11], if  is an almost periodic point in a locally compact flow,
then Orb(z) is a compact minimal set. To see this take a compact neighbourhood
Uofzandlet A={n € Z:T"x € U}. Since x is almost periodic, the dwelling set
D(z,U) is relatively dense, that is for some N € N, AU(A+1)U...U(A+N) = Z.
Thus Orb(z) = X {T" "z :n e Ay CUUTUU...UTNU, that is compact,
so Orb(z) is compact.

Now we will study locally compact group extensions of compact minimal
flows.

Proposition 5.1.1. Let (X,T) be a minimal compact flow, G a locally com-
pact group, o: X — G a continuous map. Assume that there is an almost periodic
point in (X x G,T,). Then there exists a compact subgroup H of G and a con-
tinuous map f: X — G/H such that

f(Tz)=o(x)f(x) foralzeX.

Proof. Let (Z,g) € X x G be an almost periodic point, and denote M =
Orb(Z,g). Then M is minimal, compact and it projects onto X.

101
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Let H = {g € G: Mg = M}. Clearly H is a group. For z € X denote
M,={9€G:(x,9 € M}, H, = {h € G : M,h = M,}. Obviously H C H,
for each x € X. Conversely, if h € H, then M N Mh is nonempty because
M, C M N Mh. Minimality of M gives M = Mh, so h € H. Thus H = H, for
each x € X. Now we will show that

zeX goeEM,

Indeed, fix z € X, go € M,. Now, if h € H, then (x,by) € M and (x, goh) € M,
so goh € M,. On the other hand, if g € M,, then (x,9) € M and (z,g9) =
(z,90)95 "9 € Mgy'g. Thus M N Mgy 'g # 0, hence gy 'g € H. Therefore g =
90(95'9) € goH and (5.1) is proved.

Since each M, is compact, so is H. Equip G/H = {gH : g € G} with the
quotient topology. Define f: X — G/H by

flx) = M,.

To prove that f is continuous take an open set U C G/H. Then U=UH
for some open set U C G. Clearly f~Y(UH) = nx((X x UH) N M), where
mx:X X G — X is the projection. Assume that x; & ]‘_1((7)7 x; — x9, where
(2)ier is a net. Then (z;,9;) € M for some g; € f(x;). Choose a convergent
subnet (z;,9;) — (z0,9) € M (M is compact). Since z; &€ nx((X x UH) N M),
g;H ¢ U. Thus gH ¢ U and xo & f~1(U). This proves that f~(U) is open.
The equality f(Tx) = ¢(x)f(x) is clear. O

Remark 5.1.2. If G has no nontrivial compact subgroups (e.g. G = R™,
G = Z™), then the above proposition says that ¢ is a coboundary. In particular, if
G = R we obtain the classical Gottschalk—Hedlund result ([40, Theorem 14.11]).

5.2. Essential values of a cocycle

In this section we will quickly adapt Schmidt’s methods [89] of essential values
for measurable cocycles to the continuous case. Assume that (X, T) is a compact
flow. Let G be a locally compact group with the unit element e. By G, we
denote the Aleksandroff compactification of G: G, = G U {o0}. In further we
extend the group operation from the group G onto the set Go, by g- 00 = o0
for all ¢ € G In this way the operation Goo X Goo 3 (g1,92) — 9192 € Goo 18
continuous.

Definition 5.2.1. Let ¢: X — G be a cocycle. We say that r € G is an
essential value of ¢ if for each nonempty open U C X and each neighbourhood
V of r there exists N € Z such that

(5.2) UNnTNUN{zeX:oWM(x)eV}#0D.

The set of all essential values of ¢ will be denoted by Eo(¢). Put also E(p) =
Ex(p)NG.
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Proposition 5.2.2. The sets Ex(¢) and E(p) have the following proper-
ties:

(a) E(p) is a closed subgroup of G.
(b) If G is Abelian and (z) = (£(Tx)) " to(z)é(x), where 1, &: X — G are
continuous maps, then Ex () = Ex(v).

Proof. (a) Since ¢(®) = ¢, e € E(p). Assume g € E(p). To show that ¢! €
E(yp) take nonempty open sets U C X and g~ € V C G. Then g € VL. Since
g € E(y), there exists an integer N such that UNT-NU N (M)~ (V1) £ 0.
For x € UNTNU N (o™))~1(V~1) we will show that y = TNz ¢ UNTNU N
(N =L(V). Clearly y € UNTNU. Next z € (o™)~14(V~1) if and only
if (¢™)(z))~' € V. The cocycle condition yields e = @=N)(TNz)p(N)(z) so
oM (y) = (M)t € V. Thus y € UNTNU N (N)"1(V) and gt €
E(y) follows.

Assume now that g,h € E(p). Let U C X and V C G be open, nonempty
and such that gh € V. There are open sets V1, Vo C G such that g € Vi, h € V5,
ViVa C V. Since g, h € E(p), there exist integers Ny, Na such that

Ui =UnT MU (™)1 (1) and U = U nTN20, 0 (00N2) 71 (1)

are nonempty. We will show that Uy € U N T~M=N2 0 (oN+N2))=1(y),
Assume that x € Uy. Then € U; C U. Since x € T~NU; ¢ T-N(T-MU),
€ TNM=NU sox € UNT M~N2U. Since z € Uy, oN2)(z) € V5 and
TN2(z) € Uy. Thus N (TN2z) € Vi, and we have

QNN (1) = (N (TN2 ), (N2) (1) € Vi VS C V.

Therefore E(p) is a group. The fact that E(p) is closed follows directly from
definition.
(b) We will show that Es(p) C Foo(1)). Because G is Abelian,

M (@) = (E(TVa) o (@)E(@) = o™ (@)E @) (E(TNa)

Assume that r € Eo (). Let U C X, V C G be nonempty open sets with
r € V. Find open sets Vp, V), C G such that r € Vi, e € V, V1V C V. Let
W C U be an open nonempty set satisfying &(2)&(y) =t € Vo for all 2,y € W.
Now it follows from r € Eo(p) that there exist an integer N and zy € X such
that zo € WNT VW n{z € X : o™ (x) € V1}. Then 29 € UNT~NU and
M (w0) = N (0)€ (o) (E(TNwo))~H € ViVo C V.

By symmetry we have Eu () = Exo(¥). O

Proposition 5.2.3. Assume that (X, T) is topologically ergodic. Then (X X
G,T,) is topologically ergodic if and only if E(p) = G.

Proof. Assume that (X x G,T,) is topologically ergodic. Suppose that
g € G,U C X and V C G are open nonempty sets such that g € V. Fix
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open nonempty sets Vp, V7 C G satisfying Vﬂ/(f1 C V. Since (X x G,T,) is
topologically ergodic, D(U x Vo, U x Vi) # () and we can find an integer N,
xg € X, go € G satistying (xg, go) € U % VoﬁT;N(U x V1). Then 2y = TNz, for
some 2, € U, go € o) (21)V4, in particular zo € TNU. Thus zo € UNTNU.
Since go € ™) (21)V4, there exists g; € Vi such that go = @™)(T"Nag)gy =
("N (20))"tg1. This implies p(~N)(z) = gi1go* € ViVy' € V and xg €
(=) 7H(V). Thus g € E(y).

Assume now that E(p) = G. Let U;,Us C X, V4, V5 C G be nonempty open
sets. We will show that D(U; x V;,Us X Vo) # (0. First find nonempty open sets
‘71 C Vi and W C G such that W‘Nfl C V5. Because T is topologically ergodic,
there exists an integer n such that Uy N T~ "Us # (). There are nonempty open
sets U C Uy NT™"U and V. C G such that T}(U x V) C Uz x W. Since
E(p) = G, we can find an integer N such that Y = UNT-NU N (o™)~1(V)
is nonempty. We will show that Y x ‘71 c (U x V)N T;”*N(Ug x V). Take
(y,9) € Y xVi. Theny € U C Uy NT Uy, g € Vi C V4, hence (y,9) €
Uy x V1. We have TN (y,g) = (T Ny, (N (y)g). Since y € Y, TNy € U
and T" Ny € U,. Moreover, M) (y) € V and o™ (TNy)v € W for each v € V,
so @M (TNy)pW™)(y) € W. Thus

N (y)g = (TN y) ™ (y))g € WV C Vo
We have shown that TN (y, g) = (T Ny, ("N (y)g) € Uy x V5. O

Remark 5.2.4. It follows from Proposition 5.2.3 and [89, Section 3] that
whenever a continuous cocycle is ergodic with respect to a measure which is
positive on open sets, then it is topologically ergodic. In particular continuous
cocycles from [82], [69] and [21] are topologically ergodic.

From now on we will assume that G is Abelian with the group operations
written additively.

Proposition 5.2.5. Let (X, T) be topologically ergodic, p: X — G a cocycle.
Assume that K C G is compact and K N E(p) = 0. Then for each nonempty
open U C X there exists a nonempty open set V. C U satisfying

Uwvnrvn{z: o (z) e K})=0.
nez

Proof. For each r € K we can find an open neighbourhood M,. of zero in G
and an open set U, C X such that

(5.3) U@ nTU. 0 {z: o™ (@) € r+ M,}) =10
nez

Let N, be a symmetric open neighbourhood of zero in G satisfying N,.+N,. C M,..
By compactness of K there exist r1,... ,7, € K such that

(ri+ Ny )U(rg+Npy)U...U(rp + N, ) D K.

m
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Now, let U C X be a nonempty open set. Put Uy = U. We will construct an
open set U; C Uy such that if z, T™x € Uy, then go(”)(x) € r1 + N, . Since T is
topologically ergodic, U,., N T™ Uy # @ for some ng. Denote U= UoNT~™0U,,.
Then U C Uy, T™U C U,,. Because the map f(z,y) = ¢ (z) — o(10) (y) is
continuous and it satisfies f(x,z) = 0 for all x € X, the set f~(V,,) is open,
nonempty and (U x U) N f~Y(N,,) # 0. Thus there exists a nonempty open
U, € U such that Uy x Uy € f~1(N,,), i.e.

(5.4) o) (@) = oM (y) € N, for 2,y € U

By (5.4), if z,T"z € Uy, then @) (z) — (") (T"z) € N,, which implies
Trog, T"tg € U,,. In view of (5.3), o™ (T™z) ¢ ry + M, . Because
@M (Tmox) = o) (x) 4 (p") (Tmx) — (") (), o) (z) & r1 + N,

We iterate this procedure for (Ui, Ny,), ..., (Un—1,N,,) to obtain open
sets U D Uy O ... D U, such that (™ (z) ¢ Ule(ri + N,.,) for z, T"z € Uy,
k=1,...,m. Put V =U,,. Then

Uvnrvnfz:o"(x)e K}) =0
nez
and the proposition is proved. O
In the following lemma we assume that the flow (X, T') is minimal. For A C G
and k > 1 denote kA= A+ ...+ A, and 0A = {0}.
—_——

k times

Lemma 5.2.6. Let p: X — G be a cocycle, where (X,T) is a compact mi-
nimal flow and G is a locally compact Abelian group.

(a) If oo & Ex(p), then there exists a compact set C C G such that
oM (2) € C forallz € X, n€Z.

(b) If E(p) = {0} and there exists a compact C C G such that o™ (z) € C
forallx € X, n € Z, then ¢ is a coboundary.

Proof. (a) If oo € E(¢), then there exist an open set U C X and a compact
K C G such that

(5.5) v UNTTUN {reX:pM(@)¢g K} =0.
ne

Since (X, T) is compact and minimal, there exists a positive integer N such that
UNS'T7U = X. For 0 < i,j < N denote

Kij =ip(X) + K + jo(X).
Clearly each K; ; is a compact subset of G. Define C' C G by

N—-1N-1 N—-1N-1 N-1 N-1

C = U U K; ;U U U (—Ki,j)U U i(p(X)U U Z(—(p(X))

i=0 j=0 i=0 j=0 i=0 i=0
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Then C is compact.
Assume that x € X, n € Z, n > N. Consider the sequence

o, Tx,... T e Tla, ... , TV 9 e TV g, . T L,

where i is the smallest nonnegative integer such that 7%z € U, and j is the
smallest nonnegative integer such that 7" 7z ¢ U. Then T" 7~ 1(Tiz) =
Tl € U, and by (8.17), ¢"~9==1(T?z) € K. Thus

o™ (z) = W (2) + "I == D(Tig) + oW(T 7 12) € K, ; C C.

If n < —N then (™ (z) = —p(~")(T"x) € —K; ; C C for some i, j.

(b) Since ¢ (x) € C, z € X, n € Z, there exists a compact T),-invariant
subset of X x G. This implies that there exists a compact T,-minimal subset
M C X x G. It follows from 7x (M) = X that U,co(M +g) = X x G. Hence
all points (z,g) € X x G are almost periodic.

Given a compact minimal set M C X x G let

H(M)={geG:M+g=DM}

Clearly H(M) is a closed subgroup of G. Now, fix a compact minimal My and
let H = H(My). If M is another minimal subset of X x G then M = My + g for
some g € G and it is easy to see that H(M) = H for all minimal M C X x G.
We intend to prove that H = {0}. To this end suppose H # {0} and choose
go € H, go # 0. There exists a compact neighbourhood K of gy such that 0 ¢ K.
If follows from Proposition 5.2.5 that we can find an open nonempty U C X
satisfying
(5.6) v e UNT"U = o™ (z) ¢ K.
If 29 € U then (x9,g0) = (z0,0) + go € Orb(xg,0), so there exists a sequence
(ni)iz1 such that T (xo,0) — (w0, go). Thus T zg — o, ™) (x9) — go and
there exists ig such that T™xg € U for all ¢ > ig. Hence for ¢ > 19 we have
zo € UNT ™ U and, by (8.18), (™) (zy) ¢ K. This gives rise to a contradiction
because (") (x9) — go.

Therefore H = {0} and M is a graph of some continuous £: X — G. Since
M is T -invariant, p(x) = {(Tx) — &(z), x € X, so ¢ is a coboundary. O

Proposition 5.2.7. Let ¢: X — G be a cocycle, where (X, T) is a compact
minimal flow and G is a locally compact Abelian group. Then Ex(p) = {0} iff
@ 1s a coboundary.

Proof. If Eo(p) = {0}, then by Lemma 5.2.6 ¢ is a coboundary. Conversely,
if p = foT — f for some continuous f, then taking an open neighbourhood V-C G
of zero and an open U C X such that 2/, 2" € U implies f(z')— f(z") € V we get
that whenever U NT~"U # ), then f(T™z) — f(z) € V for each x € UNT"U.
Therefore E(¢) = {0}. O
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Due to this proposition we can define (similarly to [89]) the notion of quasi
regular cocycle.

Definition 5.2.8. Let (X,T) be a minimal flow, G a locally compact Abe-
lian group and ¢: X — G a cocycle. We say that ¢ is quasi regular if the cocycle
©*: X — G/E(p) given by ¢*(z) = ¢(x) + E(p) satisfies Foo(p*) = {0}, that is
p* is a G/E(p) coboundary.

5.3. Characterization of essential values
for minimal rotations

Let X be a compact metric monothetic group, Tz = az, where {a" : n € Z}
is dense in X. It follows that T is minimal. Assume that G is a locally compact
Abelian group and ¢: X — G is a cocycle.

Proposition 5.3.1. Assume g € Goo. Then g € Ex () if and only if there
exists a rigidity time (ny);>1 and a sequence (xy)i>1 of elements of X such that
(p(nt)(xt) —g.

Proof. Assume that g € F(¢). Choose a sequence of open sets X D Wy D
Wy O ... with (), Wy = {e}. There are open symmetric sets U, C X, ¢t > 1, such
that Uy DUy D ... and UtUt_1 C Wy, t > 1. Choose open sets Goo D Vi D Vo D

. with (", V; = {g}. Then there exist integers n; and x, € X, t > 1, such that

zeeUNT™U N{x: cp("t)(:r) e Vi}.

Therefore z; € Uy and T"™txy = a™x; € Uy for t > 1, which implies a™t =
axx;t € UUH € Wy, Since W = {e}, a™ — e, i.e. T™ — id uniformly.
Moreover, (") (z;) € V;, t > 1, which forces (™) (z;) RNy

Assume now that (™) (z;) RimiscN g € Goo, where 2, € X, ¢t > 1, and (ny)¢>1
is a rigidity time for T'. Let U be a nonempty open subset of X and V C G, a
neighbourhood of g. We will show that for some ¢ the following holds:

(5.7) UNT™™UN{z: o™ (x) e V} #£0.
Let W be a nonempty open set satisfying W ¢ W C U. As T™ — Id uniformly,
(5.8) 3V WcunT™U.

t1 t>t

Since T is minimal,
(5.9) 3 v {z,Tx,...,T" 2} nW #£0.
k>0 zeX
Find open sets 0 € V) C G and g € V1 C G such that kVy + V; C V. Then

3V o™ (z) e W,

to t>to

3V VY e(T"z) —p(x) € Vo

ts t>t3 w€X

(5.10)
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Take t > max{t,ts,t3}. By (5.9), T'z; € W for some i, 0 < i < k. Then
Tix, € U and, by (5.8), T™ (T'z;) € U. By virtue of (5.10) we have

) (Thay) = o) (zy) + (W(nt)(Tiﬂﬂt) — ) (2y))
( f) l‘t + Z Tm+7n @(Tmﬂﬁt))

€ o) (z) +iVo C Vi +EVy C V.
Thus Tz, € U, T™ (T'z;) € U, (™) (T?z,) € V and this completes the proof.[]

Remark 5.3.2. It follows from Proposition 5.3.1, that if (n;):>1 is a rigidity
time for T, then all cluster points in the Vietoris topology on 2> of the net
©™)(X), t > 1 are subsets of Fa(p).

5.4. Classification of continuous real cocycles
over minimal rotations

During this section we will assume that G = R, X is a compact metric
monothetic group, T: X — X, Tax = ax, where {a" : n € Z} is dense in X.
Thus (X,T) is strictly ergodic, i.e. it is minimal and Haar measure p is its
unique probability invariant measure. In particular, for each continuous function
f: X — R,

1Nl

(5.11) — Z foT" — / fdu uniformly on X.

For a continuous function f: X — R set

If]l = sup{[f(2)] : € X}.
Lemma 5.4.1. If o: X — R is a cocycle and [ pdp # 0, then Ey(p) =
{0,000}
Proof. Assume that [, pdu = c# 0. By (5.11),

1 1
— g poT" =—¢p —>/ @dp = c¢ uniformly on X.
N o n X

Thus (™| — 400 uniformly. In particular, for each sequence (x1)¢>1 of elements
of X, | (x;)] — +o0, so, in view of Proposition 5.3.1, E(¢) = {0}. Choosing
any rigidity time (n;);>; and any = € X we get that (™) (x)] — +o0, so
00 € Eoo (). O

Remark 5.4.2. It follows that if fX @dp # 0, then each orbit in X x R is
closed, hence minimal. Thus X x R is a disjoint union of closed orbits.
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Lemma 5.4.3. If p: X — R is a cocycle and ™) — 0 uniformly for each
rigidity time (ny)i>1, then Ex(p) = {0} and there exists a continuous function
& X — R such that p(x) =&(Tx) — &(x), v € X.

Proof. Choose any rigidity time (n:);>1 and any sequence (z;);>1 from X.
Then () (z;) — 0. By Proposition 5.3.1, Eo(¢) = {0}. The rest follows from
Proposition 5.2.7. |

Proposition 5.4.4. If ¢: X — R is a coboundary, then the sets
I, ={(z,{(z)+r):x € X}, reR,

are compact and minimal; thus each point in X xR is almost periodic and X x R
s a union of minimal sets. |

Lemma 5.4.5. Let p: X — R be a cocycle satisfying fX pdu = 0. If there
exist a ¢ > 0 and a rigidity time (n;)¢>1 such that ||| > ¢ for all t > 1, then
E(p) =R.

Proof. Passing to a subsequence of (n;);>1 and replacing ¢ by —¢ if necessary
we may assume that

v sup{e")(z):x € X} > ¢
t>1

Take r € R, r € (0,¢). We will show, that » € E(p). Choose £ > 0 such that
(r—2¢,7+2¢) C (0,c¢) and find § > 0 for which if d(z, ') < § then |p(z)—p(z)| <
e. There exists ¢t such that d(T™x, z) < ¢ for each x € X. Find y, z € X satisfying
o) (y) < 0, ™)(2) > ¢c. Then there exists a positive integer k such that
@) (Tky) > c—e > r+e. Because o) (Tx)— ™) (2)| = |o(T™x) —p(z)| < €
for each = € X, so for each 0 < i < k, [p(") (T?y) — o) (T*1y)| < . Therefore
we can find 0 < i < k such that o) (T?%) € (r —e,r 4+ ¢). Thus r € E(y). By
Proposition 5.2.2, E(p) = R. O

It follows from Proposition 5.2.3, Lemmas 5.4.1, 5.4.3, 5.4.5, Remarks 5.4.2
and 5.4.4 that the following theorem holds.

Theorem 5.4.6. Let T be a minimal rotation on a compact metric mono-
thetic group X, ¢: X — R a continuous cocycle. Then either T, is topologically
ergodic or X X R is a union of closed orbits or o is a coboundary.

Remark 5.4.7. Theorem 5.4.6 is strictly related to a G. Atkinson’s result
[6, Theorem 1]. Atkinson’s theorem is formulated for a rotation on a multi-
dimensional torus, and for a cocycle with values in R™. Taking m = 1, as we
have assumed in this chapter, Atkinson’s theorem gives a part of Theorem 5.4.6
for the first and for the third case.

Directly from Theorem 5.4.6 we obtain the following.
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Corollary 5.4.8. IfT is a minimal rotation and p: X — Z is a cocycle with
zero mean then ¢ s a coboundary.

Collecting results of Remark 5.4.2, Proposition 5.4.4 and Theorem 5.4.6 we
get the following.

Corollary 5.4.9. Let T be a minimal rotation on a compact metric mono-
thetic group X equipped with a probability Haar measure u, ¢: X — R a conti-
NUOUS map.

If [ wdp #0, then Eo(p) = {0,00} and each point in X xR is wandering.

If [ pdu =0, then ¢ is either topologically ergodic (with E(¢) = R) or
a coboundary (with Ex () = {0}).

In Section 5.5 we will show that such a simple classification of real cocycles
is no longer true if a rotation T is replaced by a general strictly ergodic flow.

Remark 5.4.10. Let (X,T) be a minimal flow and G be either Z or R.
Consider the Banach space C(X,G) of all continuous functions ¢: X — G with
the supremum norm. Let Cy(X, G) be a (closed) subspace of C'(X, G) consisting
of these ¢ for which [  ®dX\ = 0 for all T-invariant Borel probability measures A
on X. Denote by E(X,G) the set of all topologically ergodic cocycles ¢: X — G.
It follows from [46, Proposition 9.12] that coboundaries form a dense subset of
Co(X, Q). Therefore if Cyp(X,G) contains at least one topologically ergodic co-
cycle then the set E(X,G)NCy(X,G) is dense in Cy(X, G). In general, E(X,G)
is not contained in Cy(X, G). However if (X, T') is a minimal rotation, the inclu-
sion E(X,G) C Cp(X, G) holds. Assume now that T is a minimal rotation and
E(X,G) # 0. For each m > 0 set

Con = {0 € Co(X,G) : |¢™]| < m for all n € Z}.

Then C,, is closed and, since E(X,G) C Cy(X, G) \ Cp, Cy, has empty interior,
so it is nowhere dense in Cy(X, G). By Gottschalk—Hedlund Theorem [40, The-
orem 14.11], C,,, consists solely of coboundaries. It follows from Theorem 5.4.6
that

CC

m
1

E(X,G) =

ﬁDg

is a G5 dense subset of Cy(X, G).

5.5. Zero-time cocycle for Morse shifts

In contrast with Corollary 5.4.8, below, we will give examples of integer-
valued cocycles with Ex(¢) = {0,00} and [, ¢ = 0. They will be considered
over so called Morse shifts introduced in [47] (we will recall the definition below).
Morse shifts are subshifts of the full shift ({0,1}%,T), they are minimal and
monoergodic. For details we refer to [58].



CHAPTER 5. REAL COCYCLE EXTENSIONS OF MINIMAL ROTATIONS 111

By blocks we will mean finite sequences of zeros and ones, in notation B =
by ...bn—1, where b; € {0,1}. The number |B| = n we will call the length of B. If
B=1bg...by_1 is a block and ¢ € {0,1}, then set B+ i = (bg + 1) ... (bg—1 + 1),
where the summation b; + 4, ¢ = 0,... ,k — 1, is taken modulo 2. In particular
denote B = B + 1, the “mirror” of B. For blocks B = by...bg_1 and C =
Co...C—1 put

BxC=(B+cy)(B+c1)...(B+ca-_1).
If 2 € {0,1}2, x = ...2_37_ o7 170717273 . .., then for integers k < n denote
zlk,n] = TpTpy1 ... 2y For B = bg...by—1 and for 0 < i < j < k — 1 denote
Bli, j] = b;bit1...b;. Given block B define

[B] = {zx € {0,1}*: z[0,|B| — 1] = B}.

Now let A = ag...a,—1 be a block satisfying A[0] = ag = 0. Additionally
we will assume that A is neither of the form 010101...010 nor 00...0. Define
a sequence Cy, t > 1, of blocks by

C1:A, Ct+1:CtXA, t:1,2,...

Then |Cy| = nt, t > 1 and Cyy4[0,nt — 1] = C; for ¢, s > 1. Thus the intersection
Ni>1[C:] € {0,1}7 is a nonempty closed set. Choosing any y € (5, [C:] we can
find z¢ € Orb(y) satisfying

either zo[—n',n' —1] = C,Cy, t>
t>

or mg[-nf,n'—1] = étC’t,

Put

X = Orb(zo).
Then (X,T) is a Morse shift. Take x € X. Then for all ¢ > 1, z is an infinite
concatenation of Cy and C; and this structure is unique in the following meaning;:
there exists a unique sequence of integers (p;(z)):>1 such that

—nt <p(x) <0, t>1,
z[kn' + pi(z), kn' + pi(x) +n* — 1] = C; or C, forallkeZ

(see [58]). Moreover, a Morse shift is recognizable in the sense that there exists
a positive integer L, called a recognizability constant, such that for each z € X
and for each t > 1, if z[p,p + Ln' — 1] = (Cy +41)(C; + i2) ... (Cy +ir), then
p = pi(x) + knt for some integer k.

Let {0,1}* be the set of all blocks. Define ¢:{0,1}* — Z by

|B|-1

Y(B)= Y (~)Pi.

=0
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Then
W(BC) = 4(B) +9(C), $(B) = —¢(B), (B xC)=14(B)(C).
Let ¢: X — Z be defined by the formula
plx) = (=), zeX.

The cocycle corresponding to ¢ is called the zero-time cocycle. Note that ¢®*) ()
= (z[0,k —1]) for k > 1 and [, pdu=0.
We will show the following.
Proposition 5.5.1.
(a) If Yp(A) =0, then ¢ is a coboundary.
(b) If |[¢(A)| =1, then T, is topologically ergodic.
(¢) If W(A)| = 2, then Ex(p) = {0,00}. In particular, ¢ is not quasi
regular.

Proof. (a) Clearly 1(A) =0 and if z € X, k > 0, then
20,k — 1] = (Alr,n — 1] +i0) (A +i1) ... (A+1i-1) (A0, 5] +14p),
where 0 <r<n—1,0<s<n—1. Thus
™) (@)] = |9 ([0, k = 1])| = [ (A[r,n — 1] +do) + $(A[0,7] + it)| < 2n.

Since o(=*)(2) = —pF)(T=F2) for k > 0, the cocycle () is bounded on Z x X,
S0 ¢ is a coboundary.

(b) First assume that 1)(A) = 1. Then (Cy) = 1, (Cy) = —1,
will show that either 1 € E(p) or —1 € E(p). It follows from ) (
A #0101...010, that either

~—

(5.12) 3 A0 K) =1, Ak+1] =0,
0<k<n—1

or

(5.13) 3 WA = -1, Ak+1]=0.
0<k<n—1

Indeed, by looking at ¥(A[0,4]), i =0,...,n — 1, we get that either there exists
J > 0 with ¥(A[0,j]) = 2 or there exists j > 0 with ¥(A[0,j]) = —1. In the
first case, choosing the smallest j with this property we get ¥(A[0,7 — 1]) = 1,
Alj] = 0. In the second case, choosing the last j with this property we get
¥(A0, j]) = —1, A[j + 1] = 0. Now, take any nonempty open set U C X. There
exists ¢ > 1 such that T?[Cy; + i] C U for some 0 < p < n', i € {0,1}. Let
B=(Ax...x A)x (C;+1i), where in the definition of B the number of A’s is
such that [Ax...x A| > L, L is the recognizability constant. Then B starts with
the block C; +i (recall that A starts with 0) and hence T?[B] C T?[Cy+i] C U.
Actually we know more, namely, for each = € T?[B] we have p;(z) = pry1(z) =p
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(because of the recognizability property). Suppose (5.12) is valid and take x €
TP[B]. ThenT*" & € TP[C; +i] C U and

o #0 (@) = (al0,kn' — 1)) = 1.

Thus we have proved that 1 € E(y), so E(p) = Z.

The case (5.13) is similar and gives ¢*7')(2) = —1, thus E(y) = Z.

If ¢»(A) = —1, then we can either repeat our previous considerations or
observe that the block A x A defines the same system X as A and ¥(Ax A) = 1.
Thus E(¢) = Z.

It follows from Proposition 5.2.3 that T, is topologically ergodic.

(¢) Fix a positive integer M and given an open nonempty set U C X find
z €U and t > M with TPz € [C; +i] C TP*U, where (p;);>1 is the sequence
defining the unique structure of C;’s and a’s on z. Find k& > 0 such that z[p; +
knt,p; + (k + 1)nt — 1] = C; + 4. Since [¢(A)| = 2 and ¥ (Cy) = +(A)Y, the
number ¢(A)* divides ¥ (). Clearly |[4(A)| > t > M. Thus co € Eq(¢).
To show that E(¢) = {0}, suppose that there is a positive m € E(y). Fix t
satisfying [ (A)|* > m. Let U = [Cyys), where sn > L (L is the recognizability
constant for X). There is k such that U N T~FU N {z : o*)(z) = m} # 0. By
the recognizability, n' divides k. Thus ¢ (z) is of the form ¢®)(z) = I|1(A)|*
for some | € Z. Since [1p(A)|* > m > 0, o*)(z) # m, a contradiction. Thus
E(p) = {0} 0

According to a private letter from A. Forrest ([20]), he proved the following
theorem.

Suppose that (X, T) is minimal Cantor and that ¢: X — Z is a cocycle such
that its mean with respect to every T-invariant measure equals zero. Then either

(i) ¢ is a coboundary or
(ii) ¢ is topologically ergodic or
(iii) Foo(p) = {0,00} or
(iv) ¢ is cohomologous to a cocycle ny for some n > 1 with ¢: X — Z
topologically ergodic.

5.6. An application — a disjointness theorem

Assume that G is a locally compact group acting continuously on a compact
Hausdorff space Y, GxY 2 (g,y) — g(y) € Y; thus all ¢g’s are homeomorphisms.
Then the pair (Y, G) is said to be a G-flow. A subset D C Y is called G-minimal,
if D is closed, G-invariant (gD = D for all g € GG) and the only proper subset of
D with these properties is the empty set. A G-flow (Y, G) is G-minimal if Y is
G-minimal.
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Now, let (X,T) be a compact minimal Z-flow, G a locally compact group
acting on a compact Hausdorff space Y, ¢: X — G a cocycle. Define a home-
omorphism 7i,: X XY — X x Y by the formula

Ty(,y) = (Tz. p(2)(y))-
We will explore Z-flows of the form (X x Y, ip).

Proposition 5.6.1. Let (X, T) be a compact minimal flow, G a locally com-
pact group acting on a compact Hausdorff space Y, p: X — G a cocycle such that
T, s point transitive.

(a) f M C X XY is ip—mim'mal, then there exists a compact G-invariant
Yo C Y such that M = X x Yy. Moreover (Yo, G) is point transitive.

(b) If the G-flow (Y, G) is minimal, then fp is also minimal.

(c) If the G-flow (Y, G) is point transitive then i, 15 also point transitive.

Proof. (a) If (z0,go) has dense orbit in X x G, then also (zg,e) has dense
orbit in X x GG, where e is the unit element of GG. Since X is minimal and X x Y
is compact, the projection mx: X X Y — X maps M onto X, mx (M) = X. Find
Yo € Y such that (zg,y0) € M. Define

D={(x,9) € X xG: (x,9(y0)) € M}.

Then (z9,e) € D, D is closed and T,-invariant, so D = X x G. Put

Yo = G(yo),

where G(yo) = {9(yo) : g € G}. Since D = X x G, X x G(yo) C M. Clearly
X x G(yo) is TVS(,-invariant7 hence the minimality of M yields X x Yy = M.

(b) In this case Yy = G(yo) =Y.

(¢) Assume that (zp,e) has dense orbit in X x G and that yo € Y has
dense orbit in Y ie. G(yo) = Y. We will show that (zg,yo) has dense orbit in
X xY (for T;,). Take any nonempty open sets U C X, V C Y. There exists
a nonempty open W C G such that g € W implies g(yp) € V. We can find
n € Z with T} (xo,e) € Ux W. Then T"xg € U, o™ (z0) € W and fg(xo,yo) =
(T xq, 0™ (20)(yo)) €U x V. O

Recall that two compact flows (X71,7T7) and (X2, T5) are disjoint, if the only
nonempty closed T} x Th-invariant subset D C X7 x X3 satisfying m;(D) = X1,
where m;(z1,22) = 2, ¢ = 1,2, is just X; X Xo. In such a case we will write
Ty L Ts.

Proposition 5.6.2. Assume that (X,T) and (Z,S) are compact minimal
Z-flows such that T L S. Let G be an Abelian locally compact group acting on
a compact Hausdorff space Y in such a way that the G-flow (Y, G) is minimal.
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Let p: X — G be a Z-cocycle such that T, x S is point transitive. Then ip x S
is point transitive and T, LS.

Proof. Let (g, go, 20) be a point with dense orbit in (X x G) x Z. Then also
((xo,€),20) has dense orbit in (X x G) x Z. Assume that D C (X xY) x Z
is a closed, io x S-invariant set with mxxy (D) = X x Y, nz(D) = Z. Let
D = wxxz(D). Then nx (D) = X, nz(D) = Z. Clearly D is closed and T x
S-invariant. From T L S we get D = X x Z, which implies (x0,20) € D,
and therefore there exists y € Y with (xo,y,20) € D. Define F = Fj: (X x
G)xZ — (X xY)x Zby F(zx,g,2) = (x,9(y), z). Since the G-flow (Y, Q) is
minimal, F((X x G) x Z) is dense in (X x Y) x Z. Moreover, F'o (T, x §) =
(va x S) o F' and therefore, for each (z,g,2) € (X x G) x Z, F(Orb(z, g,2)) =
Orb(F(x,g,z)). Thus F(xo,e, z0) has dense orbit in (X xY)x Z, (X xY)x Z =
Orb(F (z0, €, 20)) = Orb(zg, e(y), 2z0) = Orb(z0, y, 20), which implies that Tv@ xS
is point transitive. Since (x0,y,20) € D, D = (X xY) x Z and i, LS. O

Definition 5.6.3. Let (X, T) be a compact minimal flow. A cocycle p: X —
R is called universally ergodic, if for each compact flow (Y, S) such that T x S is
topologically ergodic, the flow T;, x S is also topologically ergodic.

We will now show the existence of universally ergodic cocycles over irrational
rotations.

Let T = {z € C: |z| = 1} be the unit circle on the complex plane, T: T — T,
Tz = exp(2mia)z, where « is irrational. Denote by dz the probability Haar
measure on T.

Lemma 5.6.4. Let o:T — R be a cocycle such that ngadx = 0 and let
(ne)i>1 be a sequence of integers.

(a) If 3V sup{p™)(x):x € T} > c then
c>0t>1

v o) (zy) =7
0<r<e (zy)iz1 t21

(b) If 3 v inf{p™)(z): 2 €T} <c then

c<0t>1

Vv 3V e™(m)=r

e<r<0 (m4) 451 t21

Proof. We will prove only the first statement. Take 0 < r < ¢ and denote
e = (c—7r)/2. Since [ pdr = 0, there exists a sequence (y;);>1 such that
w(”t)(yt) = fT @) dr = 0, t > 1. By assumption, we can find a sequence
(2¢)¢>1 such that ¢(™)(z;) > r + e. By continuity of p(™) ¢ > 1, there exists
a sequence (x;);>1 satisfying o) (z)) =7 t > 1. O
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Proposition 5.6.5. Let T:T — T be an irrational rotation, o:T — R a
cocycle. If

/t,p(x) dt=0 and 3 VY |l™| >e¢,
T c>0n>1
then ¢ is universally ergodic.

Proof. Let (Y,S) be a compact flow such that T'x S is topologically ergodic.
Define ¢:T x Y — R by the formula ¢(z,y) = ¢(z). Then T, x S is clearly
isomorphic to (T x S)z. We will show that E(p) = R.

Let U C T and V C Y be nonempty open sets. Consider a sequence of open
sets U D Uy D Uy D ... such that (), U; is a one point set. Since T x S is
topologically ergodic, for each ¢ there is n; satisfying

(U x V)N (T x S)"" (U x V) # 0.
Then (n¢)¢>1 s a rigidity time for T'. Moreover

YU xV)N(T x8S)"™ (U x V) # 0.

t

Replacing ¢ by —¢ and passing to a subsequence if necessary we may assume
that
v sup{p™)(z):z € T} > c.
t>1
Now choose any r € (0, ¢). By Lemma 5.6.4, there exists a sequence (z)¢>1 such
that
v o (@) =7,
t>1
Fix an arbitrary € > 0. We will show that
(U X V)N (T x 8)7" (U x V)N {(z,y) : [§")(z,y) = r| < e} # 0.
Let W € W C U be a nonempty open set. Then

IV WcUNT ™U,

t1 t>t
and since T is minimal,
3 v {z,Tx,,...,T" 2} nW #£0.
k>0zeT

Furthermore

g
3V Y p(T"r) — ()] < 7.
to t>ty €T k



CHAPTER 5. REAL COCYCLE EXTENSIONS OF MINIMAL ROTATIONS 117

Take t > to = max{t;,ta}. Denote yy = Tz, € W, where 0 < i < k. Then
ys € UNT~™U. Moreover

0" (ye) = | = 10" (ye) — ) ()]

i—1

3 (T ) — (T )

m=0

i—1

< |<p(Tm+nt33t) _ QO(T"th” < e.

m=0

Therefore g(") (y;, 2) € (r—e,r+¢) for each z € Y. Now choose z; € VNS~ ™V.
Then

(vt 2) € (U X V)N (T x 8)7" (U x V) N {(x,y) : [ (2, ) — | < e},
which completes the proof. O

Now we will argue that cocycles satisfying assumptions of Proposition 5.6.5
do exist. Suppose that p: T — R is a cocycle for Tz = exp(2wia)z with zero
mean. Moreover suppose that the condition

(5.14) ™| =¢c>0 foralln>1

is not valid. It follows that there exists an increasing sequence (ky)n>1 of posi-
tive integers with ¢(*») — 0 uniformly, so exp(2mip(*»)) — 1 uniformly. Con-
sider an operator V,: L*(T,dz) — L?*(T,dz) given by the formula V,F(z) =
exp(2mip(z))F(Tx). Then clearly VIF(z) = exp(2mip®) (2))F(T*z). Taking
F =1 we get
Glk] = (V1,1) = / exp(2rip® (2)) da.
T

It follows that if the condition (5.14) is not satisfied, then there exists a spectral
measure o of the operator V,, which is a Dirichlet measure: ¢[k,,] — o(T) for some
sequence (k). If for instance the maximal spectral type of V,, is a Rajchman
measure then (5.14) holds. In particular (5.14) holds if the maximal spectral
type of V,, is Lebesgue measure. Examples of continuous functions ¢ for which
the maximal spectral type of V, is Lebesgue can be found in [11], [43], [69].
Because each f € L!(T) is cohomologous to a continuous function [53], also
many Anzai cocycles determines ¢ € C(T) satisfying (5.14). M. Lemaczyk has
recently proved [62] that if a special flow with a function f over rotation is
mixing then the function fo = f — [ f satisfies | fo(")\ — 00 in measure. It follows
that there is a continuous function ¢ in the cohomology class of fy such that
le™ lleery — oo

In what follows we will briefly describe notions of RIC and PI flows. For more
details we refer to [28] or [97].
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Recall that a flow (Z,S) is topologically weakly mixing, if the product flow
(Z x Z,S x S) is topologically ergodic. It is well known that all minimal rota-
tions are disjoint from all weakly mixing minimal flows [22]. For a factor map
m:(Z,5) — (X,T) denote R, = {(z1,22) : m(21) = 7(22)}. The map 7 is called
weakly mizing, if the flow (R, S x S) is topologically ergodic. If Z is minimal
then 7 is said to be relatively incontractible, RIC for short, whenever all proximal
minimal extensions of X are disjoint from m. For 7 which is RIC there exists

a commutative diagram
X

™ X

LA

where p is the largest equicontinuous extension of X that is a factor of Z. The
above decomposition m = p7 we will call a RIC-decomposition of w. For any
minimal flow (Z,S) one can construct a diagram called the canonical PI-tower.
This diagram is presented at Figure 5.1.

Z i Z 02 Zs . Zoo
| k)
1 T oo
* o X1 o1 Y1 95 X2 o2 Y2 ce Yoo
FIGURE 5.1

In the picture all 6;, 671 are proximal, all 7; are RIC and all decompositions m; =
pi7; are the RIC-decompositions. If the map 7 is an isomorphism, then (Z, S)
is called a PI-flow. If m: Z — X, where (X,T) is a rotation, is RIC and weakly
mixing then X is the maximal equicontinuous factor of Z and the canonical
PI-tower has the form shown at Figure 5.2.

Id

.

X Id

N

™

* 44— N
P

=

FIGURE 5.2

In such a case Z is not PI provided 7 is not an isomorphism.
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Theorem 5.6.6. Let (X,T) be a minimal rotation, ¢: X — R a universally
ergodic cocycle, (Y,R) a compact minimal R-flow. Then ip 1L S for each weakly
mizing compact minimal flow (Z,S). If additionally (Y,R) is weakly mizing and
Y is metric then va s not PI.

Proof. Let (Z,S) be a weakly mixing compact minimal flow. Then 7" L S
and, by assumption, T, x S is topologically ergodic hence point transitive. By
Proposition 5.6.2, i, 1 S.

Now assume that the R-flow (Y, R) is weakly mixing. First we will show that
the extension 7: (X X Y,fw) — (X,T), where n(z,y) = z, is weakly mixing.
Denote

R.={(v,y,z,9):ze X,y eY} =X xY xY.

It suffices to show that the flow (R, i@xw) is point transitive, where

Toxo(r,y,y") = (Tx, 0(x)(y), p(x)(y))-

Since (Y, G) is weakly mixing, (Y x Y, G) is point transitive (Y is metric). The
cocycle ¢ X ¢: X — Ar = {(r,r) : r € R} is clearly topologically ergodic.
By Proposition 5.6.1, i,xg,,:R,r — R, is point transitive, thus the extension
(X X Y,fp) — (X, T) is weakly mixing. It follows from [28, Proposition 2.1]
that 7 is RIC. In particular (X, T) is the maximal equicontinuous factor of ip.

Thus the canonical PI tower for 7 is reduced to X x Y — Y, so ia is not PL.0J

Denote by W the class of all compact minimal weakly mixing flows and by W+
the class of all compact minimal flows, which are disjoint from all flows belonging
to W. Following [38] we say that a compact minimal flow (X, T) is a multiplier of
the class of topological systems disjoint from weakly mizing, if for each compact
minimal flow (Z,S) € W+ and for each minimal subset M C X x Z, the flow
(M, T x S) is in Wt. Recall that an extension 7: (Y, G) — (Y1, G) is regular if
for each almost periodic pair (y1,y2) € Y X Y satisfying 7(y;) = m(y2) there
exists a homeomorphism S:Y — Y such that Sog = go S for all g € G (we call
such an S an automorphism of (Y, @)) and satisfying S(y1) = yo2. A flow (Y, G)
is reqular if treated as an extension of the one point flow (x, G) it is regular.

Assume now that (Y,R) is regular and let ioz X xY — X xY satisfy the
assumptions of Theorem 5.6.6, i.e. p: X — R is a universally ergodic cocycle
over a minimal rotation (X,7T) and (Y,R) is a compact minimal R-flow. Thus
(X xY, fp) € Wt. Let R: Z — Z be a homeomorphism of a compact Hausdorff
space such that the flow (Z, R) is minimal. Assume that (Z, R) is in W+. Let
M C (X xY) x Z be a minimal subset. We will show that (M, TVW x R) is in Wt
giving explicite a family of examples of multipliers of W+, precising a result of
E. Glasner and B. Weiss, [38].

First observe that the extension (X x Y,io) — (X, T) is regular. Indeed, if
((z,y1), (z,y2)) is an almost periodic element in ((X x V) x (X xY), T, x T:o),
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then for some nontrivial sequence of integers (Tv;“ X Tgi)((gc,yl)7 (z,y2)) —
((z, 1), (z,92)), hence ™) (z)(y1) — y1, ") (x)(y2) — y2 and (y1,y2) is al-
most periodic in (Y x Y, R). Since (Y, R) is regular, there is an automorphism of
(Y,R) such that S(y1) = y2. Define S: X x Y — X x Y by S(z,y) = (z,5(y)).
Clearly §(m,y1) = (z,y2). Thus the extension (X x Y, va) — (X, T) is regular
and we can apply Proposition 4.1 in [38]. Since rotations are multipliers of the
class of topological systems disjoint from weakly mixing, so is i@'



CHAPTER 6

ESSENTIAL VALUES OF TOPOLOGICAL COCYCLES
OVER MINIMAL ROTATIONS

In this chapter a theory of essential values of cocycles over minimal rotations
with values in locally compact Abelian groups, especially R™ will be developed.
We will give some criteria for such cocycles to be conservative and describe the
group of essential values of such ones.

6.1. Essential values of a cocycle

The following proposition is a topological version of a similar one from [69].

Proposition 6.1.1. Let (X,T) be a flow. Assume that G, H are locally com-
pact Abelian groups and let w: G — H be a continuous group homomorphism. If
p: X — G is a continuous map, then

m(E(p)) C E(m o).

Proof. Let h € w(E(p)), then h = w(g) for some g € E(p). Fix any open
U C X and an open neighbourhood V of h = 7(g) in H. Then 7~(V) is an
open neighbourhood of g in G and there exists an integer N such that

UNnTNUN{zeX: oM (z)er (V) #0.
Using the identity (7 0 ¢)™) = 70 ™) we have

UNTNUN{zeX:(rop)M(zx)eV}
=UNTNUN{zeX: oM (z)er (V) #0,

and therefore h € E(m o ¢). Since E(m o ¢) is closed, the result follows. O

121
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Proposition 6.1.2. Assume that (X,T) is a topological flow, G a locally
compact Abelian group, p: X — G a continuous map, H C E(p) a closed sub-
group. Let op: X — G/H, pg(x) = p(x) + H. Then E(pn) = E(p)/H.

Proof. By Proposition 6.1.1, E(y)/H C E(pm). To prove the converse choose
g+ H € E(pu). We will show that g € E(p). Take an open set U C X and an
open neighbourhood V of zero in G. Let Vj) C G be such an open neighbourhood
of zero that Vo + Vo C V. Since g + H € E(pp), there exist an integer N and
zo9 € X such that

xOEUﬂT_NUﬂ{mEX:go%V)(x) €g+H+ V.
Then go(N)(xg) =g+ h+ vy for some h € H, vy € V. Denote
W=UnTNUn{zeX: oW (zx)eg+h+V}

Clearly W is an open subset of X, zg € W, so W # (). Since —h € H C E(p),
there exists an integer M such that

WnTMWwn{zeX:p™M(z)e—-h+Vy}#0.
We will show that each z from the above intersection is in
UNT N Mun{zeX: o™+ () e g+ V).

Since v € WNT~MW 2 € UNT~N=MU. Moreover, pN+M) (1) = pN) (TM z) +
©M)(z) and M) (x) € —h+Vj. On the other hand TM 2 € W, so N (TMz) €
g+ h+ V. Thus

eNVHM) (1) = oN(TM ) 4 oM (z) € g+ h+ Vo — h+
=g9g+W+WCg+V
and the result follows. O

Definition 6.1.3. Let (X,T) be a flow, G a locally compact Abelian group,
p: X — G a continuous map. We say that the cocycle ¢ is regular if there exists
a continuous map f: X — G such that all values of the cocycle ¢ = p+ foT — f
are in E(yp).

From Proposition 6.1.2 we have the following corollary.

Corollary 6.1.4. Assume that (X, T) is a flow, G a locally compact Abelian
group and ¢: X — G a continuous cocycle. Let $: X — G/E(p) be given by
o(x) = p(x) + E(p). Then E(p) = {0}. If additionally ¢ is regular, then also
Es(p) = {0}

Proof. The first assertion follows from Proposition 6.1.2. If ¢ is regular then
p=v+f—foT, where ¢p: X — E(p). Therefore ¢ = i/;Jr]f”Vf foT = f, foT
is a coboundary as zz = 0. By Proposition 5.2.7, E.(¢) = {0}. a
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Theorem 6.1.5. Let (X, T) be a topologically ergodic flow, G a locally com-
pact Abelian group, ¢: X — G a regular cocycle. Then (X x G,T,) is a disjo-
int union of topologically ergodic subflows, each of them isomorphic to (X X
E(p),Ty), where : X — E(p), v =@+ foT — f.

Proof. For each g € G define a map J,;: X x E(¢p) — X x G by setting
Jo(z,v) = (z,0+g— f(x)).
We will show that the following conditions hold:
(a) Ty is topologically ergodic.
(b) Each J, is a homeomorphic embedding and J Ty, = T, J,.
(c) Jg(X x E(p)) is a closed and T,-invariant subset of X x G for each
g €q.
(d) Jg(X x E(p)) = Jn(X x E(p)) if and only if g — h € E(y).
(e) Jg(X x E(p)) NJp(X x E(p)) =0 if and only if g — h & E(yp).
ad (a). Assume that v € E(p) and let U C X be an non-empty open set,
V,Vi C E(p) open neighbourhoods of zero with V; + V; C V. Fix an open

Uy C U such that 2/,2” € Uy implies f(z') — f(2”) € V4. Then there exists an
integer n such that

W=UnNnT"Uin{zeX:o™(x)cv+ W} #0.
We will show that
WcunT"Un{zeX:vM@x)cv+ V]
Take x € W, then z,T"x € Uy C U, so f(T"z) — f(x) € V1. Thus
v (z) = o (z) + f(T"2) — f(z) ev+Vi+ Vi Co+ V.

We have proved that v € E(1) which implies E(¢) = E(yp) and therefore T}, is
topologically ergodic.

ad (b). The equality J,7, = T,J, and continuity of J; is clear. Since
(Jg) "L Jy(X x E(p)) — X x E(p) is given by the formula (J,) *(z,h) =
(z,h — g+ f(x)), (Jg)~! is continuous.

ad (c). Since J Ty = T,J,, Jo(X x E(p)) is T -invariant. To show that
Jg(X x E(yp)) is closed assume that (Jg (25, v;))ier is a convergent net of elements
of Jy(X x E(p)), Jg(zi,vi) = (z5,v; + 9 — f(z;)) — (z,h). Then z; — =z,
v + g — f(z;) — h. As f is continuous, f(x;) — f(z) and therefore v; —
h — g+ f(x). Since E(y) is a closed subgroup of G, h — g + f(z) € E(p) and
(x,h) = Jg(x,h — g+ f(x)), so Jo(X x E(p)) is closed.

ad (d). If g— h € E(p) and (z,v) € X x E(p), then

Jo(z,0) = (2,0 + 9= f(2)) = (z,0+ (g = h) + h = f(2)) = Ju(z,0+ g = h),
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thus Jg(X x E(g)) C Jup(X x E(¢)). By symmetry of arguments, Jo(X x E(¢)) =
Jn(X x E(g)). Conversely, if Jo(X x E(p)) = Ju(X x E(p)) then Jy(x,0) €
Jn(X x E(p)) ie. (x,g — f(x)) = (z,v+ h — f(z)) for some v € E(p), hence
g—h=ve€ E(p).

ad (e). Suppose (z,v) € J4(X x E(p))NJg(X x E(p)). Then (x,v) = (x,u+
g—f(x)) = (z,w+h— f(x)) for some u,w € E(p), hence g—h = w—u € E(p)
and, by (¢), g — h € E(p). The opposite implication is clear in view of (¢) and
(d) is proved.

It follows from (a)—(e) that {J,(X x E(y) : g € G} is a family of pair-wise
disjoint T\ -invariant subsets of X x G. Clearly these subsets cover whole X x G
and all J,’s are homeomorphisms satisfying J, Ty, = T\, J,, so each J4(X x E(g))
is topologically ergodic. a

Remark 6.1.6. If G a locally compact Abelian group, then there exists a
closed-open subgroup H of G, that is a direct sum of a compact group and R™
(see for instance [77, Theorem 25]). If additionally G' has no compact subgroups,
then H = R™. Because R™ is a divisible group, G is a direct sum of R™ and
G/R™. Note that the latter group is always discrete.

Lemma 6.1.7. Let (X, T) be a compact flow and o: X — R™ a cocycle. If for
some unbounded sequence (n;)i>1 of integers, the sequence (<p(”t))n>1 converges
uniformly to a constant a € R™, then a = 0.

Proof. Let p be a probability T-invariant measure on X. Then clearly
[x e dp — a as t — oco. Because [, ") dx = ny [ pdz, ny [ pdz — a.
This implies a = 0. g

The following lemma will be essentially helpful in proof of the very important
Lemma 6.2.4.

Lemma 6.1.8. Let (X,T) be a compact flow and G a locally compact Abe-
lian group with no mon-trivial compact subgroup. Assume that ¢: X — G is
continuous. If ™) — g € G uniformly for some unbounded sequence of integers
(n¢)t>1, then g = 0.

Proof. Let G = R™ @ D, where D is a discrete group without compact

subgroups. Denote ¢ = ¢ + 2, where ¢1: X — R™, ¢9: X — D. Then
R = <p§’“) + wék) for any integer k£ and therefore cplm) — g1, ﬁPg SR 92,
where g = g1 + g2, g1 € R™, g2 € D. By Lemma 6.1.7, g7 = 0. Consider now

p2: X — D. For the converse suppose g2 # 0. We have cpg ) g2 uniformly.

Since D is discrete, <pé ) = go for t large enough. Fix such a t. For k > 1 we can

find integers s = sg, 7 = 1 such that nyyr = sny + r. Then applying s times
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the cocycle equality (m+™) = (™) o T 4+ 9)(") we get
g2 =) = e
:9057“) ° T(sfl)ntJrr + @én‘) o T(572)nt+r NI gOgnt) oT" + @g)
=5g2 + (pgr).
Because r is just the remainder of the division by n;, there exist only finitely
many values of r and therefore the set of values of all @éT), r=20,1,...,n4,
is bounded. On the other hand, the group D has no compact subgroups and
therefore sga — 00, which gives a contradiction and the lemma is proved. |

Lemma 6.1.9. Let v € R™, v # 0. There exists an open bounded set V,
R™ D V 3 v, such that for each bounded set A C R™ there exists a positive
integer p > 0 satisfying the following condition:

If 51,80 €N, 59 > 3s1 +p, then AN (s2V —5V) =0.

Proof. Let V be an open ball with center in v and of radius r = ||v||/2. Then
we have

3 . 1
sup{fle] : & € V} = Sloll,  inf{[lz]| : 2 € V} = So]].

Let A C R™ be a bounded set. Denote M = sup{||z|| : z € A}. Choose p
satisfying (1/2)||v||-p > M. Now, let s1, s be such integers that so > 3s1 +p. We
will show that AN (seV —s1V) = (0. To do this take vq,... ,vs,,u1,... ,us, € V.
Then v1/sa + ...+ vs,/s2 € V and we have

logr + ..o Fvs, —ur — oo —ug, || Z o1+ Fos, || = JJur + -+ us, ||
1 1
=sol|—v1 + ...+ —vg, || = Jur + ...+ ug, ||
S9 S92
1
2 s2 - gllvl = lluall = .. = lvs,

1 3 1 1
> 5 glloll = s+ Sllell = (52 = 31) - 5ol = p- gl > M.
Thus vi +...+vs, —u; —...—us, cannot belong to A and the proof is complete.[]

Lemma 6.1.10. Let (X,T) be a compact flow, G a locally compact Abelian
group, Go = K & R™ an open subgroup of G with K compact. Assume that
©: X — G is a continuous map. If o) — g € Gy uniformly for some increasing
(decreasing) sequence (ny)i>1 of integers, then g € K.

Proof. Let g = k+wv, where k € K, v € R™. Assume that v # 0. Then we can
find an open bounded set V, v € V' C R™, satisfying Lemma 6.1.9. Let U C K
be an open neighbourhood of k. There exists a tg > 0 such that

(6.1) oM Xy cUaV.
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for any t > tg. Fixt > tg and take [ > 0. Then n;y; = syn¢+r;, where 0 < rp < ng.
Moreover, by the cocycle equation, for each x € X
(p(nwl)(x) - (p(nt)(T(sl_l)nt+Tlx) + SD(nt)(T(Sl—2)711,-0-7‘lx)
+o+ eM(T ) 4 0 (2),
and by (6.1),
o) (z) e UV, e+ (z) € 5)(U @ V) 4 o™ ().

Because r; takes only finitely many values, so does go(”)(x), [ > 1. Therefore we
can find 0 < I; < Iy such that Iy — 3l; > pg, where pg is given by Lemma 6.1.9
for A=V -V, and r, =m,. Then

Pt (@) € 51, (U V) + o) (a),
) () € s, (U V) + ") ().

This implies
e (@) — (@) € s, (U V) — s, (U V)

and therefore
(V - V) N (5[2V - 3l1V) 7& @,
which contradicts Lemma 6.1.9. Thus v =0 and g € K. O

Lemma 6.1.11. Let (X,T) be a compact flow, G a locally compact Abelian
group, Gog = K @& R™ an open subgroup of G with K compact, p: X — G a
continuous map. Assume that (n,);>1 s an increasing (decreasing) sequence of
integers such that ™) — g € G uniformly. Then rg € K for some non-zero
nteger r.

Proof. Let : X — G /Gy, 7(x) = ¢(z)+Gp. Then (™) — g+G uniformly.

Since G /G is discrete, (") (X) = {g + Go} for ¢ large enough. Fix such a ¢,
then for each 1 =1,2,..., ny; = s;ng + 1, 0 < 1 < ng. By the cocycle equation,

L)O(TLtH)(x) — (p(nt)(T(sl_l)nH—”x) + sD(nt)(T(sl—2)77,,,-‘,—7"1.%,)
+o oM (T ) 4 0 (2),
hence
g+G=s1(9+Go)+3"(z), 1=1,2,3,...
Choose I < I3 such that 7, = ry,. Then 0 = (s;, — s1,)(g+ Go), so0 (81, — $1,)g €

Go. Denote r = s, — s;; > 0. Let v: X — G, ¥(x) = ro(x), x € X. Then
() = rp) — rg € Gy uniformly. By Lemma 6.1.10, rg € K. a

Definition 6.1.12. If A, B are topological spaces, m: A — B a continuous
map with 7(4) = B, then a continuous map s: B — A is called a continuous
selector for 7 if s satisfies w(s(y)) =y for all y € B.
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Lemma 6.1.13. Let (X,T) be a flow, G a locally compact Abelian group,
©: X — G a continuous map. Let 9: X — G/E(p), ¢(x) = p(z) + E(p). If
E () = {0} and there exists a continuous selector for the natural quotient map
G — G/E(p), then ¢ is regular.

{0}, ¢ is a coboundary (Proposition 5.2.7), g = foT — f, where f: X — G/E(y).

Define f:X — G by f(x) = s(f(2)). Then o(z) — f(Ta) + f(z) = ¢(a)

s(f(Tx)) + s(f(x)) € E(p) and ¢ is regular.

Remark 6.1.14. In the following cases the natural quotient maps G —

Proof. Let s be a selector for the quotient map G — G/E(p). Since E(¢) =
x

O

G/H, where G, H C G are topological Abelian groups, admit continuous selec-
tors:

(a) G/H is a discrete group;
(b) H =R™ for some integer m > 0.

6.2. The groups of essential values
for extensions of minimal rotations

In this section we will concentrate on the following situation: T: X — X is
a minimal rotation, X a compact metric monothetic group, G a locally compact
Abelian group.

Lemma 6.2.1. LetT be a minimal rotation on a compact metric monothetic
group X, D a discrete Abelian group, ¢: X — D a continuous map. If (ng)i>1 is
a rigidity time for T then

3V 3V oM(z)=d,

to t>tg dy z€X
i.e. each ™) is a constant function for t large enough.

Proof. Let (n4)¢>1 be a rigidity time for 7. Then 7™ — Id uniformly. Since
 is continuous and D is discrete, there exists a tg such that o(T"tx) = p(z) for
all t > to and each z € X. Fix 9 € X and t > tog. Then @) (T2 —
M) (Tixg) = (T ag) — p(Tixg) = 0 for all i € Z, so ™) (Txy) =
@) (T 1), i € Z. Tt follows from the minimality of T that (™) = const =
di € D. O

The characterization below of essential values can be found in [65].

Proposition 6.2.2. Let T be a minimal rotation on a compact metric mono-
thetic group X, G a locally compact Abelian group, p: X — G a continuous map.
Assume that 0 # g € Go. Then g € Ex () if and only if there exists a rigidity
time (n¢);>1 and a sequence (x¢);>1 of elements of X such that ¢ (x;) — g.
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Proposition 6.2.3. Let T' be a minimal rotation on a compact metric mo-
nothetic group X, G a locally compact Abelian group, p: X — G a continuous
map. Let H C G be a closed subgroup such that H/E(p) N H is compact. Put
om: X — G/H, ou(x) = p(x) + H. Then E(ppy) is naturally isomorphic to
E(p)/E(¢) N H. Moreover, oo € Exo(¢n) if and only if 00 € Ex(©p(p)nm)-

Proof. Let Hy = E(p) N H and let 7m: G/Hy — G/H be the natural quotient
map. We will show that 7 restricted to E(y)/Hp is a group isomorphism of
E(yp)/Hp and E(ppg). Suppose first that g+ Hg € E(p)+ Hp, then g € E(p) and,
by Proposition 6.2.2, there exists a rigidity time (n;)¢>1 and a sequence (z);>1 of
elements of X such that (™) (z;) — g. Then ") (x,)+ H — g+ H = 7(g+ Hp)
and 7(g 4+ Hp) € E(¢n). Now, let g € E(p) and n(9g+ Hyo) = g+ H = H. Then
g€ Hsoge€ E(p)NH = Hy. Thus 7 is one-to-one on E(¢)/Hy. To show that
7(E(p)/Hy) = E(pn) take g + H € E(pp). Then o) (2,) + H — g+ H for
some rigidity time (n:):>1 and a sequence (x4):>1 of elements of X. Let V be a
neighbourhood of g + H in G/H with V being compact. Since the kernel H/H
of 7 is compact, 7~ (V) C G/H, is compact as well. Therefore there exists a
converging subsequence (<p(nst)(xst)+H0)t>1 of the sequence (So(nt)(xt)'i_HO)t)l’
ga(”St)(xst) + Hy — go + Ho € G/Hy. By Proposition 6.2.2, go + Ho € E(¢n,) =
E(v)/Hy (Proposition 6.1.2). Since go + H = g+ H, g + H = 7(go + Hp) with
go+Ho € E(p)/Hp, 7 restricted to E(v)/Hy is onto E(¢p). Collecting results we
get that E(pg) is naturally isomorphic to E(y)/E(p)NH and the first assertion
is proved.

We will show the second assertion. Assume that oo € En(¢m,). Then
(p(”f)(xt) + Hy — oo for some rigidity time (n;);>1 and z; € X, t > 1. Now,
if (ht)¢>1 is an arbitrary sequence of elements of H, then, as H/Hy is com-
pact, we may assume that (h; + Ho);>1 converges, hy + Hy — h + Hy. Then
0 (2)4+hy+Hy — h+0o = co. Since (ht)i>1 was arbitrary, 0" (z4)+H — o0,
hence 0o € Eo(pp). Conversely, if oo € Foo(¢p) then (") (z,) + H — oo for
some rigidity time (n;);>1 and z; € X, ¢t > 1, hence ©")(z,) + Hy — oo and
© € Fy ((pHO). U

Lemma 6.2.4. LetT be a minimal rotation on a compact metric monothetic
group X, G a locally compact Abelian group with no non-trivial compact subgroup,
©: X — G a continuous map. If E(p) # {0}, then no point in E(p) is isolated.

Proof. Assume that 0 # ¢g € G is an isolated element of E(p). By Pro-
position 6.2.2, g = lim;_o ™) (z;), where (n¢)i>1 is a rigidity time for T,
x; € X, t > 1. It follows from Lemma 6.1.8 that ¢(™) 4 ¢ uniformly. As g
is isolated, there exists an open set 0 € V C G such that V is compact and
E(p)N]g+ (V + V)] ={g}. Moreover, we may assume that

(nt)
(6.2) Y3 M E gt VAV,
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Find an open symmetric set V7, 0 € V7 C G, such that V; + V7 C V and put

Clearly K is a compact set, K N E(p) = (). By Proposition 5.2.5, there exists an
open non-empty set U C X such that
(6.3) v UNT"UN{zeX: ™ e K} =0.

ne

Let d be an invariant metric on X. Fix g € U and § > 0 such that the ball with
center in xg and of radius 26 is included in U, and the following condition

d(z,2') < § = p(x) — (') e Wy
is valid. Let B be the ball with center in zy and of radius §/2. Then B with its
(3/2)d-neighbourhood is included in U. Let M be such a positive integer that

(6.4) Y 3 Ta2cB.
rzeX 0<i<M-—1

Such an M exists as T" is minimal.
Let W C G be such an open symmetric neighbourhood of zero that M - W C
V;. Fix a t satisfying

(6.5) Y elT™) — pla) €,
(6.6) xZ/X d(T™tx,x) < 4,
(6.7) o) (z,) € g4+ W.

Let z be given by (6.2) for the fixed ¢. Since the positive part of the orbit
of z; is dense in X ({T"z;:n > 1} = X), there exists a positive [ such that
o) (Tlay) — ™) (2) € Vi. Then o™)(T'zy) & g+ V. Let k be the smallest
positive integer such that (") (T%z,) & g+ V. Then (") (T*1z,) € g+ V. For
each i we have

(6.8)  QUN(TFT T gy) — QUO(TH gy ) = (T ) — (TF ) € W

by (6.5).
Now observe that k£ > M. Indeed, if this is not the case then

—

k
o) (Thz,) — M) () = Z[<P("‘)(T]+1wt) — M) (TI )]

by (6.8). Then, by (6.7),

e (Thzy) € o (@) + Vi Cg+WHViCg+Vi+ViCg+V,
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which is impossible because of the choice of k. Therefore k > M.

Consider now the points 7% z,, i = 1,..., M. Since k > M, all differences
k—i,i=1,...,M, are positive and ") (T*~ix,) € g +V,i=1,...,M. By
(6.4), at least one of these T*~x; is in B, say T*Jz; € B. Put y = T"Jz;. We
will show that

yeUNT ™UNn{zeX:pM™ c K},

which will give a contradiction to (6.3). By our choice of y, y € B C U. By (6.6),
d(T™y,y) < & so T™y belongs to the d-neighbourhood of B. By definition of 0,
Ty € U ie. y € T~™y. To finish the proof observe that ¢ (y) & g + V1.
Indeed, y = T* 7 x;, where j < M. By (6.8),

) (y) — ) (TFzy) = o) (TH T gy) — ") (Th2y) € j- W € M- W C VA,

so U™ (Thz,) € ) (y) + V1.
If () (y) € g+ Vi then (™) (T*z,) € g+ V1 + Vi C g+ V, that is not true.
Thus ") (y) & g+ Vi, p!")(y) € g+ V, s0

P (y) g+ (V\W) Cg+(V\ W) = K,
which finishes the proof. U

Now we are in a position to formulate a theorem describing all possible groups
of essential values for cocycles p: X — G over minimal rotations in the case when
G has no compact subgroups. By Remark 6.1.6, such a group is a direct sum
of R™ and a discrete group.

Remark 6.2.5. If G is a closed subgroup of R™, then, by [77, Theorem 6],
G is of the form
G=7Zw1 ®...0Zw ®Rvy D ...D Ruy,
where w1, ... ,w;,v1,... ,v, € R™ are linearly independent vectors.

Theorem 6.2.6. Assume that T is a minimal rotation on a compact me-
tric monothetic group X, G a locally compact Abelian group without compact
subgroups. If p: X — G is a continuous map then E(p) is a linear subspace of

R™ C G.

Proof. First we will show that E(p) C R™, where R™ C G is an open
subgroup of G. To do this we will use Proposition 6.1.2 for H = E(¢) N R™.
Since G/R™ is discrete, so is E(yp)/H. By Lemma 6.2.4, E(¢) = H C R™ and,
by Remark 6.2.5,

E(‘P)Zzwl@@Zwl@va@@Rvk

for some linearly independent vectors wiq,... ,w;, v1,... , V%, L +k < m.
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Now apply Proposition 6.1.2 for H = Ru; @ ... ® Ruy, to get that E(@) =
Zwi @ ... Zwy, i.e. that E(P) turns out to be a discrete group. By Lemma 6.2.4,
I=0and E(p) =Ru; @ ... ® Ry is a linear subspace of R™. O

6.3. Atkinson’s theorem and regularity of cylinder flows

In the main theorem in [6, Theorem 1] a condition for a conservative cylinder
flow over a minimal rotation on a torus to be point transitive is given. We will
generalize this theorem for cylinder flows being extension of any minimal rota-
tion on a compact monothetic metric group. In Atkinson’s proof the fact that
torus is a connected space was used. In our proof we will omit this property using
a method of “short steps”, introduced in Chapter 5 in the proof of Proposition
5.3.1. Nevertheless, both our proof of Proposition 6.3.7 and of the lemmas proce-
eding this theorem are modifications of the ones in [6]. After showing Proposition
6.3.7 we will use it to prove Theorem 6.3.8 giving several conditions equivalent
to conservativity.

We start with a version of [6, Lemma 4]. The differences are that a torus
is replaced with any minimal rotation and a sphere {v € R™ : ||jv|| = r} by a
ring K(a,b) = {v € R™ : a < ||v|| < b}, where || - || denotes a norm in R™. Our
assumption that E(y) = {0} is not essential in view of Theorem 6.2.6.

Lemma 6.3.1. LetT be a minimal rotation on a compact metric monothetic
group X, p: X — R™ a continuous map such that E(p) = {0}. Then for any po-
sitive real numbers a < b there ezists a positive § = §(a,b) such that if d(T™,1d) <
§ then either ™ (X) C B(0,a) or o™ (X) c B(0, b)c =X xR™\ B(0,b).

Proof. For any xp € X and i =1,2,3,... let

Ai(zg) = {p™(x) : x € B(xg,i~ 1), d(T™,1d) < i~1},
A(zo) = ) Ai(zo).
i=1
By virtue of Proposition 5.3.1, A(z¢) C E(p), so either A(zg) = ) or A(xg) =
{0}. In particular, if we put

K(a,b) ={veR™:a<|jv| <b}=B(0,b)\ B(0,a),
then A(zo) N K(a,b) =0 i.e.

oo

([ Ai(z0) N K (a,b)] = 0.

i=1

Since Ai(xo) D Aa(xo) D As(xg) D ... and K(a,b) is a compact set, some of
the sets A;(zo) N K (a,b) must be empty. Let A; N K(a,b) = . In particular

{o™(x) : z € B(xo,j7 1), d(T™,1d) < j7*} N K(a,b) = 0.
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This is true for each xg € X, because

X = J B(=,i;"),
reX
where for each z € X, {p™(y) : y € B(x,i;'), d(T",1d) <i;'} N K(a,b) = 0.
Since X is compact, there are points z1, ...,z and integers iy, ... , i, such that

X =

J

k
B($j’ Z]_l)
=1

and for each j =1,... ,k,
{o™(y) 1y € B(x;,i7"), d(T",1d) < i '} N K(a,b) = 0.

The map ¢ is uniformly continuous, thus there exists a §; > 0 such that for any
2’ e X, if d(a',2") < 01 then ||p(z) — p(z”)| < b— a. Let

§ = d(a,b) = min{dy, iy ', ... i ')

Then {¢(™(y) : y € B(x;,i; "), d(T™,1d) < 6}NK(a,b) =0, j =1,... k. Since
the balls B(:I;j,ij_l), j=1,...,k, cover whole X, for each x € X and for each n
satisfying d(T",1d) < § we have o™ (z) & K (a,b).

Now fix n satisfying d(T",1d) < § and assume that || (z)| < a for some
z € X. Then for any integer j,

e (T ) — (T x) = (T ) — p(T72) = p(T™(T7H2)) — p(T7a).
Since d(T™,1d) < 6, d(T™(T7z), T7z) < §, hence
lp(T™(T7 2)) — p(T72)|| < b —a,

and therefore || (T7+12) — (") (T7x)|| < b— a. This means that the distances
between consecutive points of the sequence (o™ (T7z));cz are less than b — a.
As none of these points is in K(a,b) and [|o™ (z)|| < a, all ¢ (Tz), j € Z,
are in B(0,a). As ¢(™ is a continuous map, (™ (X) C B(0,a). O

The next lemma is a version of [6, Theorem 2] for m = 1 only, however for
an arbitrary minimal rotation on a compact monothetic group. Moreover, we
formulate our lemma as a necessary and sufficient condition and do not assume
that the map ¢ has bounded variation. In Theorem 6.3.8 we will prove such
a result for any m.

Lemma 6.3.2. LetT be a minimal rotation on a compact metric monothetic
group X, p: X — R be a continuous map. Then T, is conservative if nd only if
fX pdp =0, where y is the normalized Haar measure on X.

Proof. Assume that fX pdup # 0, for instance that fX @du > 0. We will show
that some point in X X R is wandering. Fix an arbitrary z € X; we will show
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that the point (z,0) € X x R is wandering for 7},. Since (1/n)p(™ — Jx pdu
uniformly,

6.9 3V VY oMy > 1.

(6.9) a0 nim 3 € W)

Find an open set U C X such that 2 € U and the sets T°U, 0 < i < no,
are pair-wise disjoint. Let V' = (—=1/3,1/3) C R. We will show that the sets
T g(U x V), n > 0, are pair-wise disjoint. Suppose this is not the case and denote
by k a positive integer satisfying

(UXV)NTEU x V) #0.

Then U NT*U # 0, so k > ng. Moreover, there exist v,v’ € V and 2’ € U such
that v = pF) (2') + v, equivalently, *) (/) = v — v’. Tt follows from (6.9), that
) (2") > 1. On the other hand v — v’ < 1/3 — (—1/3) = 2/3 < 1, which gives a
contradiction. Thus the sets T (U x V), n > 0, are pair-wise disjoint, so (z,0)
is a wandering point for T,,. We have proved that T, is not conservative.
Assume now that [ < pdp = 0. Then ¢ is either a coboundary or ergodic
(Corollary 5.4.9). If ¢ is a coboundary, X x R is a union of compact minimal
sets, in particular each point of X x R is almost periodic. Such points can not
be wandering, so T, is conservative. In the later case (¢ is ergodic), T,, is point
transitive — there exists a point (xg,rg) with dense orbit. Let U C X x R be any
non-empty open set. Without loosing generality we may assume that (zg,79) €
U. Then, because X x R is a perfect set, 7)) (xo,79) € U for some n # 0, thus
UNTZU # 0. Since U was arbitrary, T, is conservative. a

To make this chapter self-contained we will give proofs of the next three
lemmas, that are generalizations of [6, Lemma 5, Lemma 6, Lemma 7] to the
case of any minimal rotation on a compact metric monothetic group, despite, by
virtue of Lemma 6.3.1, the original proofs work also in this case.

Lemma 6.3.3. LetT be a minimal rotation on a compact metric monothetic
group X, p: X — R™ a continuous map such that E(p) = {0}, (n¢)i>1 a sequence
of integers. The following conditions are equivalent:

(a) For all (z,v) € X x R™ the sequence (T*(x,v))i>1 converges.

(b) For some (z9,v0) € X x R™ the sequence (T;*(xo,v0))t>1 converges.

(c) The sequence of functions (p("))i>1 converges uniformly and (T™ )¢
converges.

Proof. The implications from (a) to (b) and from (c¢) to (a) are clear. Suppose
that (b) is true, then the sequences (") (z¢));>1 and (T™*xg)>1 converge. In
particular, they are Cauchy sequences. Now fix ¢ > 0 and, using Lemma 6.3.1,
find § = (e, 2¢). Let N be such that for ¢, j > N the following equalities hold:

i (20) ~ " @)l < o, d(T™z0, T z0) < 5.
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Since d(T™ xg, T x) = d(T™~",1d) and, by the cocycle identity, ¢ (o) —

) (T )| < e, d(T™ ™ ,1d) <e, i,j>N.

By virtue of Lemma 6.3.1, ¢("~")(X) C B(0,¢) for 4, j > N. This implies that
the sequence ((p("‘))t>1 is uniformly Cauchy, therefore uniformly convergent. [

Lemma 6.3.4. LetT be a minimal rotation on a compact metric monothetic
group X, ¢: X — R™ a continuous map such that E(p) = {0}. Then every orbit
closure under T, is minimal.

Proof. Let (x,7) € Orb(zo,vo), then T} (20, v0) — (2,v), that means T ¢
— 2 and ¢™)(z9) + vo — v. Since T is a rotation, there exists an a € X
such that Tz = az for all z € X. Now, T™zg = a™xg — z, so a’™ — a:x517
hence a™™ — xox~!, which is equivalent to T ™z = a ™z — xzy. We will
prove that ¢(~")(z) + v — vy which implies that T, (z,v) — (z0,v0). As
T2 (z0,v0) — (2,v), Ty (w0,0) — (2, v—p). By virtue of Lemma 6.3.3, 9™ — h
uniformly for some continuous function h: X — R™. By the cocycle identity, 0 =
i) () = (i) (T="ix) + (=) () and the fact that ¢(™) — h uniformly,
T~z — 29 and h(zg) = lim (™) (z0) = v — vy we have

o (@) = (vo—)|| = || =T ") = (vo—v)|| = || (T ™) = (v—2y)|
< " (T™™) = (T~ ™) || + [|M(T " 2) — (v — vo) || — 0.
Thus

" (x,v) = (T "z, w(_"i)(x) +v) {moo, (zo,v0 — v +v) = (z0,v0).

We have proved that if (x,v) € Orb(zg,vo) then (z9,v9) € Orb(z,v), hence
Orb(z,v) = Orb(zg,vp), so each orbit closure is minimal. O

Lemma 6.3.5. Let T be a minimal rotation on a compact metric monothe-
tic group X, p: X — R™ a continuous map such that E(p) = {0} and T, is
conservative. Then ¢ is a coboundary.

Proof. By [40, Theorem 7.24], the set of all recurrent points in X x R™ is
residual, in particular non-empty. Let (xg,v9) € X x R™ be a recurrent point.
Then there exist sequences of integers k; — —oo and ny — oo such that
T];t(xo,vo) — (w0,v0) and T*(zo,v0) — (Z0,v0). Thus Tk — 1d, T™ — Id
uniformly and ¢**)(z) — 0, (") (29) — 0. By Lemma 6.3.3, the sequences
of functions (p**));5; and (¢(™));5; are uniformly convergent. By virtue of
Lemma 6.3.1, both ¢**) — 0 and ¢(™) — 0 uniformly and therefore Tft — 1d,
T7* — Id uniformly. In particular each point (z,v) € X x R™ is recurrent
under T,,. It follows from Lemma 6.3.4 that X x R™ is a (disjoint) union of
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minimal sets. By virtue of [40, Theorem 7.05], each point in X x R™ is almost
periodic. Denoting ¢ = (¢1,. .. ¢m) we get the following property.

(6.10) For each i = 1,...,m, all points (z,v) € X x R are almost periodic
under T, .

Since T, is conservative, all T,,,’s are conservative. By Lemma 6.3.2, [ ¥ pidp =
0,¢=1,...,m. Then for each ¢ = 1,... ,m, either ¢; is a coboundary or T,
is point transitive. Suppose that some T, is point transitive and (x,v9) €
X x R has dense orbit under Ty,. Then (zo,vo) cannot be almost periodic,
which is a contradiction with (6.10). Thus all ¢;’s are coboundaries, hence also
 is a coboundary. a

Now we are able to exhibit a key property of conservative cocycles.

Proposition 6.3.6. Let T be a minimal rotation on a compact metric mono-
thetic group X, p: X — R™ a continuous map such that T, is conservative. Then
there exits a basis of R™ such that ¢ = (p1,... ,0om), E(@) = E(p1,... ,pr) =
R* and (pgs1,--- ,9m) is a coboundary.

Proof. If T, is point transitive then E(¢) = R™ and the assertions of this
proposition easily follow. Assume that T, is not point transitive. Then, by vir-
tue of Theorem 6.2.6, E(y) is a k-dimensional linear subspace of R™, and, by
Proposition 5.2.3, k < m. Changing a basis of R™ if necessary we may assume
that ¢ = (p1,...,9m) and E(p) = E(p1,...,¢r) = R*. By virtue of Pro-
position 6.1.2, E(@gt1,... ,9m) = {0}. By Lemma 6.3.5, (¢k+1,-.-,¢m) is a
coboundary. O

Now we are in a position to generalize [6, Theorem 1] to any minimal rotation
on a compact metric monothetic group.

Proposition 6.3.7. Let T be a minimal rotation on a compact metric mo-
nothetic group X, ¢: X — R™ a continuous map such that T, is conservative.
Then T, is not point transitive if and only if there exist non-zero linear func-
tional L: R™ — R and continuous function f: X — R satisfying the functional
equation

(6.11) Lop+ f—foT=0.

Proof. Assume that T, is not point transitive. By Propositions 6.3.6 and
5.2.3 we may assume that ¢ = (©1,...,0m), BE(¢) = E(¢1,... ,0r) = RF and
(Qk+1,--- k) is a coboundary, where k < m.

Let g = (Grt1,---,9m): X — R™F be such a continuous function that
(Prt1y-- s0om) = (Gr+10T, ... ;gmoT) — (gk+1,--- s gm). Define L: R™ — R by
L(vi,... ,0m) = vm. Let f: X = R, f(z) = gm(x). Then clearly Loy + f — fo
T = 0 and the necessity is proved.
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To prove the sufficiency suppose that T}, is point transitive and Lo ¢ + f —
foT =0 for a non-zero linear functional L: R™ — R and a continuous function
f: X — R. By virtue of Proposition 6.1.1, L(E(¢)) C E(L o ¢). Since L # 0,
L(E(¢)) = L(R™) =R, so E(Loy) =R and T, is point transitive, hence not
a coboundary, which finishes the proof. O

In [6] a sufficient condition for T,, to be conservative, where ¢ is a cocycle de-
fined on the one-dimensional torus, with values in R™, is given ([6, Theorem 2]).
The next theorem contains a generalization of the one from [6]. Note that our
theorem is formulated as a sufficient and necessary condition.

Theorem 6.3.8. Let T' be a minimal rotation on a compact metric mono-
thetic group X, o: X — R™ be a continuous map. Then the following conditions
are equivalent:

(a) Ty, is conservative.

(b) ¢ is reqular.

(©) /3 X — R™/B(g) is given by 3(z) = p(a)+ E(p), then Ews(F) = {0},
(d) [y ¢du =0, where p is the normalized Haar measure on X.

Proof. Assume that (a) is true, i.e. T, is conservative. We will show that
¢ is regular. Clearly, if T, is point transitive then ¢ is regular. Suppose T, is
not point transitive. By virtue of Propositions 5.2.3 and 6.3.6 we may assume
that © = (¢1,... ,¢m), B(p) = E(p1,... ,o6) =RF, k <m, (41, ,om) is
a coboundary i.e. p; = f; o1 — f; for some continuous functions f;: X — R,
j=k+1,... ,m. Define f: X — R™ by

f(l’) = (07 307fk+1(x)7"' afm(z))

Then ¢y = p+ f— foT: X — E(p) and ¢ is regular.

The implication from (b) to (c) is a part of Corollary 6.1.4.

Assume now that the condition (c) is true. Suppose for the contrary that
fX @dp # 0. Then, denoting ¢ = (¢1, ... ,©m) we may assume that for instance
Jx ®1dp > 0. Since gagn)/n — [ ¢1 dp uniformly, <p§"‘) — 400 uniformly for
each rigidity time (n;)¢>1, hence Ex(¢) = {0, 00} and E(p) = {0}. In particular
E(p) ={0,00}, which is a contradiction.

Assume now that (d) is true; we will show (a). If [, ¢du = 0, then
fX pidp = 0,4 = 1,... ,m. Changing a basis of R™ if necessary we may
assume that ¢gy1,...,pn are coboundaries and T{y,,,. .. ) is point transitive.
Then Ty, . ororits... om) 18 iS0morphic to Ti,, . o, 0....,0) (as homeomorphims
of X x R™). By virtue of Theorem 6.1.5, the flow (X x R™, T, . se.0,...,0)) 18
a disjoint union of point transitive subflows, where each of them is isomorphic
to (X x Rk,T(m’m o)) The space X x R is perfect and the flow Tior,... on) 18
point transitive, hence conservative and so is T,. O
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Corollary 6.3.9. Let T be a minimal rotation on a compact metric mono-
thetic group X, ¢: X — R™ be a continuous map. Then the following conditions
are equivalent:

(a) T, is not conservative.

(b) ¢ is not reqular.

(¢) Eco(p) ={0,00}.

(d) fX @du # 0, where u is the normalized Haar measure on X .
(¢) Eos(p) ={0,00}

(f) All points in X x R™ are T,-wandering.

Proof. Equivalence of (a), (b), (c) and (d) is clear because of Theorem 6.3.8.
Since (™ /n — [, ¢ dp uniformly, (f) is a consequence of (d). If () is true then
obviously also (e) is true (Proposition 6.2.2) and (e) implies (c). O

6.4. A more general case

Lemma 6.4.1. LetT be a minimal rotation on a compact metric monothetic
group X, D is a discrete group, p: X — D a continuous map. Moreover, let
¢: X — D/E(p), ¢(x) = p(x) + E(p). Then:

(a) Ifd € Do, d # 0 then d € Eo(¢) if and only if ™) — d uniformly
for some rigidity time (ng);>1.

(b) If d € E(p) then d has finite order, i.e. rd = 0 for some non-zero inte-
ger r. In particular, if D possesses no compact subgroups then E(p) =
{0}.

(¢) E(p) is a finite group.

(d) 00 € Exo(P) if and only if 0o € Ex ().

() Eo(p) C D if and only if there exist a rigidity time (n¢)i>1 and ad € D
such that go(”f) =d forallt > 1.

(f) ¢ is regular if and only if Ex(p) # {0, 00}.

(g) PEither Exo(p) = {0,00} or Ex(p) C D.

Proof. (a) This is a straightforward consequence of Proposition 5.3.1 and of
Lemma 6.2.1 as D is discrete.

(b) Let d € E(p), d # 0. Then by (a), (™) — d uniformly for some rigidity
time (n¢)¢>1, so, by virtue of Lemma 6.1.11, d has finite order.

(c) Assume E(p) # {0} and fix 0 # dy € E(p). It follows from (a) that
(") = dj for some rigidity time (n;);>1. Let n = ny. Consider now any 0 # d €
E(¢p). Then, by (a), d = (™) for some rigidity time (m¢);>1. Let m; = syn 41y,
0 <7 <n,t>=1. Then, by the cocycle identity, for any x € X,

sg—1

d = ") (z) = Lt (z) = 3 oMN(T ) 4 o0 (2) = s1do + 9 ().
=0
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By (b), the set Dy = {sdy + ¢ (x) : s € Z,0 < r < n,x € X} is finite. Clearly
d € Dy. As d was arbitrary, E(¢) C Do U {0} and therefore E(¢p) is finite.

(d) Observe that as E(y) is finite, 3(") — oo uniformly for some rigidity
time (ny)¢>1 if and only if (™) — oo uniformly, so co € Eo (@) if and only if
o0 € Exo(p).

(e) Assume first that Eo (@) C D ie. 00 € Exo(p). If Exo(p) = {0}, then ¢
is a coboundary (Proposition 5.2.7) and therefore (") — 0 uniformly for each
rigidity time (n;);>1 and we are done. If Eo(¢) # {0} then also E(p) # {0}
and, by (a), (™) — d uniformly for some rigidity time (n;);>1, where d is an
element of E(p). Then ¢(™) = d for t large enough and we may assume that
() = d for all ¢.

Assume now that p(") = d, t > 1, for some rigidity time (n;);>1. In such
a case p(7™) = —d € E(yp), t > 1 and therefore we may assume that n; > 0.
Let n = n; and suppose that co € Eq (). Then, by (a), ¢("™) — oo uniformly
for some rigidity time (my)i>1. Let my = syn + 14, 0 < rp < n, ¢ > 1. Then
@(m) € Dy for all t > 1, where Dy is the finite set defined in the proof of (c). In
particular ¢(™*) £ oo, a contradiction. Thus co & Eu ().

(f) Assume that ¢ is regular and suppose for the contrary that E(¢) =
{0,00}. Then E(¢) = {0}, hence Eo.($) = {0,000} and we have got a contradic-
tion with Corollary 6.1.4. Thus E(¢) # {0, 00}.

Assume now that Fo(p) # {0,00}. Then either co € Eo(p) or E(p) #
{0}. Consider the first case. Then E.(¢) = {0} and there exists a continuous
selector for the natural quotient map D — D/FE(p) (Remark 6.1.14). By virtue of
Lemma 6.1.13, ¢ is regular. Consider now the second case. Let 0 # d € E(y). It
follows from (a) that (") = d for some rigidity time (n¢);>1. By (e), 00 € Eno ()
and by (d), oo € E(p). As D/E(yp) is discrete, there exists a continuous selector
for the quotient map D — D/FE(p) and, by Lemma 6.1.13, ¢ is regular.

(2) 1t 00 € Fu(p) then, by (e), B(¢) = {0}. o

Lemma 6.4.2. LetT be a minimal rotation on a compact metric monothetic
group X, D a discrete group, ¢q: X — D, p.: X — R™ be continuous maps.

(a) If pa+@r: X — DBR™ is regular then both w4 and @, are also regular.
(b) If g and ., are regular then there exists a subgroup Do C D such that
E(@d + SOT) =Dy & E(Lpr)'

Proof. (a) Suppose that ¢4+ ¢, is regular, then ¢ = o4+ @, + foT —f: X —
E(¢q+¢yr) for some continuous f: X — D@R™. Write f = fa+ fr, ¥ = Ya+r,
where ¥q: X — E(@q), ¥r: X — E(p,), because E(pq + ¢r) C E(pq) ® E(p,).
Therefore both ¢4 and ¢, are regular.

(b) Assume now that ¢, and ¢, are regular, then we may assume that
E(pq) = D with D finite and E(p,) = R™. Suppose that v € E(p,4). Then,
by Proposition 5.3.1, <p7(~m)(33t) — v for some rigidity time (n;);>1. As E(pq)
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is discrete, we may assume that @Eint) = const for each individual ¢ large eno-
ugh, and, since E(p,4) is finite (Lemma 6.4.1(c)), passing to a subsequence of
the sequence (n:);>1 if necessary, @;"‘) =d, t > 1, for some d € E(py).
Thus d + v € E(pq + ¢r). We have shoved that for each v € E(p,) there
exists a d € E(pq) such that d +v € E(pg + ¢r). Let M be such a posi-
tive integer that Md = 0 for all d € E(pq). Take v € E(p,) = R™, then
also v/m € E(p,), and find d € E(pq) such that d + v/M € E(pq + ¢r).
Then M(d + v/m) = v € E(pq + ¢,) which implies E(p,) C E(pq + ¢r). Let
Do = DN E(pq+ ¢r), then E(pq+ ¢r) = Do ® E(p,) and lemma is proved. O

Theorem 6.4.3. Let T be a minimal rotation on a compact metric mono-
thetic group X, G a locally compact Abelian group such that R™ C G is an open
subgroup, o: X — G, a continuous map. Then there exist a finite group Dy and
a linear subspace V.C R™ such that E(p) = Dy @ V.

Proof. Since R™ C G is an open subgroup, G = DGR™, where D is a discrete
Abelian group. Put ¢ = p4+p,, where pq: X — D, p,: X — R™. Observe that if
either Eoo(pq) = {0,00} or Ex(p,) = {0,00} then Eo(p) = {0,00}. Indeed, in
the first case, by Lemma 6.4.1(e), go&n”)(xt) — oo for each rigidity time (n4)¢>1
and z; € X, t > 1 and therefore Eo(¢) = {0,00}. In the second case, by
Corollary 6.3.9, all points in X xR™ are T, -wandering, hence E(¢) = {0, 00}.

If Ex(p) = {0,00} then theorem is true with Dy = {0}, V = {0}. Assume
that Ex(¢) # {0,00}. Then Eo(¢q) # {0, 00} and Eo(p,) # {0, 00}. By virtue
of Theorem 6.3.8, ¢, is regular and, by Lemma 6.4.1, ¢4 is regular. It follows
from Lemma 6.4.2 that E(¢) = Dy & E(¢,), where Dy is a finite subgroup of
D. By virtue of Theorem 6.2.6, V = E(y,) is a linear subspace of R™, which
finishes the proof. O

Theorem 6.4.4. Let T be a minimal rotation on a compact metric mo-
nothetic group X, G a locally compact Abelian group such that R™ C G is
an open subgroup, and p: X — G a continuous map. Let : X — G/E(p),
o(x) = p(x) + E(p). Then the following conditions are equivalent:

(4) Bxo(?) = {0).

(b) ¢ is reqular.

(c) T, is conservative.

Proof. Since R™ is a divisible group, G = D @& R™, where D is a discrete
group, D = G/R™. Thus ¢ = @4 + ¢, where pg: X — D, p.: X — R™.
Moreover, E(p) = E(vq + ¢r) C E(pq) ® E(pr).

(a)=(b). First we will show that both ¢4 and ¢, are regular. ¢, is regular
by Corollary 6.3.9. If E(¢) = {0}, then ¢ = ¢4 + ¢, is a coboundary and
so are both ¢4 and ¢,. Assume that E(p) # {0}. Then o) (z;) — d + v
for some rigidity time (n;);>1 and z; € X, t > 1, where 0 # d+ v € E(p).
Consequently @dnt)(wt) — d and we may assume that ™) (z;) = d, t > 1.
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By virtue of Lemma 6.4.1(e)—(f), g4 is regular. We have shoved that when (a)
is true then both ¢, and ¢, are regular. It follows from Theorem 6.4.3 that
there exist a finite subgroup Dy C D and a linear subspace V' C R" such that
E(¢) = Dy @ V. Changing a basis of R™ if necessary we may assume that
V = RF for some 0 < k < m. Then G/E(¢) = (D/Dy) @ R™%. Observe that
there exist a continuous selector s for the quotient map G — G/E(y). By virtue
of Lemma 6.1.13, ¢ = @4 + ¢, is regular.

(b)=(c). Suppose ¢ = pq + ¢, is regular. By virtue of Lemma 6.4.2 we
may assume that both T,,, and T, are topologically ergodic (then E(pq) = D,
E(or) =R™), E(¢) = Dy ® R™ for some subgroup Dy C D, ¢: X — Dy & R™,
and that T,: X x E(p) — X x E(p) is point transitive. Since either Dy & R™ is
a perfect space (m > 0) or Dy @ R™ is finite (m = 0), T}, is conservative.

(c)=(a). Suppose T, is conservative. If U C X, V C R™ are open non-empty
sets, d € D, then the dwelling sets satisfy

DU x ({dy®V),U x ({d} & V)) C DU x {d},U x {d}) N DU x V,U x V)

so both T,,, and T, are conservative. By virtue of Theorem 6.3.8, E(¢,) = {0}.
Suppose for the contrary that E. (@) = {0, 00}. Then (") (z;) — 0o € Gu i.e.
w&n‘)(xt) +d; + gos-nt)(xt) + v, — oo for each d; + v, € E(p). Since D is finite,
o (
~(nt)

or " (x4) — 00 and 0o € Eo($y), a contradiction. Thus E (@) = {0} and the
proof is complete. a

x¢) + v — oo for any sequence (v;)¢>1 of elements from R™, equivalently,



CHAPTER 7

CYLINDER COCYCLE EXTENSIONS OF ROTATIONS

In this chapter we will concentrate on the following situation. The flows
(X,T) will be minimal rotations on compact metric monothetic groups, G = R
or G = R™ for some positive integer m. In such cases the group E(y) of essential
values of ¢ is a linear subspace of R™ (Theorem 6.2.6), and, whenever ¢ has
zero mean, ¢ is regular (Theorem 6.3.8). In particular, for ¢: X — R there is
a trichotomy:

(a) either [y ¢du # 0 — then T, is transient: all orbits are discrete;
(b) or T, is point transitive;
(c) or ¢ is a coboundary.
Let us recall now the Denjoy—Koksma inequality. For the definition of discre-
pancy and for the proof of Theorem 7.0.1 below we refer to [57].

Theorem 7.0.1 ([57, Theorem 5.1, Chapter 2]). Let ¢ be a function of
bounded variation on [0,1] and x1,... ,xn € [0,1). Then

H]i o) — /01 o(t) dt‘ < Var(¢) Dy,

where DY, denotes a discrepancy of the sequence {z1,... ,zn}.

We use this theorem in the particular case when fol p(t)dt = 0, z, =
x +namod 1 (« is irrational), N = g, where (gx)r>1 is the sequence of the
denominators of the continued fraction expansion of «. Since, in such a case, the
inequality Dy < 1/qx+1/q41 holds (see e.g. [57, (3.17), Chapter 2]), we obtain
the following estimation

(7.1) (|| < 2 Var(y),

(here, as well as in the sequel, || - || denotes the supremum norm in the space of
bounded variation functions) that we will use in proof of Theorem 7.1.4 below.

141
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7.1. The problem of minimality for cylinder extensions
of minimal rotations on a circle

In this section we will use the following standard notations. Let T be the
unit circle on the complex plane with its natural topological group structure;
we will often identify T with the interval [0,1) mod 1. Then denote by CBV (T)
the Banach space of continuous real functions on T with bounded variation:
¢ € CBV(T) if and only if ¢ is continuous and Var(y)) < oo. Let CBVy(T) be
the subspace of CBV(T) consisting of all functions of zero mean with respect
to the Lebesgue measure on T. Note, that if || - || denotes the supremum norm
on the space C(T), then the norm Var on CBV,y(T) satisfies ||¢|| < Var(¢), in
particular the usual norm || - || + Var(-) on CBV(T) is equivalent on CBV;(T)
to Var(-). Let ACy(T) be the subspace of CBV,(T) of all absolutely continuous
functions of zero mean.

The following theorem was essentially proved by A. S. Besicovitch in [8].
Although in [8] it is considered the case of X = T, it is an immediate observation
that Besicovitch used only compactness of T. We repeat the proof of Besicovitch
in our general situation for the chpter to be more self-contained.

Theorem 7.1.1 ([8]). Let (X,T) be a compact metric flow, p: X — R a con-
tinuous map. Then Ty,: X X R — X x R is not minimal.

Proof. We may assume that (X,T') is minimal and T, is point transitive. Let
(70,0) € X x R be a transitive point for T, i.e. Orb(zo,0) = X x R. By [40,
Theorem 9.23] we may assume that (xo,0) is extensively transitive that means
both positive and negative semi-orbits of (xg,0) are dense in X x R:

(T2(20,0):n >0} = X xR,  {T2(x0,0):n <0} = X xR.

Thus we are able to find three sequences of integers (m;);>1, (7j)n>1, (8;)j>1
such that m; < s; <nj, j > 1, and

) (@) < —j, " (w0) < —j, @ (wo) >4, j=1.
As ¢ is continuous and X is compact,
(7.2) mj — sj — —00, nj —§; — 00.
We may assume that
(7.3) ) (20) = max{p™ (o) : mj; <n <n;}, j>1.
Consider the points

(2,77 = T+ (20, —p"7) (20)) = (T g, 517 (z0) — () (z9))
= (T "xg, ™ (T% 1)), neZ j>1.



CHAPTER 7. CYLINDER COCYCLE EXTENSIONS OF ROTATIONS 143

Then, for m; —s; <n <n; —s;, j > 1, we have

(74 =0, Tp(afrp) = (5.

Take a convergent subsequence l‘?k — . Then, by (7.4), for each n € Z the
subsequence

(1’?k,T§Lk) = (x;}k’@(n)(TSjk xO)) = Tg(x?ka )v k>1
BT = (T, o™ (Z)). By (7.2), for each given integer
n the inequalities m;, — s;, <n < nj, — s;, hold for k large enough, hence, by
(7.4) and by (7.3), (™ (Z) < 0. In particular for each (x,r) € Orb(Z,0) we have
r < 0, therefore Orb(Z,0) is not dense in X x R. O

is also convergent, (x

Corollary 7.1.2. Let (X,T) be a compact metric flow, o: X — R™ a con-
tinuous map. Then Ty: X x R™ — X X R™ s not minimal.

Proof. Let ¢ = (¢1,... ,om): X — R™ be a continuous map. By the above
there exists a point Z € X such that the orbit of (z,0) via T, is not dense
in X x R, hence the orbit of (Z,0,...,0) via T, is not dense in X x R™. In
particular T;, is not minimal. O

Our next aim is to show that no continuous bounded variation cocycle on T
admits minimal subsets (Theorem 7.1.4). The method of the proof of this theorem
is similar to the proof of [56, Proposition 2] of Krygin’s paper on the Poincaré
sets for smooth cocycles — the vertical sections of limits sets in T x R. Together
with Lemma 7.1.3 below some ideas of Krygin’s proof of [56, Proposition 2], after
modifications, will give the proof of our result.

Lemma 7.1.3. Let (X,T) be a minimal rotation on a compact metric mo-
nothetic group, ¢: X — R™ a continuous map. Suppose M C X x R™ to be
T,-minimal set. Denote M, = ({z} x R™) N M. Then card My < 1 for every
reX.

Proof. First consider the case m = 1. If T,, is not point transitive, then
either it is a coboundary or T, is transient. In the first case M is a graph of
some continuous function f: X — R (see [64, Proposition 5.1]), in the second
one M is equal to orbit via T, of some point (see [64, Remark 4]). In both cases
card M, < 1. Thus we may assume that T, is point transitive.

Observe that as 7' is minimal, the set D = {z € X : M, # 0} is dense in X.
Puw H={reR:M+r =M} (here M +r={(z,s+7): (z,8) € M}). It is
easy to see that H is a closed subgroup. Similarly as in [36, Lemma 3.1] or [93,
Lemma 2.6.1] we see that if M, # () then M, = r+ H for every r € R such that
(x,7) € M.

First assume that H = R. Then for x € D we have M, = R that implies
M = X x R, a contradiction with Theorem 7.1.1.
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Now let H = aZ. Take a T,-transitive point (z,0) € X x R. Find a se-
quence x; € D, 1 > 1, that converges to x, and numbers r; € R such that
(z4,7;) € M. Since H = aZ, the numbers r; may be chosen from [0, a), thus
by passing to a subsequence, if necessary, we may assume that points (z;,7;)
converge to (z,r) € M. But (x,r) is a transitive point, a contradiction.

It remains the case H = {0} that gives the result.

Suppose now m is arbitrary. For any linear functional L:R™ — R define
a factor map L: X x R™ — X x R setting L(z,r) = (z, L(r)). Then the set
NL = L(M) is minimal and card N < 1 for each € X. Suppose r,s € M,,

r=(r,...,"m), $ = (81,...,8m). Fix i, 1 < i < m, and take L = p;, the
projection onto ith coordinate. Then p;(z,7) = (z,7;) € NPi and p;(z,s) =
(x,8;) € NPi, hence r; = s;. We have shown r = s and the result follows. |

Theorem 7.1.4. Let T be a minimal rotation on T. If ¢ € CBVy(T) and ¢
is not coboundary then T, has no minimal subsets.

Proof. Identify T with [0,1) mod 1 and let Tz = x4+« mod 1, where « is an
irrational number. Let (¢,,)n>1 be the sequence of denominators in the continued
fraction expansion of a.

Let us assume that M C T x R is a T,-minimal set and (z,0) € M.
By Lemma 7.1.3 we find § > 0 and € > 0 such that the positive semi-orbit
{(T,)"(z,0) : n > 0} of (x,0) intersects neither B~ = (z — d,z + J) x (—¢ —
2 Var(p), —¢) nor BT = (z — §,x + ) X (g, + 2 Var(p)).

There exists an interval I C (x — §,x 4+ §) with = € I, and a positive integer
n such that every point of the orbit of = under 7" has the first return time to
I equal either to g, or to gu4+1. Now, by (7.1), we have |o()(z)| < & whenever
T'z € I, 1 > 0 since the positive semi-orbit of (z,0) does not intersect B~ U B+,
Moreover, the set {l > 0 : T,(z,0) € I x [—¢,¢]} C N has bounded gaps, thus
the positive semi-orbit of (z,0) is bounded. Therefore, by [40, Theorem 14.11],
© is a coboundary. We have got a contradiction. |

Remark 7.1.5. In [91] E. A. Sidorov constructs for each irrational rotation
on T point transitive cocycle without discrete orbits (recall that a discrete orbit
is always a minimal set). Below, using rather standard methods, we generalize
this showing that over every irrational rotation there exists a cocycle without
minimal sets.

On the other hand A. S. Besicovitch [8] constructs a particular irrational
rotation and a point transitive cocycle that admits a discrete orbit. There rema-
ins an open problem whether there exist point transitive cylinder cocycles with
minimal sets other than discrete orbits.

Now we will show the following lemma.

Lemma 7.1.6. For every minimal rotation T on T there exists ¢ € ACy(T)
that is point transitive.
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Proof. Assume that T is a minimal rotation on T, Tz = x + «, such that all
¢ € ACy(T) are coboundaries, i.e. for every ¢ € ACy(T) there exists g, € C(T)
such that ¢ = g, — g, o T. By minimality of 7" we may assume that g, is a
zero mean function. We have obtained a well defined linear map CBV,(T) D
ACy(T) 3 ¢ — g, € Co(T). For the purpose of this proof we consider the
space ACy(T) with the variation norm Var. With this norm the map ¢ — g,, is
continuous by the Closed Graph Theorem. Thus there is a constant M > 0 such
that

(7.5) lgell < M - Var(p)
for every ¢ € ACy(T). However, we will see that there exists a sequence (Pn)n>0
of real polynomials on T such that

1Px |

. I =
(7.6) Nooo Var(Py — PyoT) -

(what will give a contradiction to (7.5)). To see this consider
N
Py(x) = Z ane*™ T N >0,
n=—N

such that a, = a_, for n > 0, a, = 0 for n # qi, ag, > 0 (here (gx)x>1 is the
sequence of denominators of the continued fraction expansion of «), and

= Q.

. qugN Qgy,
" W e )7
We have
Py —PpyoT =4mi Y qrag, (1 — ™ 1)e2miane,
q<N
Since |1 — e?™x| < ||gpa|| and gx||qre]| < 1 (here ||3]| denotes the distance of
the number S from the set of integers), we have

(78) Var(PN —PNOT) = ”PI/\/_PI/\/'OT”Ll

1/2
<||Py —PyoT| e < Const-( Z a3k> .
g <N
Now, the equality || Pn|| =2 ag, (recall that |- || denotes the supremum norm),
(7.8), and the assumption (7.7) imply (7.6). We obtained a contradiction with
(7.5) and we are done. O

For more general results on the existence of point transitive cocycles over
irrational rotations see [70, Theorem 3 and 6].

Remark 7.1.7. Consider a linear map Cy(T) > f 2 f—foTe Co(T).
Assume for a moment that ®(Cy(T)) C CBVy(T). Then, by the Closed Graph
Theorem, the map ®: Cy(T) — CBV(T) is continuous. Thus there is a constant
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M > 0 such that Var(f — foT) < M| f|| for all f € Cy(T). On the other hand
it is not difficult to find f € Cy(T) with ||f|| = 1 and arbitrary large variation
of f — foT, which is a contradiction. This rather standard consideration shows
the following.

Lemma 7.1.8. For every minimal rotation T' on T there exists [ € Cy(T)
such that f — f oT is not of bounded variation.

Theorem 7.1.4 together with Remarks 7.1.5 and 7.1.7 show that there are
also unbounded variation cocycles without minimal sets.

7.2. The problem of minimality
for cylinder extensions of adding machines

Let 7 = (rn)n>1 be a sequence of integers such that r, > 2, n > 1. Set
=1L A,=r1-...-1rp,n>1. Let

(7.9) Z(F) = {ian}\n Can €40, rpir — 1}}

be the compact group of 7-adic numbers with the product topology induced from
[1,-0{0,... 7, — 1}. This topology may be defined by the metric d(>" a,n,
> bpAn) = 1/ A\, where m = min{n : a,, # b, }.

For m > 1 and 0 < k < A, define the sets W = [aga1 ... am—1] by

o0
(7.10) Wit = {x €L :x= Za:n)\", ri=a;, 1=0,...,m— 1},
n=0

where a; € {0,... ,r;11 — 1} are such that " | a;\; = k. Let W™ = {W{", ...,
W _,}. Clearly the sets W™ are closed-open and (JW™ = Z(7). Let u denote
the normalized Haar measure on Z(7). Observe that diam(W}") = u(W*) =
1/Am. We define a homeomorphism T': Z(7) — Z(T) setting Tx = x+ 1 obtaining
a minimal rotation on a compact metric monothetic group Z(7). Then the metric
d defined above as well as the measure y are T-invariant. Moreover TW]" =
Wik, where k + 1 is taken mod A,,. The flow (Z(7),T) is called an adding
machine.

Denote by C(Z(7)) the space (algebra) of all continuous real functions on
Z(7). Equip C(Z(7)) with the topology of uniform convergence. Observe that
each real function that is constant on elements of some W™ is continuous.

Definition 7.2.1. We say that ¢ € C(Z(7)) has bounded variation if

Am —

Var = sup V,, < 00, where V,, = max @ — min ).
() = sup Vin () () kg(ww min )
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The family of such functions we denote by C BV (Z(7)), and as usual, C BV, (Z(F))
stands for the subfamily of C BV (Z(T)) consisting of all functions with zero mean
with respect p.

Remark 7.2.2. Let (X,d) be a compact metric space and ¢: X — R be a
continuous function. Recall that a function M, = M: R — R defined by
M(h) = sup |p(x) = o(y)]
d(z,y)<h
is called a continuity modulus of ¢. Now let us take X = Z(¥) and consider
a family of functions ¢ € C(Z(7)) such that M,(1/Ax) = O(1/Xg) (i.e. the
sequence (A My (1/Ak))k>1 is bounded). Since obviously

Vm(‘P) < )‘mM(l/)‘m)v

this family is contained in CBV(X); actually this inclusion may be strict in
general.

We intend to prove that a point transitive bounded variation cocycle over an
adding machine does not admit minimal subset. Such a cocycle is construc-
ted in Example 7.3.2. We start with a lemma, that contains a kind of the
Denjoy-Koksma inequality for cocycles over adding machines.

Lemma 7.2.3. Let ¢ € CBV(Z(F)). Then, for every x € Z(T),

@) - [ w(t)dt‘< !
Am 77

Var(p).

m

Proof. Fixing m > 1 and x € Z(F) we may assume that x € W{". Then we
have

Am—1
\so“m)(x)—xm / so(t)dt‘ < 3 |o(Tra) - A, / so(t)dt‘

Z(T) k=0 Wi
Am—1

<3 / (o(T ) — (1) di
k=0 i
Am—1

< )\m/ max p —minp)dt =V, < Var(yp). 0O
kz_% WI:”(W;W @~ ming) () ()

In case of ¢ € CBVy(X) the inequality from Lemma 7.2.3 takes the form
(7.11) lp)| < Var(e).

Theorem 7.2.4. Let (X,T) be an adding machine. If o € CBVy(X) and ¢
is not a coboundary then T, admits no minimal subsets.

Proof. The proof is similar to the proof of Theorem 7.1.4. We consider the
rigidity time (A )m>1 instead of (gx)r>1 and use (7.11) instead of (7.1). The
interval [ is replaced by one of the levels of W™ for appropriate n. O



148 MieczystAw K. MENTZEN

7.3. Existence of point transitive cocycles
over compact monothetic groups

Our next aim is to show that all minimal rotations on compact infinite metri-
zable monothetic groups admit point transitive real cocycles. W. H. Gottschalk
and G. A. Hedlund [40] have developed a theory of real cocycles over minimal
rotations on connected and locally connected monothetic groups. However also
rotations on disconnected monothetic groups may admit point transitive cocyc-
les.

Example 7.3.1. Let X = Zy x [0,1) and T(¢,2) = (i + 1,2 + «), where
the addition on the first coordinate is taken mod 2 while the addition on the
second coordinate is taken mod 1. Take a continuous function ¢:[0,1) — R and
define : X — R by @(i,x) = ¢(x). Assume @ to be coboundary, i.e. there
exists a continuous ¢: X — R with $(i,2) = g(i + 1,z + &) — g(4, z). Defining
9:10,1) = R by g(z) = (9(0,z) + g(1,z))/2 we have

9o+ a) — gla) = 2(F(1,2) + 3(0,2)) = ().

Now, taking a point transitive cocycle ¢ on ([0,1), @) we get, by the construc-
tion above, a point transitive cocycle @ over a disconnected, locally connected
monothetic group.

Notice that in the example above, g is an integral of g with respect to the nor-
malized Haar measure on the kernel of the projection onto the second coordinate.
This simple observation gives rise to Lemma 7.3.3

Now we show that also adding machines, that are not locally connected,
admits point transitive cocycles.

Example 7.3.2. Let X = Z(7) and T be a minimal rotation on X. Put

[e'¢) s—1
XS <Z an)\n) = eXp (27TZ 72’”:)\0 aTL)\TL> .
n=0 s

Observe that (the character group) X = {xL:s>1,0<1< A\, —1}. Define

p: X — R by
S o~ Xs X
o) = 3= 3 2
s=1 s=1 s

Clearly ¢ € Cp(X). Assume that ¢ is a coboundary, ¢ = go T — g for some
g € Co(X). Represent g = 37 o1 D g 4y, @s,tXs- For s > 1 we have

1

ift=1
As(exp(2mi/Ag) — 1) ' ’
asy =14 0 ifl<t<,—1,
1
it =M, — 1.

As(exp(—2mi/Ags) — 1)
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Simple calculations show that

1
2Ag sin(m/Ag)

Y

1
las1| = as,—1] = 7
which is impossible. Therefore ¢ is a point transitive cocycle over the adding
machine. It turns out that ¢ € CBVy(X). To see this observe first that ys,
hence also g, is constant on the levels of W! for ¢ > s. Moreover, ¢, takes on
levels of W# the values 2cos(2ml/As)/As, 0 < I < Xg, as xs takes the values
exp(2mil/As), 0 <1 < As. Therefore

maxgp m1n90< Z m%st—mlnws Zi

s>m s>m
for m > 1. Thus
Am—1
V() = Z (max e — mine) Z ——
j=0 s>m

Consequently
Var(p) = sup Vi (p) < 4

m>1
and ¢ has bounded variation.

We intend to prove that each minimal rotation on a compact metric mono-
thetic group admits a point transitive real cocycle (Theorem 7.3.6). Moreover,
for each m > 1 and for each linear subspace V' C R™ there exists a continuous
cocycle with range in R™ such that E(¢) = V (Corollary 7.3.7). To get these
results we proceed as follows.

Lemma 7.3.3. Let m: X — Y be a continuous group epimorphism of com-
pact metric monothetic groups. Let T: X — X, Tx = z+ «a, S:Y — Y,
Sy = y+ 5, where § = w(«), be minimal rotations. Then for any point transitive
cocycle :Y — R the cocycle ¢: X — R defined by ¢(x) = o(w(x)) is also point
transitive.

Proof. Assume that ¢: Y —R is a point transitive cocycle. Then f pduy =0,
hence [ @dpx =0, where px and py denote the normalized Haar measures on
X and Y, respectively. By [64, Theorem 1], either T is point transitive or ¢ is a
coboundary. Assume ¢: X — R, ¢ = p o to be a coboundary over the rotation
by a € X, i.e. there exists a continuous g: X — R with ¢(z) = g(z + o) — g(z).
Denote K = ker 7w and identify Y with X/K; then § = a+ K. Define a continuous
function ¢:Y — R by g(z + K) = [, g(z + k) dk. We have

g(x+a+K)_g(x+K):/K@(a;+a+k)—g(x+k))dk

:/ gZ(aH—k)dk:/ o(x+ K)dk = p(z + K).
K K
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Thus we have shown ¢ to be a coboundary over the rotation by 3, which is a
contradiction. O

In the following theorem we generalize Lemma 7.3.3.

Theorem 7.3.4. Letm: X — Y be a continuous group epimorphism of com-
pact metric monothetic groups, and let T: X — X, S:Y — Y, where moT =
S o, be minimal rotations. Then E(p) = E(p o) for each continuous cocycle
p:Y — R™.

Proof. 1f ¢ is transient, then clearly ¢ o 7 is also transient. Suppose S, is
conservative, hence regular (see [72, Theorem 4.9]). Let L:R™ — R be linear.
By [72, Theorem 3.5], both E(¢) and E(pom) are linear subspaces of R™. Then,
by [74, Proposition 3.1],

E(Loy)=L(E(p)), E(Lopor)=L(E(por)).

By Lemma 7.3.3, E(Loy) = E(Logpom) so L(E(p)) = L(E(pom)). As L is
arbitrary, E(p) = E(pom). O
Remark 7.3.5. Define ¢:[0,1) — R setting

— 1 ITe—1 o ,
S0(1,) _ Z = cos2mqrr = — Z 72(62771%1 + 67271'1%1)
1 IF 2 o1 Ik

(by Euler’s formula). Since ) 1/q; converges, ¢ is a well defined continuous
(and zero mean) function. We will show that ¢ is point transitive (compare [40,
14.14]). Suppose for the contrary that ¢ is a coboundary, ie. ¢ = g—goT
for some continuous function g. Let a, = ng(J:)e_%m'qc dx, n € Z. By Lebes-
gue-Riemann Lemma lim a,, = 0. Simple calculations show that

1 1 ,
5 L :azl:qk,(]- o ei27rzqko¢)’ k> 1,
an =0, n# £q,, k> 1.
However |e?™+ — 1| < 8 /)41 and it follows that
_ 8 1 k+1
16|aQ7€| - a ’ |627riQk-a _ 1| > ke > 1,

which gives a contradiction. Thus the cocycle ¢ is not a coboundary, hence ¢ is
point transitive.

Using the point transitive cocycle ¢ we have defined above one may construct
for any m a point transitive cocycle ¢: T — R™. To see this consider m pair-wise

disjoint subsequences (cg j)k>1, j = 1,... ,m of the sequence (gx)r>1 such that
no of the sequences ((1/cg ;)€?™ 3% — 1|)y>1, j = 1,...,m, is convergent.
Setting

1
pj(z) = Z 7cos27rck’jm, i=1,...,m
k>1 k.j
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we get that no non-zero combination by + ... + by is a coboundary. By
Atkinson’s theorem ([6, Theorem 1] or [72, Proposition 4.8]), the cocycle ¢ =
(¢1,... ,pm) is point transitive.

Using Example 7.3.2, Lemma 7.3.3 and Remark 7.3.5 we get the following.

Theorem 7.3.6. Assume that X is an infinite compact metric monothetic
group. Let T: X — X be a minimal rotation on X. Then (X, T) admits a point
transitive real cocycle.

Remark 7.3.5 allows us to give a slight generalization of Theorem 7.3.6.

Corollary 7.3.7. Assume that X is an infinite compact metric monothetic
group. Let T: X — X be a minimal rotation. Then for each integer m > 1 and
for each linear subspace V. C R™ there exists a continuous cocycle p: X — R™
such that E(p) =V.

Proof. Take a linear subspace V' C R™. Let ¥ = (p1,...,0m): X — R™
be a point transitive cocycle. If dimV = 0, then each coboundary is good
for us. Suppose dimV = k > 0. Denote €1,...,€, to be the standard base
of R™. Without loosing of generality we may assume that V' is generated by
€1,...,e;. Indeed, by [72, Theorem 4.9], all zero mean cocycles with values
in R™ are regular, and application of [74, Proposition 3.1] finishes the argumen-
tation. Let ¢ = (¢1,...,¢%,0,...,0). Again by [74, Proposition 3.1], we have
that E(p) =V. O






CHAPTER 8

SOME APPLICATIONS OF GROUPS OF ESSENTIAL VALUES
OF COCYCLES IN TOPOLOGICAL DYNAMICS

8.1. Preliminaries

8.1.1. Measure-theoretic context. It is easy to observe that if G is Abe-
lian and ¢ is cohomologous to ¢, then E(p) = E(¢). This fails when G is not
Abelian, nevertheless A. Danilenko has shown that in measure-theoretic ergodic
theory groups of essential values of cocycles have the following property.

Theorem 8.1.1 ([13, Proposition 1.1]). If the cocycles ¢ and ¢ are regu-
lar and cohomologous, then the groups E(p) and E(¢) are conjugate in G, i.e.
E@) =g 1E(p)g for some g € G.

In Section 8.2 we will give an example that in topological dynamics The-
orem 8.1.1 is not true if we omit the assumption of regularity (Example 8.2.3).
This a topological version of the result of [5].

In measure-theoretic ergodic theory regular cocycles are characterized by
Proposition 1.4.10 saying that a cocycle ¢ : X — G, where G is a locally com-
pact Abelian group, is regular if and only if E.(¢) = {0}, where ¢: X — G/E(y)
is defined by by ¢(x) = ¢(z)E(p). Clearly, always Eo(®) C {0,00}. The equ-
ivalence in Proposition 1.4.10 is shown making use of Proposition 1.4.7(b) and
of the existence of a measurable selector for the quotient map G — G/E(y).
In the topological case continuous selectors may not exist. We will show that
Proposition 1.4.10 is not true in topological dynamics — see Proposition 8.2.2.

Assume now that (Y, C,v) is a standard probability space. Consider the set
Aut(Y, C,v) of all automorphisms of (Y, C,v). Then considering the map

Aut(Y,C,v) 2 S+ Us: L*(Y,@,v) — L*(Y,C,v), Us(f)=foS

we may see Aut(Y,C,v) as a closed subset of the group U(L?(Y,C,v)) of unitary
operators on L?(Y, C,v) in the strong operator topology. With this topology the

153
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set Aut(Y,C,v) is a Polish space. Given a locally compact group G, its repre-
sentation I' = {7, : ¢ € G} and a measurable cocycle p: X — G we may consi-
der the Rokhlin cocycle extension Ty, r defined by T, r(z,y) = (T, Vp(2)(y))
— see (2). For cohomologous cocycles ¢ and v, ¥(z) = (f(Tx)) to(z)f(2),
the corresponding skew products T, r and T, r are isomorphic via the map
(2,y) — (z, f(x)"1(y)). A complete description of all invertible elements from
the centralizer of the automorphism T, 1 for a locally compact second countable
group G is given in the following.

Proposition 8.1.2 ([63, Proposition 5]). Let T: (X, B, u) — (X, B, 1) be an
ergodic automorphism of a probability standard space, (Y, C,v) a probability stan-
dard space, T a closed locally compact second countable subgroup of Aut(Y,C,v).
Let ¢: X — G be an ergodic cocycle. Then each invertible element R of C(T, )
s of the form

R(z,y) = (Rz, f(z) o W(y)),
where R € C(T), f: X — G is measurable and W € Aut(Y, C,v) normalizes the
group T' in Aut(Y, C,v).

We will give analogous characterization of invertible elements of C(T, r) in
topological dynamics context (see Theorem 8.3.10).

8.1.2. Topological dynamics context. Assume that G is a locally com-
pact group with the unit element e, X a compact Hausdorff space and let
I' = {y4 : g € G} be a left continuous action of G on X, i.e. there is a con-
tinuous map v: G x X — X satisfying the following conditions:

(8.1) v(e,x) =z, for all x € X,
(8.2) Y(9192,2) =(g1,7(g2,2)) forall g1,92 € G, z € X.

As usual we denote (g, - ) = 4. In what follows we will assume that all actions
of topological group we consider are effective, i.e. 74 = Idx implies g = e.

For an Abelian group G, cohomologous cocycles have the same essential
values (see Proposition 5.2.2(b)):

Proposition 8.1.3. Let (X,T) be a compact flow, G a locally compact Abe-
lian group. If p,&: X — G are continuous maps, then

Eoo(¢) = Bxo((§ 0 T) ™ pf).

This is not true when G is not Abelian, even for the groups of essential values
— see Example 8.2.3.

For regular cocycle ¢ the following equality E(g) = {0} holds (see Corol-
lary 6.1.4), where p(z) = ¢(z)E(¢) € G/E(p). In measure-theoretic case the
equality E(¢) = {0} is equivalent to regularity of ¢. Proposition 8.2.2 shows
that this is not true in topological dynamics.
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8.2. Counterexamples in topological dynamics

First we present a simple example of an extension T — T of topological flows
such that T is not of the form (1) (see page 7).

Example 8.2.1. Let T be the unit circle represented as the interval [0,1).
Consider T:T — T, Tz = x 4+ o (mod 1), where « is irrational. Then T =
T%T — T, Tz = x4+ 2a (mod 1), is a factor of T with two-point fibers. It is
easy to check that T and T are not isomorphic. Clearly T is not isomorphic to
any skew product (T x Y, Ty) with continuous ¢: T — Hom(Y,Y').

The following proposition defines a family of topological counterexamples for
valid in ergodic theory Proposition 1.4.10.

Proposition 8.2.2. Assume that (X, T) is a compact metric minimal flow,
p: X — R™ an ergodic cocycle. Define

T:X xR™)Z™ — X x R™/Z™,
T(x,g+7Z") = (Tx,p(x) + g+ Z™).
Let : X x R™/Z™ — R™, ip(x,9 + Z™) = o(x). Then E(¢p) = Z™, Eoo(iz) =
{0}, where : X xR™ /Z™ — R™ [E(¢) = R™ /2™, ¢(x, g+1Z™) = (x, g+2Z™)+
Z™, and v is not reqular. If moreover (X, T) is distal, then (X x R™/Z™ T) is
minimal.

Proof. Clearly T is topologically ergodic. If moreover T is distal, T is also
distal. Thus T is minimal provided T is distal. Let us compute E(¢). Let go €
E(v), go # 0. Then for any nonempty open sets U C X, W C R™/Z™, gy €
V C R™, we can find an n € Z such that

(UxW)YNT (U x W)N{(z,g+Z™): p™ (z,gZ™) € V} # 0.

Now, if (x, g+ Z™) belongs to the set above, then ¢ (z, g +Z™) € V, 2, T"x €
U, g+7Z™, o™ (x) +g+7Z™ W, ¢ (z) € V. Consider the sequences

U=U;2U,>..., W=W1DWeD..., V=ViDV,D...

of open sets with

ﬂUi:{m}7 ﬂWi:{g+Zm}’ mVi:{QO}'

n>1 i>1 i>1

Thus we can choose z; € U; with z;, T"x; — x, g; + Z™, go("")(a;i) +g; +72™ —
g+ 2™, o) (x;) — go. This implies (™) (x;) + Z™ — Z™, so gy € Z™.

Suppose now that h € Z™. Take nonempty open sets U C X, W C R™/Z™,
and fix h € V C R™. Find open sets h € Vi, C V and Wy C W such that
Vo+Wo C W. As ¢ is ergodic, there exists n € Z such that the set UNT~1UN{x :
o™ (x) € Vo} is non-empty, say z belongs to it.
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Let wo + Z™ € Wy. Then z,T"z € U, wo + Z™ € W, (™ (2) + wo + Z™ €
Vo + Wy € W and o™ (2) € Vo € V. Thus

(z,wo +Z™) € (UxW)NT™U x W)N{p™ eV} and he E®).

We have shown that E(¢) = Z™.
Now, if ¥ were regular, ¥ would have the form

o(x) =p(x,g+2Z") = Fx,g+2Z™) = FoT(x,g+ Z™) 4+ x(x,9 + Z™),

where x: X x R™/Z™ — Z™. Integrating both sides of the above equation over
R™ /Z™ with respect to the normalized Haar measure we get

p(x) = f(z) = f(Tx) + xo(),

where yo(x) takes its values in Z™ (since R™/Z™ is connected), which is impos-
sible as ¢ is ergodic. Thus v is not regular. N
Now observe that since R™/Z™ is compact, 0o € Ex(¢). O

It follows from Theorem 6.3.8 that each zero mean cocycle defined on a mi-
nimal rotation on a compact monothetic metric group and with values in R™,
is regular. Taking in Proposition 8.2.2 a minimal rotation on a circle as (X,T)
with topologically ergodic continuous ¢: T — R we get that the compact flow
(TxR/Z, T) is minimal and distal. Moreover, this flow admits a non-regular real
cocycle 1 with Eo (1)) = {0}. This shows that the theory of topological cocycles
is more complex than this theory in measure-theoretic context.

Below we will present an example of two cohomologous cocycles with values
in (non-abelian) group SL(2,R) such that their groups of essential values are

not conjugate.

Example 8.2.3. Let X = {0,1}” be the set of all 0-1 bisequences with
product topology. For z € X denote by z[n] the nth coordinate of z and let
z[n, m] = z[n]z[n+ 1] ... x[m] for m > n. The product topology on X is defined
by the metric

d(x,y) = (1+min{in] : 2[n] # yln]}) .

Let T: X — X be left side shift, Tx[n] = 2[n + 1]. Then the flow (X,T) is topo-
logically ergodic. Define f: X — Z, f(x) = (—1)*%). Clearly f is continuous and
has zero mean with respect to the Bernoulli probability measure (1/2,1/2) on X.
Now we will show that f is ergodici.e. Ty: X xZ — X xZ is point transitive. To do
this take an arbitrary positive integer m and fix B = a_ G 41 . .- G001 - . . Qs
where all a; are either zero or one. Let U = {x € X : z[-m,m] = B}. Set
n=4m + 3. Denote B =a_,, ...dm, whered =1 —a for a € {0,1}. Choose an
o € X satisfying

zol[-m,m] =B, xzo[m+1,3m+1] = B,
xo[3m+2] =0, x9[3m+3,5m+ 3] = B.
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Then x¢g € U, T"xzg € U. We also have

4m+4-2
) = Y (-1l
:n:O 3m-+1 4m—+3 )
:Z wo[z + Z wo z]+ )w0[3m+2]+ Z (_1)w0[z]
=0 1=m-+1 i=3m+3
m -1
S 3 e S
i=0 i=—m i=—m

As U was arbitrary, we conclude that 1 € E(f). Since E(f) is a group and f is
integer-valued, E(f) = Z. By Proposition 5.2.3, f is ergodic.
Now we define a continuous map ¢: X — SL(2,R) setting

p(x) = Ll) f(lx)]~

E(gp){[é ﬂ :nGZ}.

Define a continuous map &: X — SL(2,R) by

[1 0} if 2[0] = 0,

Then clearly

f@)=1 )

[ o

Let ¥: X — SL(2,R) be defined by

Y(@) = (§(Tx)) " p(2)8(@).

We will show that E(¢) is trivial, hence not conjugate to E(y¢). To prove this
take [‘Z z] € E(¢). Then for each z € X there exists a sequence (n;);>1 of
integers and a sequence (z;);>1 such that

. N (n4) (e a b
z;, —x, Thz, —xz, 1P (ml)—>[c d}

Suppose first that z[0] = 0, we may assume that z;[0] = 7™ [0] =0 for all ¢ > 1
Then

U (23) = (€T @) pl@i)E ()
— o) () = [(1) f("ii(xi)} . [a Z}

C

that means c=0,a=1,d=1, i.e. [ZZ] = [(1311)}
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Assume now that z[0] = 1. Then we may assume that x;[0] = T"[0] = 1 for
all > 1. Then

) (@3) = (T i)~ o ()6 (i)
L
_ 1 0} . [1—<P("i)($i) (P(ni)(ffi):|
11 -1 1

[1— M) o) T [1 b
| e (@) 14 () 0 1]

Therefore ¢ (z;) — 0 and b = 0.

8.3. Isomorphisms of Rokhlin cocycle extensions
of point transitive flows

The following proposition is a topological version of Proposition 1.4.11.

Proposition 8.3.1. Let (X,T) be a Z-flow. Assume that G, H are locally
compact Abelian groups and let m: G — H be a continuous group homomorphism.
If p: X — G is a continuous map, then

m(E(p)) C E(m o).

If additionally ¢ is regular, then
m(E(p)) = E(m o).

Proof. The inclusion is clear. Assume now that ¢ is regular, that means
o = (foT) yf, where f: X — G, 9: X — E(p) are continuous maps. Let
g € E(mo ). To prove that g € 7(E(y)), fix an open neighbourhood V of the
unit element in H. We will show that (¢V) N w(E(p)) # 0. Let Vo be an open
symmetric neighbourhood of the unit element in H such that VyVy C V. Take
an open U C X such that z,y € U implies 7(f(y)~!)n(f(x)) € Vo. Now, as
g € E(7 o ), there exists n such that the set UNT~"U N {mo o™ € gy} is
nonempty, say x belongs to it. Then x € U, T"x € U, and, by our assumption,
m(f(T"z)"Y)m(f(z)) € Vo. Moreover

Vo 3 m o™ (x) = 7 (f(T"@) " )r(f(2))m 0 (@)
and we get
o 3™ () e gVoVo C gV and mo (™) () € T(E(p)),

which finishes the proof. O
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Theorem 8.3.2. Let (X,T) be a compact metric point transitive flow, G
a locally compact second countable Abelian group, Y a compact metric space,
I' = {vy : g € G} an effective left continuous actions of G on'Y, ¢: X — G
a continuous map such that T,, is point transitive. Assume moreover that I' C
Hom(Y,Y) is a closed subgroup. Let S € C(T,r) be an invertible extension of
some S € C(T). Then there exist: p € Hom(Y,Y'), a topological group automor-
phism v:G — G and a continuous map V: X — G such that

~

(8.3) S(x,y) = (S, vp(2) ° P(Y)),

and p satisfies
(8.4) Yoig) =PoYg 0P, gEG.

Proof. Let S(z,y) = (Sz, k(x,y)), where : X x Y — Y is a continuous map.
Because S commutes with T, r, we have

(85) 'ycp(Sa:)’%<xay) = H(Taja%p(a:) (y))
For z € X let k,: Y — Y, k,(y) = £(z,y). Then (8.5) may be written as

(86) Yo(Sz) © Kz = KTz © Vop(x)-
Consider now the map
X 32+ K, € Hom(Y,Y).

We will show that the map above is continuous. Take ¢ > 0. Find §; > 0

such that d((z,y),(z/,y')) < & implies both d(S(z,y),S(z',y)) < £/2 and
d(S™(z,y),S7(2',y")) < £/2. Now, find § > 0 such that § < §; and if d(z,2’) <
4 then d(Sz, Sx’) < 61. Now assume that d(2’,z) < 0. Then

(Ko, Kiar) = sup d(q(y), 5o (y)) + sup d(r; (1), k5 (1)

yey yey
< sup d(S(z,y), S(a',y)) + sup d(S~ (z,y), S (2',y)) < e.
yey yey

Define a (continuous) map F: X x G — Hom(Y,Y) by F(z,9) = Ky 0 7q-
Then, by (8.6), F oT,(x,9) = KTz © Yp(z) © Vg = Vo(sz) © F(z,g). Considering
the identity

(8.7) FoT,(X,g9) =Yz © F(x,9)

in the quotient space Hom(Y,Y) \ T' of left cosets of T' in Hom(Y,)Y") we get
I'FoTy(x,9) = I'F(x,g). As T, is topologically ergodic, the map I'F: X —
Hom(Y,Y)\ T is constant, T F(z,y) = I'p for some p € Hom(Y,Y). This means
that

(8.8) F(z,9) = Yg(2,9) © P»



160 MieczystAw K. MENTZEN
where : X x G — G is a continuous map. By (8.7) we have

Yo(Sz) = Vap(Ta,p(2)g) W (x,9) 1
which gives
(8.9) o(Sz) =P oTy(x,g) P(z,9)"".

Now, for arbitrary h € G consider a map Ap: X x G — G, Ap(z,g) =
(e, gh)i(x, g) 1. Then, by (.9),
Ap o Ty(x, 9) = (T, p(a)gh) (T, p(x)g) ™"
= ((Tz, p(x)gh)P(z, gh) ™)
(¥ (w gh)(z, 9) ™) (W (a,
= ¢(Sz)Ap(z, g)p(Sz) !

Since Ty, is topologically ergodic, Ay, is constant:

9)0(Ta, p(2)g)
— An(a,

9)-

(8.10) Pz, gh)(z,9)~! =v(h), where v:G — G.
Clearly v is a continuous group homomorphism. In particular

v(h) = E(mv h)@(l'v 6)_1

i.e.

(8.11) P(x,h) = v(h)i(@,e) = v(h)y ().

By (8.8), k& = Yup(x) © Yu(g) O P © 79_1 and k. does not depend on g, so fyv(g)p'yg_l
also does not depend on g. In particular, taking g = e we get

(8.12) Yo)PVy =P and kg = Yy(a) 0P

Therefore S(z,y) = (52, Yy(x) © P(¥)). By (8.12), vy(y) =povg0p L.

To finish the proof observe that as the action I' is effective, v is a mono-
morphism. It remains to show that v is onto. By virtue of (8.9) and (8.11) we
have

p(Sz) = P(Tx,p(x))P(x,e) " = v(p(@)yp(Tw)i ()~

Thus we have obtained

(8.13) (p,p08)=(pvop)-(e,poT -y ),

an equation giving that the cocycle ¢ x p 0 S: X — G x G is cohomologous
to ¢ X v o . In particular we have equality of the groups of essential values:
E(p x ¢poS)=E(p xvop). On the other hand, it is easy to see that

E(woyp)=v(G), E(pxvop)={(g,v(g):9€G}=2A,
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and the cocycle ¢ x v o ¢ takes all values in the group A,. Thus the cocycle
© X po S is regular and, by Proposition 8.3.1,

G =E(mso(¢px ¢08)) = E(mo (¢ x voy)) = B p) = o(G)

i.e. v(G) is dense in G.

If G is compact, then v(G) is a closed subset of g, hence v(G) = G. If G is
connected, then G = R™ @ K, where K is compact group. In such a case, as
v is a monomorphism, v(R™) = R™ and v(K) = K, so v(G) = v(R" @ K) =
R™pK = G. If G is an arbitrary locally compact Abelian group, then G possesses
an open subgroup of the form R™ & K for some compact group K. Then clearly
v R" P K)=R™® K. As G/R™ @ K is discrete, v(G/R™ @ K) = G/R™ & K

(since v(G) = G) and therefore v is onto and the result follows. O

If ' ¢ Hom(Y,Y) is closed and acts effectively, then the following corollary
from the proof of Theorem 8.3.2 holds.

Corollary 8.3.3. If S € C(T) can be lifted to an invertible S € C(T,r),
then the cocycle ¢ x @ oS is reqular and E(p x ¢oS) = A, for some topological
group automorphism v of G. In particular, both projections of E(¢ x ¢ o S) are
equal to G.

In view of Theorem 8.3.2 observe, that if the actions of I on Y is not uni-
formly rigid, i.e. 4, # Id uniformly for any sequence G > g, — oo (see e.g.
[37] for this and other related notions of rigidity in topological dynamics), then
I' ¢ Hom(Y,Y) is closed. Indeed, if T" is not closed in Hom(Y,Y"), then ~,, —
¥ ¢€T. As v ¢ T, we have g,, — oc. Therefore v, ' =~_, — ! ¢I. Taking a
subsequence g, such that h,, = g, — gx, — 00 we get 5, = ygnwg_kln — Idy, so
the action of I" on Y is uniformly rigid.

In general, for an element S of C(T) that can be lifted to an S € C(T,r),
the following lemma is true.

Lemma 8.3.4. Let (X, T) be a Z-flow, G a locally compact Abelian group,
and p: X — G a cocycle. LetT' C Hom(Y,Y') be a continuous representation of G,
where Y is a compact Hausdorff space. If S € C(T) can be lifted to a Se C(Tyr)
and the cocycle p X ¢ 0 S is regular, then both projections of E(p X ¢ 0 S) are
dense in G.

Proof. If m;: G x G — G denotes the projection onto the ith coordinate, then,
by Proposition 8.3.1, mi(E(p x 9o S5)) = E(n(¢ X p08)) = E(p) = G, which
finishes the proof. O

The requirement of full projections of the group of essential values of the
cocycle ¢ X o S has the following algebraic interpretation.
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Lemma 8.3.5. Assume that (G,e) is a group and H C G x G a subgroup.
Consider the natural action of G x G on (G x G)/H given by

((91,92), (91, 92)H) + (9191, 9292) H.

Then the natural action of {e} x G on (G x G)/H is transitive if and only if
the projection of H on the first coordinate is equal to G. Similarly, the natural
action of G x {e} on (G x G)/H is transitive if and only if the projection of H
on the second coordinate is equal to G.

Proof. Assume that the action of {e} x G on (G x G)/H is transitive. Then
(8.14) {(e,9)H : g € G} = (G x G)/H.

Given a g1 € G, we will find a go € G such that (g1, ¢2) € H. In view of (8.14),
there exists a g € G such that (e, g)H = (g1, e)H. In particular (g1, ¢e) = (h1, ghs)
for some (hi,hs) € H, so (g1,gh2) = (91,92) € H.

Conversely, assume that the projection of H on the first coordinate is equal
to G. Fix (g1,¢92) € G x G. By assumption, there exists an h € G such that
(g1,h) € H. Let g = goh™!. Then (e,9)H = (e,9)(g1,h)H = (91,92)H and we
are done. g

Motivated by Corollary 8.3.3, Lemma 8.3.4 and Lemma 8.3.5, we will weaken
the assumption of Theorem 8.3.2 by skipping the requirement that I' is closed
in Hom(Y,Y'), and replacing it by regularity of ¢ x ¢ 0 S and full projections of
E(px¢oS)in G (Theorem 8.3.8). These two conditions are indeed weaker than
the requirement that I'" be closed. For instance, if G = Z and I = {v,, : n € Z}
C Hom(T,T), where T denotes the unit circle, and ~,(y) = y + na mod 1 for
some irrational «, then clearly I is not closed in Hom(T, T). On the other hand,
for any extension Idx of Idx, the group E(pxpold) = E(p x ) = Az has full
projections and the cocycle ¢ x ¢ oId is regular.

In our considerations we need a generalization of Proposition 5.6.1. First,
following [72] we define the notion of relatively minimal extensions of topological
flows. We say, that if m: X — Y is a factor map of topological flows, then Y
is a relatively minimal extension of X if for each closed and invariant Yy C Y
satisfying 7(Yp) = X, we have Yy =Y.

Proposition 8.3.6. Let (X,T) be a point transitive flow, G a locally com-
pact Abelian group, p: X — G a continuous map such that Ty, is point transitive.
Let' Y be a compact Hausdorff space and T’ = {v, : g € G} a left continuous
action of G on Y.

If M C X XY is a T, r-invariant closed set that is a relatively minimal
extension of X wvia the natural projection, then there exists a closed set Yy CY
such that M = X x Yy. Moreover, the G-flow (Yo,T') is point transitive.

Proof. By assumptions of this proposition, we can find an xg € X such that
Orb(zg,e) = X x G. Since M is an extension of X via the natural projection,
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there exists a yo € Y such that (zo,y0) € M. Put D = {(z,9) : (z,74(y0)) € M}.
Clearly (zo,€e) € D, D is closed and T, p-invariant, hence D = X x G. Let

Yo = Orbr(yo) = {74(30) : g € G}.

Since D = X xG, X xYy C M. By assumption of this proposition, the extension
IIx: M — X is relatively minimal, therefore M = X x Y. O

The proposition below is a topological counterpart of Theorem 3.2.9.

Proposition 8.3.7. Let (X,T) be a compact point transitive flow, G a lo-
cally compact Abelian group, Y, Z compact Hausdorff spaces, T' = {v, : g € G},
A = {); : g € G} left effective continuous actions of G on'Y and Z respec-
tively, p: X — G a continuous map such that T, is point transitive. Assume
that M C (X XY) x (X x Z) is a T, r X T, a-invariant closed set that is point
transitive and the extension mxxx: M — wxxx (M) = My is relatively minimal.
Assume moreover that the restriction (¢ X @), of ¢ X ¢ to My is regular i.e.
there exist functions fi, fa: Mo — G X G, m1,m2: Mo — E((¢ X ¢)m,) such that

(p(x1), p(x2)) = (f1(21,22), f2(21,72))
= (fi(Tz1,Txs), fo(Tx1, Tx2)) + (M (21, 72), M2(71, ¥2))

for all (z1,22) € Mp.
Then there exists a compact E((¢p X @), )-invariant set A CY x Z such that
the map J: M — My x (Y x Z) given by

J(fh Y, T2, Z) = ((ﬂl, X2, 'Yfl(acl,xg) (y)a /\f2(a:1,ac2)(z))

is an isomorphism of (M, T, x Ty a) and (Mo x A, (T x T), 0,),1), where
H = {(7g17>\g2) : (91392) € E((@v@)Mo)}‘

Proof. Clearly Jo (T, x Ty n) = (T % T)(9,,6,),z ©J on M. Thus J: M —
J(M) is an isomorphism and, by [73, Proposition 2.3], J(M) is a relatively
minimal extension of My. By virtue of Proposition 8.3.6, there exists a closed
set Yo C Y such that M = X x A and the E((p, @), )-flow (A, H) is point
transitive. ]

Theorem 8.3.8. Let (X,T) be a compact point transitive flow, G a locally
compact Abelian group, Y,Z compact Hausdorff spaces, T = {v, : g € G},
A ={);: g€ G} left effective continuous actions of G on'Y and Z respectively,
p: X — G a continuous map such that T, is point transitive. Assume that S: X x
Y — X x Z is an isomorphism of (X x Y, T, r) and (X x Z,T, o), that is an
extension of some S € C(T). Assume moreover, that the cocycle ¢ X p o S is
reqular and that both projections of E(¢ x ¢ o S) are equal to G.

Then there exist: a homeomorphism p:Y — Z, a topological group automor-
phism v: G — G and a continuous map ¥: X — G such that

~

(8.15) S(@,y) = (52, Ay () 0 P(y));
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and p satisfies
(8.16) povg(y) =Augonly), g€G, yeY.

Proof. By Proposition 8.3.7, J(Ag) = As x Aand A CY x Z is a compact,
H-invariant set, where H = {(74,,Ag,) : (91,92) € E(p X ¢ 0S)}. Therefore
(8.17) S(x,y) = (Sz,k(z,y))
for some continuous map v: X xY — Z.

First we define the topological group automorphism v:G — G. To do this
take (g,91),(g,92) € E(p X ¢ 0 S). Since A is H-invariant, for each y € Y we
have A\, o k(z,y) = k(x,74(y)) = Ag, 0 £(2,y), and therefore Aggrt = ldz, ie.
g1 = g2. This implies that there exists a map v: G — G such that

(8.18) E(pxpoS)=1{(g,v(9) : g € G} = A,.

As E(p X p o 8) is a group, v is a group homomorphism. By the assumption
that both projections of E(p X ¢ o S) are equal to G, v is onto. In particular
v is continuous. Since S is an isomorphism, in a similar way we show that if
(91,9),(g2,9) € E(p x 9o S), then g1 = go, i.e. v is a topological group auto-
morphism.

Because the cocycle ¢ X oS is regular, there exist functions f1, f2,0: X — G
such that

(8.19) p=rfi-(fioT)™" -0,
(8.20) woS =fo-(fooT) - (vobh).

Now we are able to prove the existence of the map p: Y — Z. More precisely, we
will show that

(8.21) A={(y,p(y)):y €Y} and Aygmop=poy, geq.

Indeed, as J(Ag) = As x A, the set A is a graph of some continuous map p: Y —
Z. As § is an isomorphism, p is a homeomorphism. To prove that A, g op = po~,
fix (z,y) € X xY and denote g = )\Jfll(m)y. Then (¢, ()7, L, (2)k(2,7)) € A, hence

p(y) = )\fg(a:)/‘&(fﬂ,’Yﬁl(x)y), equivalently
(8.22) KTV () = Ay () PY)-
Since A is Ay-invariant, for each g € G we have
(Vg © V11 (@) T Mo(g) © Afa(e) © K(2, 7)) € A,
i.e.

Mo(g) © Moty © (2,77 (1Y) = P39 © V1, ) F) = PO 7(y)-
By (8.22), Ay(g) 0 P(y) = po4(y) and (8.21) is proved.
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To finish the proof let (v¢, )y, A, ()k(2,y)) € A. By (8.21),

Afa(z) © K(T,Y) = POV () (U) = Au(fi(2)) © P(Y),
hence
R(2,9) = AL © Ao () © P(Y):
Denote ¢ (x) = v(f1(z)) f2(x) " Then Ay = )\szl(w) 0 Xy(f(2)) and

~

S(x,y) = (Sz,k(z,y)) = (S, Ay(a) 0 p(y))
and the proof is complete. O

Since the isomorphism S from Theorem 8.3.8 satisfies S o Tor = Tpp 0 s,
K(TZ, Y (2)(y)) = Ap(sz) © K(2,y). By Theorem 8.3.8,

Ay(Tz) © Au(p(z)) © P(Y) = Ap(Tz) © P © Vo(y) (¥) = Ayp(sz) © Ap(a) © P(Y),

hence
YvoT -vop=poS- ¥
and we have the following

Corollary 8.3.9. Under the assumptions of Theorem 8.3.8, the cocycles poS
and v o @ are cohomologous.

Directly from Theorem 8.3.8 we get the following description of the elements
of the centralizer C'(T, ).

Theorem 8.3.10. Let (X, T) be a compact minimal flow, G a locally com-
pact Abelian group, Y a compact Hausdorff space, T = {4 : g € G} a left action
of G onY, ¢: X — G a continuous map such that T, is point transitive.

IfSe C(T,r) is such an invertible extension of S € C(T') that the cocycle
© X oS is regular and that both projections of E(p x ¢ o S) are equal to G,
then there exist: a homeomorphism p:Y — Y, topological group automorphism
v:G — G and a continuous map V: X — G such that

o~

(8.23) S(x,y) = (S, V@) op(Y)) and povy=yg oD, g€ G.

Corollary 8.3.11. If, under assumptions of Theorem 8.3.10, S e C(Tyr)
is invertible, then p normalizes I in Hom(Y,Y").

Corollary 8.3.12. If Id C(T,r) is an extension of the identity map
on X, then Id(x,y) = (z,p(y)), where p € Hom(Y,Y) N C(K).

Proof. In this case E(p X ¢) = Ag, hence the cocycle ¢ x ¢ is regular, f; =
fo=0,v=1Id¢g and y,0p = po~y,, g € G. Thus ¢ = 0 and Id(z, y) = (z,p(y)).0

IfS:X xY — X x Z is a factor map of flows, where (X,T) is a minimal
rotation, then the set Ilxxx(Ag) C X x X is minimal, so Ilxxx(Ag) = Ag for
some S € C(T).
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Theorem 8.3.13. Let T be a minimal rotation on a compact metric mono-
thetic group X, T' = {74 : ¢ € R™} a left continuous action of R™ on a compact
metric space Y, p: X — R™ a continuous map such that T, is point transitive.
IfS e C(T,,x) is invertible, then there exist: S € C(T), p € Hom(Y,Y'), topolo-
gical group automorphism v:R™ — R™ and a continuous map : X — R™ such
that

~

S(x,y) = (SCU,’)/w(x) Op(y))
and po Yy = Yug) ©P, g € R™.

Proof. Clearly S is an extension of some S € C(T). ¢ is ergodic, so by
[mentzen, Theorem 4.9], ¢ x o .S is regular and E(p x po.5) is a linear subspace
of R™ x R™. As in the proof of Theorem 8.3.8 we deduce that F(p x ¢ o S)
has dense both projections on R™, hence the projections are equal to R™. An
application of Theorem 8.3.8 finishes the proof. O

8.4. A remark on some recent results

In 2005 G. Greschonig and U. Habéck in [41] completely solved the problem of
cohomological invariancy of the sets of essential values in the case of non-abelian
groups. They changed a little bit the topological version of the Schmidt’s defini-
tion of the set of essential values (called in [41] an essential range) passing from
a global notion to a notion depending on a point in the base. In Abelian case
both definitions coincide — the group of essential values does not depend on the
point. In non-abelian case this is not true. G. Greschonig and U. Habock found
an exact topological version of the measure-theoretical notion of regularity of
a cocycle. The definition of regular cocycles from this dissertation is essentially
stronger than the G. Greschonig and U. Habdock’s one: all regular cocycles in
sense of this chapter are regular in the sense of G. Greschonig and U. Habdck,
not vice versa.



APPENDIX A

LEBESGUE SPACES AND THEIR PROPERTIES

The following chapter is based on [12], [85] and on [98].

A.1. Point and set maps of measure spaces

Let X be a non-empty set, A a o-algebra of subsets of X and p a measure
on A. Then we will call (X, A, u) a measure space. If additionally p(A) = 1, then
(X, A, ) is called a probability measure space.

Let (X, A, p) and (Y, B, v) be two measure spaces. A map f: X — Y is called
measurable if f~'(B) € A for each B € B. Such an f is said to be a measure
preserving map if u(f~1(B)) = v(B) for all B € B.

Definition A.1.1. Let (X, A, ) and (Y, B,v) be two measure spaces. We
say that (Y,B,v) is a factor of (X, A, p) if there exist X' € A, Y’ € B with
w(X\X') =0, (Y \Y’) =0 and a measure-preserving map f: X’ — Y’.

Definition A.1.2. Two measure spaces (X, .4, u) and (Y, B,v) are said to
be isomorphic if there exist X’ € A, Y’ € B with p(X \ X') =0, v(Y \Y') =0
and a measure-preserving bijective map f: X’ — Y”’. The map f will be called an
isomorphism of the measure spaces (X, A, u) and (Y, B, v). In the case (Y, B,v) =
(X, A, i) such an isomorphism will be called an automorphism of (X, A, u), and
the measure p is said to be an invariant measure for the automorphism f.

For a given measure space (X, A, ) we define a Boolean c-algebra A by
the following way. Let ~ be an equivalent relation on A defined by A; ~ A, if
and only if u(A4;AAs) = 0, where A denotes the symmetric difference of sets:
A1 ANAy = (A1\Ay)U(As\ Ay). Let A = A/ ~. Then A is a Boolean o-algebra. If
additionally (X, A4, i) is a probability measure space then the Boolean o-algebra
A enjoys a structure of a metric space with the distance p defined by p(gl, gg) =
,U,(A]_ AAQ)

167
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If (Y,B,v) is a factor of (X, A, u) with the factor map f, then f~1(B) is a
sub-g-algebra of A and the map f~1: B — f~1(B)~ C A is a bijection. If f is an
isomorphism then f~1(B)~ = A.

Definition A.1.3. Given measure spaces (X, A, 1) and (Y, B,v) we say that
the Boolean g-algebra Bisa factor of the Boolean o-algebra .A if there exists an
isometric map of metric spaces F": B— A satisfying F’ (@) = 0. If the map F' is
additionally onto, then F' is called an isomorphism, the o-algebras A and B are
said to be isomorphic and the measure spaces (X, A, u) and (Y, B, v) are said to
be conjugate.

Clearly, if the measure spaces (X, A, u) and (Y, B,v) are isomorphic via a
map f: X' - Y, X' C X,Y' CVY, where p(X \ X') = 0, v(Y \Y’") = 0,
then they are also conjugate via F = f~1: B— .,Z; not wice versa. However, the
converse is true under some natural assumptions.

Theorem A.1.4 ([85], [98]). Let X1, X5 be complete separable metric spa-
ces, let B(X1),B(X2) be their o-algebras of Borel subsets and let my,mz be
probability measures on B(X1),B(X,). Let ®:B(Xy) — B(X1) be an isomor-
phism of Boolean c-algebras. Then there exist My € B(X1), My € B(Xs) with
my (M) = me(My) = 1 and an invertible measure-preserving transformation
¢: My — My such that ®(B) = (¢~ (B N Ms))™ for each B € B(Xs). If 1 is
any other isomorphism from (X1,B(X1),m1) to (Xz2, B(X2), ma) which induces
O, then mi({z € Xy : ¢(z) # ¢Y(x)}) =

A.2. Probability Lebesgue spaces

Definition A.2.1. A probability measure space (X, A, u) is a Lebesgue
space if it is isomorphic to a probability space that is a disjoint union of a counta-
ble (or finite) number of points {x1, 2, x3, ... } each of positive measure, and the
space ([0, s], £([0, s]), A), where L£([0, s]) is the o-algebra of Lebesgue measurable
subsets of the interval [0,s] and A is Lebesgue measure. Here s = 1 — 3" pp,
where p,, is the measure of the point y,.

An wide class of Lebesgue spaces is provided by the following theorem.

Theorem A.2.2 ([85], [98]). Let X be a complete separable metric space, let
B(X) be its o-algebra of Borel sets and let m be a probability measure on B(X)
with m({z}) = 0 for each set {x} consisting of a single point x € X. Let
([0,1], B([0,1]), A) denote the closed unit interval with its o-algebra of Borel sets
and Lebesgue measure X. Then the measure spaces (X, B(X),m), ([0, 1], B([0,1]),
A) are isomorphic. If (X, Bmn(X), m) denotes the completion of (X,B(X),m)
then (X, Bn(X),m) is isomorphic to (]0,1], £([0,1]), A), where L£([0,1]) is the
o-algebra of Lebesgue measurable sets on [0, 1].
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Clearly Theorem A.1.4 is true for Lebesgue spaces (i.e. set maps are always
induced by point maps).

Following Rokhlin ([84]) we introduce the notion of a measurable partition
of a Lebesgue space.

Definition A.2.3. Let (X, A, u) be a Lebesgue space. A family of measu-
rable sets P = {P, : v € T'} is called a partition of (X, A, p) if all P, € P are
measurable, pair-wise disjoint and p(X \ JP) = 0.

Definition A.2.4. Let (X, A, u) be a Lebesgue space. A partition P = {P, :
v €T} of (X, A, ) is said to be measurable if there exists a countable family D
of measurable sets, each of them being a union of elements of P, such that for
any two distinct A, B € P there exists a set D € D such that exactly one among
A, B is included in D.

We will often call a (measurable) partition of a Lebesgue space (X,A, )
shortly a (measurable) partition of X. Clearly each finite partition of a Lebesgue
space is measurable. For a measurable partition P of a Lebesgue space (X, A, )
the space X/P ={A € A: A € P} is a Lebesgue space as well.

Definition A.2.5. Let P be a measurable partition of a Lebesgue space
(X, A, ). By a canonical system of conditional measures with respect to the
partition P we understand a system {uc : C € P} of measures satisfying the
following conditions:

(a) Each measure ¢ is defined on a o-algebra Ac of subsets of the set C,
where B ={ANC: Ae A}

(b) The measure space (C, Ac, ) is a Lebesgue space.

(c) For any A € A the function C' — pc(A N C) is measurable on X/P,
and

H(A) = /X AN O)dn

The following theorem characterizes measurable partitions.

Theorem A.2.6 ([84]). A partition of a Lebesgue space is measurable if and
only if there exists a canonical system of conditional measures with respect to this
partition. Such a system is unique up to set of measure zero.

A.3. Spectral theory of unitary operators
The contents of this section is borrowed from [81].

Definition A.3.1. A sequence (7, )nez of complex numbers is said to be

positive definite if
N

Z Tr—mOn Gy 2> 0

n,m=0
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for all sequences (a,,)nen of complex numbers and all non-negative integers N.

The most important example of a positive definite sequence contains the
following lemma.

Lemma A.3.2. IfU is a unitary operator on a Hilbert space (H, (-, -)) and
x € H, then the sequence rn, = (U"x, ) for n € Z is positive definite.

Proof. Let (an)nen be a sequence of complex numbers. Then for nonnegative
integer N we have

N N N
(A1) 0< <ZanU"m, Z amUmx> = Z U™z, x)anGm,
n=0 m=0 n,m=0
so the sequence (7, )nez is positive definite. a

Theorem A.3.3 ([Herglotz]). If (rn)nez is a positive definite sequence then
there is a unique finite non-negative measure p on'T = {z : |z| = 1} (or on [0,1))
such that

1
Ty = /z" dp = / exp(2minz) du, n € Z.
T 0

Conversely, if p is a non-negative measure on T then the sequence r, = fT Z2" du,
n € Z, is a positive definite sequence.

Proof. Directly from the definition of a positive definite sequence we get
that ro > 0. Now fix a complex A, and a positive integer n. Taking the sequence
(@m)m>0 given by ap = 1, a, = XA and a,, = 0 for other m for N = n we get that

n
0< > Temrlm = (14 [A?)ro + raA +r_pX.

k,m<n

Hence 7, A + 7_p is real for all complex A, which implies that r_,, = 7,, n > 0.
Now, for fixed n, let A\ = 67,. Then we get that

(14 10%|rnl?)ro + O|70|? + 0)rn]? > 0

for all complex 6. For real 8 we have a quadratic in 6 which is never negative.
The (non-positive) discriminant of this quadratic shows that |r,| < ro for all n.
In particular, the sequence (7,)ncz is bounded. Unless g = 0 (then all 7,,’s are
zero), without loss of generality we may assume 79 = 1. Let 0 < s < 1, then
positive definiteness yields

00
fs(z) = Z rn_msn—o—mzm—n >0

n,m=0

for all complex z with |z| = 1. Because

oo

fs(z) = i rnz " Z S|n\+2m = i rnz—”s|”| 1 _1527

n=-—oo m=0 n=-—oo
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we get
n|
_ r_nS

/Tfs(z)z "dz = IR
Define ps by

d

= (1= f() 20
so that

/27" dus = r_ns™, ws(T) =19 = 1.
T

Choose a sequence (0,1) 3 s,,, — 1, then [ 27 % dp,,, — r_j for all k € Z. Hence
J1 P(2) dpis,, converges as m — oo for all polynomials p(z). Since the polynomials
are dense in the space C(T) of all continuous complex functions on the circle, we
see that [ f(2) dus,, converges for all f e C(T) to, say, J(f). But dus/dz > 0
implies J(f) > 0 when f > 0 and therefore J(f) = [ ddpu for some probability
@ on T. We conclude that

/ 27k dp = lim 27k dus,, =7_k
T m—00 J
and the existence part of the theorem is complete.

The measure p such that [ z*du = ry is unique since [ 2Fdp = [ 2% dv
for all k € Z implies p = v.

If p is a probability measure on T and r, = fT 2% du, k € Z, then

N N N 2
Z Tr—mOnGm = Z Anlm / 2T du = / Z an2"™| dp > 0.
n,m=0 n,m=0 T I —
Thus the sequence (1, )nez is positive definite. (|

Theorem A.3.4 (Wiener). Let m be a finite Borel measure defined on the
circle K. If H is a closed subspace of L*>(K, m) which is invariant with respect
to the unitary operator V(f)(z) = zf(z) (i.e. VH = H) then

H=xpL*(K,m)={f € *(K,m): f =0 on B}
for some Borel subset B.

Proof. Let 1 = k + h, where k € H-, h € H. Then k L V™h for all n i.e.
Ji k(2)-h(2)z" dm = 0, n € Z. Therefore k(2)h(z) = 0 and 1 = |k|+|h| m-almost
everywhere. Since k, h have disjoint “supports” (k = xak, h = xach), |k| =1
on A and |h] =1 on A° m-almost everywhere. But 1 = k + h implies £k = 1 on
A and h = 1 on A°. In other words 1 = x4 + Xxac is the decomposition of 1
with respect to H*, H. hence z"x4<(2) € H for n € Z and we conclude that

xacL?(T,m) C H, xaL?(T,m) C H* i.e. xacL?(T,m) = H. O
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Definition A.3.5. For i = 1,2 let U; be unitary operator of Hilbert space
H;. The operators Uy, Uy are said to be unitarily (or spectrally) equivalent if
there exists an isometry W of H; onto Hy such that WU; = UsW. In this case
we write Uy ~ Us.

Let U be a unitary operator on the Hilbert space H. For z € H let Z(x)
denote the cyclic subspace generated by x which is the closure of the linear span
of {U"x : n € Z}.

Lemma A.3.6. The restriction U|z(,) is spectrally equivalent to the opera-
tor V: L2(T,2) — L2(T, %) defined by (Vif)(z) = zf(z), where T denotes the
spectral measure of x, i.e. such that (U™x,z) = fT z"dz for alln € 7.

Proof. Define W(U"z) = 2™ € L*(T, ), then W is an isometry on {U"x :
n € L} since (U™xz,U"x) = [;2"2""dZ. Hence W extends to an isometry of
Z(z) onto L3(T, 7). Clearly WU = V,W; thus U is spectrally equivalent to V,..(J

Lemma A.3.7. Ul is spectrally equivalent to U|z ) if and only if the
spectral measures T and y are equivalent.

Proof. Suppose WV, =V, W for some isometry W and write f(z) = W (1),
then WV'1 =V, f,ie. W(2™) = f(2)z". Hence W is the multiplication operator
g+ fg and if B C T is a Borel set then xp in L?(T, ) has the same norm as
fxp in L*(T,y), ie. Z(B) = [5|f?dy. Therefore T is absolutely continuous
with respect to ¥, £ < 3. A similar argument shows that ¥ < Z; and hence 7 is
equivalent to 7.

Conversely, if Z is equivalent to g, then define W: L?(T,z) — L*(T,y) by
Wg=g-(dz/dy)*/?. W is an isometry and WV, = V,W. O

Lemma A.3.8. Ifx € H and p < T is a finite non-negative Borel measure

on T then there exists y € Z(x) with § = .

Proof. Tt suffices to show the existence of f € L?(T,Z) with ]? = p. Let
f = (du/dZ)'/?, then f satisfies

<Vm”f,f>:[rzn%:Az"du:Az"df

for all n € Z, i.e.uzf. ]

Lemma A.3.9. Ifx,y € Z(2) and Z(x) L Z(y) then T L y. If in addition
z=x+vy then Z(z) = Z(x) ® Z(y).

Proof. Tt suffices to show that if f,g € L*(T,2) and Z(f) L Z(g) then fL g.
By Wiener’s theorem we get Z(f) = xa - L*(T,z) and Z(g) = x5 - L*(T,?2),
and orthogonality ensures that Z(A N B) = 0. Since [, 2" df = Vrffh =
Jp 2" f12dZ, df = |f|?dZ, dg = |g|* dZ and we get that f L §. If we assume now
that z =2 +y then 1 = f + g and Z(1) = L*(T,2) = Z(f) + Z(g)- O
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Lemma A.3.10. Ify € Z(x) then § < T with equivalence holding when and
only when Z(y) = Z(z).

Proof. Map Z(z) to L*(T,Z) by sending U™z to 2" and let f denote the
image of y. We will show that f < = with equivalence holding if and only if
Z(f) = Z(1) with respect to V,.. But [ 2" df = (Vrf, f) = Jp 2" fI? dZ, hence
df = |f|2dZ < di. If Z(y) = Z(z) then Ulzy) =~ Ulz(z) and we have seen
that Z is equivalent to y. If Z(y) is a proper subspace of Z(z) then Z(f) is a
proper subspace of L?(T,Z) invariant under V,. By Wiener’s theorem Z(f) =
xBL2(T,%), where #(B) < Z(T) and hence #(B¢) > 0, f(B¢) = 0 ie. j and &
are not equivalent. O

Lemma A.3.11. IfZ L gy then Z(z) L Z(y).

Proof. Write y = yo + y1 with y; € Z(z), yo L Z(z) so that Z(yo) L Z(x).
As (U™y,y) = (U"yo,y0) + (Uy1,91) we get [p2"dy = [ 2" dyo + [ 2" dij.
Hence § = yo + 91 L Z. But y; € Z(z) implies 3 < Z. Therefore g3 = 0 and
hence Z(x) L Z(y). O

Lemma A.3.12. If% Ljthent+y=2+7 and Z(x+vy) = Z(z) & Z(y).
Proof. By Lemma A.3.11, Z(z) L Z(y), hence
Uz +y)z+y) = Uz, x) + (U"y,y),

/z"d(x—l—y):/z"d%—l—/z"dg
T T T

so that  +y = & 4 7. Now dZ/d(z 4 y) € L*(T, (z +y)) so that for € > 0 there
exists a polynomial p(z,z~!) with

dz _
= a—— —p(z,z 1)
Tld(z +y)

Hence

e —p(UU ) (2 +y)|?
= (z,2) — 2Re(z, p(U,U ")z +y)) + |p(U, U ") (x + y)|I”

- /Tldac'—zRe@ (U, U~z + 1)) +/ p(z, = D2 d(x +9)

/1d;c—2Re/ dm+/|p “V2d(z + 1)

2

/1d:c—/ 7—p(z,z‘1) d(z +y)
x—l—y Tld(z+y)
= | |—=——-pz2")| dz+y) <e

Tld(x +y)
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Since € > 0 is arbitrary = € Z(x + y). In the same way y € Z(x + y). Therefore
Z(x)® Z(y) C Z(x +y). The opposite inclusion is clear. O

Definition A.3.13. A cyclic space Z(z) is said to be mazimal if it is con-
tained in no larger cyclic subspace. In such a case 7 is called a mazximal spectral

type.
Clearly Z(z) is a maximal cyclic space if and only if Z > gy for all y € H.

Lemma A.3.14. If U is a unitary operator of a separable Hilbert space H,
then there exists a mazximal cyclic subspace. Moreover, each x € H 1is contained
i some mazrimal cyclic space.

Proof. Apply Kuratowski—Zorn’s lemma to all cyclic subspaces containing z.[]

Lemma A.3.15. If U; are unitary operators on H;, i = 1,2, such that
U, ~U; and U|Z(x) o~ U2|Z(y) then U1|Z($)L ~ U2|Z(y)L.

Proof. The lemma can be transferred to one space. Then we get a new for-
mulation: if U|z(,) = Ulz(y) then Ulz)1 = U|z, . It suffices to show that

Ulzmza © 2(@) = Ulzazegy © 2()

since Ulzyizy = Ulzmszg)- I other words we may assume that
Z(x)+Z(y) = H.

Let y = yo+y1, yo L Z(x), y1 € Z(x); then H = Z(x) ® Z(yo). Indeed, suppose
z L Z(z) ® Z(yo), then z L Z(y1) ® Z(yo), thus z L Z(y), and consequently
z = 0 because Z(z)+ Z(y) = H. By the symmetry of arguments we get that
there xg, yo such that

H = Z(x) & Z(yo) = Z(y) & Z(x0)

and all we have to prove is that zg is equivalent to gy. By assumptions of this
lemma we have that £ = 7 and T+ gy = ¥+ 7. Suppose that g is not equivalent
to g. Then there is a nonzero positive measure v satisfying v < 7 =7, v < 9o,
v L Ty (decompose simply yo = v+pu, where v L Ty, p < Zo). We find 21 € Z(z),
29 € Z(yo) with 21 = v = Z5. Then necessarily Z(z1) L Z(zo), Z(22) L Z(x0)
and 21, 20 € Z(y). Thus we get Z(21)®Z(z2) C Z(y) that forcesv =2 L Z5 = v.
Hence v = 0 and we are done. |

As a simple consequence of the lemmas above we have the following.

Theorem A.3.16. If U is a unitary operator on a separable Hilbert space
H then H can be decomposed into an orthogonal sum of cyclic spaces H =
@nZI Z(mn) with Ty > To > ---.

Remark A.3.17. A similar theory can be built for a more general case.
Let G be a locally compact second countable group. Denote by G the dual
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group, i.e. G is the group of all continuous group homomorphisms defined on
G and with range in the circle T. We consider G as a topological group with
the compact-open topology. Suppose that G acts as a group of automorphisms
on a probability Lebesgue space (X, B,u), G x X 3 (g,x) — 74(x) € X. Then
we may consider the group {U, : g € BG} of unitary operators on L*(X, B, u),
where U, (f) = f o, for f € L*(X,B, ). In this situation Theorem A.3.16 is
still valid.






APPENDIX B

TOPOLOGICAL TOPICS

B.1. Uniform structures

In this section we recall the notion of uniform space. We will use terminology
and notations from [48, Chapter 6].

Let X be a nonempty set. We will deal with relations on X i.e. with nonempty
subsets of the Cartesian product X x X. If U is such a relation then by U1 we
denote the relation

Ut ={(y,2) € X x X : (z,y) €U}

Obviously this operation is involutory in the sense that (U=1)~! = U. If U~ = U
then U is called symmetric. If U and V are relations, then the composition U oV
is defined by

UoV ={(,2) X xX: 3 (v,9) €U, (y,2) €V}
ye

Composition is associative, that is, Uo (Vo W) = (Uo V) oW, and it is always
true that (U oV)~! = V1o U~!. Not that in general U o V need not be equal
to VoU. The set

Ax =A={(z,z):2 € X}
is called the identity relation, or the diagonal. For each subset A C X and each
relation U C X x X define

Us={yeX: 3 (z,y) €U}
z€A
For z € X denote U, = Uy,y. For each relations U,V on X and each set A C X
the following holds: (U o V)4 = Uy,.

Definition B.1.1. A non-—void family U of relations on X that satisfies the
following conditions

(a) fUeUand U CV C X x X, then V € U,
(b) f U,V €U, then UNV € U,

177
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(c) if U € U, then U™ € U;
(d) if U € U, then there exists V € U such that V oV C U,
(e) (U= A.

is called a wuniformity on X. If U is a uniformity on X, then the pair (X,U) is
said to be a uniform space.

Definition B.1.2. Let (X, U) be a uniform space. The family

T={TcX: v 3 U,CT}
€Xpell

is called the uniform topology.

Simple calculations show that the uniform topology is a topology. Actually
we have more.

Theorem B.1.3 ([48, Corollary 6.17]). The uniform topology is a Tycho-
noff topology. Conversely, for each Tychonoff topology T on X there exists a
uniformity U on X such that T is the uniform topology defined by U.

B.2. The Cech—Stone compactification
of a discrete topological group

In this section we briefly describe the Cech-Stone compactification of a di-
screte topological group, paying special attention on a semitopological semigroup
structure of this compactification we are able to endow it with. We start with
the general notions and facts. The reader can find more information on compac-
tifications of a topological spaces in [48, Chapter 5], the following is based on.

Definition B.2.1. Let X be a topological space. By a compactification of X
we mean a pair (f,Y), where Y is a compact Hausdorff space and f: X — Y is
a homeomorphism of X onto a dense subspace of Y.

The class of all compactifications of X may be endowed with a relation that
turns out to be a partial order (see Theorem B.2.2 below). Namely, we say that
(f,Y) 2 (g9,%) if and only if there is a continuous map h: X — Z that is onto
and satisfies h o f = g. Equivalently (f,Y) = (g,Z) if and only if the function
go f7L:f(X) — Z has a continuous extension h which carries Y onto Z. If
the function h can be taken to be a homeomorphism, then (f,Y) and (g, Z) are
said to be topologically equivalent. In this case both the relations (f,Y) = (g, Z)
and (g,7) = (f,Y) hold, for h~! is a continuous map of Z onto Y such that

f=h"log.

Theorem B.2.2 ([48, Theorem 22]). The collection of all compactifications
of a topological space is partially ordered by 2.
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We intend to find a maximal with respect to = compactification of a given
space. In order to do this, for a given topological space X denote

F(X)={y:X —[0,1] : v is continuous}.

By Tychonoff theorem, the Tychonoff cube [0,1]¥(X) is a compact Hausdorff
space. Consider the evaluation map e: X — [0,1]F%) e(z) = (f(2))rerx)-
Directly from the definition of the product topology we get that the evaluation
map e is continuous. If moreover X is a Tychonoff space then the evaluation
map e is also open.

Definition B.2.3. Let X be a Tychonoff space. Then the pair (e, e(X)) is
called the Cech-Stone compactification of X.
Denote 5(X) = e(X), 8X = (e, B(X)).

We intend to show that each continuous map on a Tychonoff space X with
range in a compact Hausdorff space can be extended to a continuous map on the
Cech-Stone compactification of X. We start with a lemma that directly follows
from the definition of the product topology.

Lemma B.2.4. Let A and B be two nonempty sets. If f:A — B and
500,118 — [0,1]4 is defined by f*(y) = yo f for all y € [0,1]B, then f*

15 continuous.

Theorem B.2.5 (Cech-Stone, see e.g. [48, Theorem 5.24]). If X is a Ty-
chonoff space, Y a compact Hausdorff space, and f: X — Y is a continuous
function, then there exists a continuous extension f:ﬂX —Y of f ie. f satis-
fies flex) = foe t.

Proof. Given f define f,: F(Y) — F(X) by letting f.(a) = aof. Then, define
500,117 — [0, 1]FY) by letting f*(¢q) = qo f.. Let e be the evaluation map
of X into [0,1]7(X) and let ¢ be the evaluation map of Y into [0,1]7) (see the
diagram below).

B(X) 0,17 L 0,170 5 ()

X Y
f

The map e is a homeomorphism of X and e(X), and the map ¢ is a ho-
meomorphism of Y onto B(Y) because Y is a compact Hausdorff space. By
Lemma B.2.4, the map f* is continuous. We will prove that e ! o f* is the requ-
ired continuous extension of f oe~!. To do this we will show that f*oe =co f.
Let z € X, h € F(Y), then (f*oe)(z)(h) = (e(x) o fi)(h) = e(z)(ho f) =
ho f(z) =e(f(x))(h) = (e o f)(x)(h) because of the definitions of f*, f., e and
€ respectively. The theorem follows. (|
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It follows from Theorem B.2.5 that the Cech-Stone compactification X is
the largest Hausdorff compactification in the class of Tychonoff spaces. In par-
ticular SX is unique up to topological equivalence. It also follows that the com-
pactification X is uniquely defined by the extension property of Theorem B.2.5.

Suppose now that T is an abstract group. Endow T with the discrete to-
pology and consider the Cech-Stone compactification ST of T. We shall now
describe, following [27], the algebraic structure of a semitopological semigroup
on BT. For a fixed t € T consider the map T' 5 s — ts € T C T (as T
is homeomorphically embedded in 8T). By Theorem B.2.5, this map can be
extended to a continuous map ST > p — tp € BT. Next, consider, for a fixed
p € BT, the map T >t — tp € §T. This again can be extended to a continuous
map BT 5 q — gp € BT. This gives a semigroup structure on 87. This semigroup
is semi semitopological in the sense that the multiplication defined above is
continuous from the left.

A subset E of 8T is called a left ideal, if (8T)E C E. By Kuratowski—Zorn’s
lemma, ST always contains minimal (with respect to inclusion) ideals.

Lemma B.2.6. Each minimal left ideal of the semigroup BT is a closed set.

Proof. Let M C BT be a minimal left ideal. Then (8T)M = M. We will
show, that TM = STM. Let ¢ € BT, m € M. Let (g;)icr be a net of elements

of T that converges to ¢, t; — ¢ in T. Then t;m — gm, so gm € TM. Thus
TM = M and lemma is proved. O

From now on we will deal only with left minimal ideals of 87 and we will
refer to them as minimal ideals.
An element p € BT that satisfies p? = p is called an idempotent.

Lemma B.2.7. Let E be a compact Hausdorff topological space provided
with a semigroup structure such that the maps y — yx are continuous, for all
x € E. Then there exists an idempotent in E.

Proof. Let 8 be the collection of all closed nonempty subsets S of F with
the property S? = {s1s2 : s1,8s € S} C S. As E € 8, § is nonempty. By
Kuratowski-Zorn’s lemma there exists a minimal (under inclusion) element in
8, say Sp. If x € Sy then Spx is closed, nonempty and (Spz)(Soz) C Sgz C Spz.
Hence Spx € § and since Sox C Sy it follows that Soz = Sp.

Let S = {y € Sp : yzr = 2}, then S is closed non-empty and clearly S? C
S C Sp. Hence S = Sy, and 22 = z is an idempotent. O

Proposition B.2.8. Let M be a minimal ideal of BT, and let J be the set
of idempotents in M. Then:

(a) J #0.
(b) IfveJ andp € M then pv = p.
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(c) For each v € J, the set vM = {p € M : vp = p} is a subgroup of M
with identity element v. The map p — wp is a group isomorphism of
vM onto wm for every idempotent w € J.

(d) The collection {vM : v € J} is a partition of M.

Proof. (a) follows from Lemma B.2.7.

(b) Since Mv is a minimal ideal that is contained in M, Mv =M. Ifpe M
then there exists ¢ € M such that qv = p. Now pv = (qu)v = qv* = qu = p.

(¢) The only group property we have to show is that each element of v M
has an inverse in vM. Let p € vM then, as in (b), Mp = M. Hence there exists
q € M such that gp = v. Also Mg = M and there exists r € M such that rq¢ = v.
Now p =vp =1rqp = rv =r and vp = qpq = qrq = qu = q. Thus ¢ € vM and
gp = pq = v i.e. p has an inverse in vM. Denote ¢ = p~*.

Now we will prove that the map vM > p — wp € wM is an isomorphism.
Observe that (wp~1)(wp) = wp~!p = wv = w. Thus wp~! = (wp)~!, also
w(pq) = (wp)wq and v(wp) = vp = p.

(d) If p € M then Mp = M. Hence the set A ={q € M : gp = p} is closed
and nonempty, and A2 C A. By Lemma B.2.7 there is an idempotent w € A, and
thus p € wM, i.e. M = J{vM : v € J}. If p € vM NwM then w = pp~t = v,
hence the union is disjoint. O

Corollary B.2.9. Let M be a minimal ideal of BT, and let J be the set
of idempotents in M. Choose u € J and denote G = ulM . Then every element
p of M has unique representation p = va for v € J and o € G. Moreover

-1 _ -1
P =va .

Lemma B.2.10. Let L and M be minimal ideals in BT. Let v € M be an
idempotent. Then there exists a unique idempotent v’ € L such that vv' = v' and
v'v =w.

Proof. Let v € M be an idempotent, then Lv = M and by Lemma B.2.7
we conclude that the set {q € L : qv = v} contains an idempotent v’. Similarly
Mv'" = L and we conclude that there exists an idempotent v; € M such that
vv' = v'. Now v = v/v = v1v'v = v1v = v1, so we have v'v = v, vv’ = v'. This
also shows that v’ is unique. O

If v € M and v € L are idempotents satisfying vv’ = v’, v'v = v then we
write v ~ v’ and say that v’ is equivalent to v.

Lemma B.2.11. If K, L, M are minimal ideals in 8T and v e M, v € L,
v" € K are idempotents such that v ~v' and v/ ~v" then v ~v".

Proof. We have vv” = v(v'v") = (vv’)v” = v'v"” = 0" and similarly v"v = v.
Thus v ~ v". O
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