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FOREWORD

This volume contains lectures delivered during the Winter School on Methods
in Multivalued Analysis organized in February 15-18, 2006 in Torun by the
Juliusz Schauder Center for Nonlinear Studies at the Faculty of Mathematics
and Computer Sciences of the Nicolaus Copernicus University. Apart from the
plenary lectures by L. Gérniewicz, W. Kryszewski, S. Plaskacz and L. Rybinski,
the series of short talks have been communicated during the afternoon meetings.
Full texts of these lectures and communications are included into the present
volume.

The school has gathered 70 participants from different universities of Poland;
among them were students, graduate students and scientists working in the area
of set-valued analysis.

The organizers and the lecturers hope that the publication of their lectures
will be welcomed by the community of Polish and foreign mathematicians. The
organizers and the lecturers wish to thank all the people who contributed the
success of the school.

Organizers

Torun, June 2006
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INTRODUCTION

The interest in the theory of set-valued mappings is caused by many rea-
sons. This intensely developing branch of mathematics has lot in common with
topology, nonlinear, convex and non-smooth analysis, the theory of functions
and ordinary or partial differential equations. Many results of this theory have
found interesting applications in game theory, mathematical economics and con-
trol theory. A substantial part of this theory is the study of fixed points and the
solvability of generalized equations involving set-valued maps. Such equations,
or so-called ‘inclusions’, are solved by the use of abstract methods of algebraic
topology or various approximation techniques.

The algebraic methods, especially those based on the homology or cohomol-
ogy theory are carefully studied in the lecture by L. Gérniewicz, while approxi-
mation techniques are presented in the lecture by W. Kryszewski. Such methods
lead to diverse results showing the existence of fixed points and/or solutions
to many problems arising in nonlinear analysis such as differential equations
(without the uniqueness of solutions), differential or integro-differential inclu-
sions and many others. The lecture by L. Rybinski is dealing with various types
of selection problems that arise while studying set-valued maps. In particular the
problem of the existence of measurable, continuous and Carathéodory selections
is thoroughly studied. The powerful tools for studying differential inclusions
and related problems in the theory of optimal control or the viability theory are
delivered by the techniques of convex and nonsmooth analysis. These methods,
in particular the generalized differentiability, are presented in the last lecture by
S. Plaskacz.

The contents of the volume is far from being a complete presentation of all
methods of the widely understood multlivalued analysis. It rather reflects the
personal viewpoint of the authors and, to some extent, shows sometimes their
recent contribution to the theory of set-valued maps. However it is a hope of
the authors that the presented material may be a convienient starting point for
all people wanting to go deeper into the theory and to learn about the beauty
of the outlined subject.
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Juliusz Schauder Center Winter School
on Methods in Multivalued Analysis
Lecture Notes in Nonlinear Analysis
Volume 8, 2006, 11-66

HOMOLOGICAL METHODS
IN FIXED POINT THEORY OF MULTIVALUED MAPPINGS

LECH GORNIEWICZ

ABSTRACT. In this lecture we would like to present a systematic study of
the fixed point point theory for multivalued maps by using homological
methods. Homological methods were initiated in 1946 by S. Eilenberg and
D. Montgomery in their celebrated paper [11]. Note that by using homo-
logical methods it is possible to obtain stronger results than those obtained
by means of another methods, for example, approximation methods (comp.

(1], [14], [5])-

In this work we shall use some notions and results contained in [18].

1. Homology

In this section we consider the Cech homology functor H with compact carri-
ers and those of its properties which are of importance in the fixed-point theory
of multi-valued maps. Therefore all facts concerning H are formulated only
in the form necessary in the material which follows. The Cech homology and
cohomology are of auxiliary importance.

By a pair of spaces (X, Xy) we understand a pair consisting of a Hausdorff
topological space X and of one its subsets Xo. A pair of the form (X,0) will
be identified with the space X. Let (X, Xo), (Y, Yy) be two pairs; if X C Y and
Xo C Yy, then we say that (X, Xy) is a subpair of (Y,Y)) and indicate this by
writing (X, Xo) C (Y, Y0).

2000 Mathematics Subject Classification. Primary 55M20, 47TH11, 47H10, 54H25.
Key words and phrases. Lefschetz number, fixed points, CAC-maps, condensing maps,
ANR-spaces, fixed point index.

©2006 Juliusz Schauder Center for Nonlinear Studies



12 HomorocicaL METHODS IN FIXED POINT THEORY

A pair (X, Xy) is called compact if X is a compact space and closed subset
of X.

By a map f: (X, Xo) — (Y,Yy) we understand a continuous (single-valued)
map f: X — Y satisfying the condition f(Xo) = Yy. The category of all pairs
and maps will be denoted by C. By C will be denoted the subcategory of C
consisting of all compact pairs and maps of such pairs. Two maps f, g: (X, Xo) —
(Y,Y) are said to be homotopic (written f ~ g) provided that there is a map
h: (X x (0,1), X x {(0,1)) — (Y,Yp) such that h(x,0) = f(x) and h(z,1) = g(x)
for each z € X.

We observe that if (X, Xo) is a pair in C, then (X x (0,1), Xq x (0,1)) is also
in C.

By H, (H*) we denote the Cech homology (cohomology) functor with the
coefficients in the field of rational numbers Q from the category C to the category
A of graded vector spaces over Q and linear maps of degree zero. Thus, for a
pair (Xa XO)a

H. (X, Xo) = {Hy(X, Xo)},  (H™(X, Xo) = {H(X, X0)}),

is a graded vector space and, for a map f: (X, Xo) — (Y, Y0), H.(f) (H*(f)) is
the induced linear map

fo ={fug} Ho(X, Xo) — H. (Y, X))
(f ={ HY (X, Xo) — H* (Y, Yp)),

where f.q: Hy(X, Xo) — (Hq(Y,Y0), (f*: HU(X, Xo) — (HY(Y,Y0)).

We assume as known that the functor H,, (H*) satisfies all of the Eilenberg—
Steenrod axioms for homology (cohomology). Recall that a Cech homology (co-
homology) theory can be defined on the category A. Then the Cech cohomology
satisfies all of the Eilenberg-Steenrod axioms; however, the Cech homology sat-
isfies all of the Eilenberg—Steenrod axioms except that of exactness.

By Homg: A — A we denote the contravariant functor which to a graded vec-
tor space E = {E,} assigns the conjugate graded space Homg(E) ={Hom(E,, Q)
and to a linear map I: Fy — Fs between graded spaces assigns the conjugate map

Homg(1): Homg(E2) — Homg(E1)
given by the formula
Homg()(u) =uol, for every u € Homg(E>).

We now formulate the Duality Theorem between the Cech homology and
cohomology.
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(1.1) Theorem. On the category C the functors H, and Homg o H* are
naturally isomorphic; in other words, for every f:(X,Xo) — (Y,Yy) in C we
have the commutative diagram

H.(X, Xo) —— Homg(H*(X, Xo))

f*l JHom@(f*)

H.(Y,Yy) —— Homg(H" (Y, Yp)).

A graded vector space E = {E,} in A is said to be of finite type provided:
(i) dim E; < oo for all ¢ and
(ii) By = 0 for almost all ¢.

The following fact is well known:

(1.2) If E is a graded vector space of a finite type, then the graded vector
space Homg(E) is isomorphic to E; in particular, Homg(E) is also of
a finite type.

A pair (X, Xp) in C is said to be of finite type with respect to H, (H*) provided
the graded vector space H, (X, Xo) (H*(X, Xp)) is of finite type.

From (1.1) and (1.2) we instantly obtain:

(1.3) A pair (X, Xo) in C is of finite type with respect to H, if and only if

(X, Xo) is of a finite type with respect to H*.

For pairs (X, Xo), (Y,Yo) in C we define the Cartesian product as the pair
given by (X, Xo) x (YV,Yy) = (X x Y, X x Yy U Xy xY), where in X X Y the
Cartesian product topology is given.

Given maps f: (X, Xo) — (Y, Y0) and g: (X', X)) — (Y, Y]), we can define
the product map f x g: (X, Xo) x (X', X{) — (Y. Yy) x (Y',Yy) by letting

(f x g)(x,2") = (f(z),g(z")), foreveryz e X and 2’ € X".
(1.4) Theorem (Kiineth Theorem). For every two pairs (X, Xo), (X', Xg)

in C, there is a linear isomorphism

L:H*((X,X0) x (X', X{)) = H* (X, Xo) @ H* (X', X{)
such that if f: (X, Xo) — (Y, Y0) and ¢g: (X', X{()) — (Y, Y])) in C~, then the follow-
ing diagram commutes:

H((X, Xo) x (X', X4)) L2 12((v, Vo) x (Y, ¥0)

1 |

H*(X, Xo) @ H*(X', X{)) WH*(Y,YO) ® H*(Y',Yy).
g

From (1.1), (1.4) and the conimutativity of functors ® and Homg for graded,
vector spaces of finite type, we have:
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(1.5) Theorem. For every two pairs of finite type (X, Xo), (X', X}) in C,
there is a linear isomorphism

L: H.((X, Xo) x (X', X})) — H.(X, Xo) ® H. (X', X)

such that if f:(X,Xo) — (Y,Yo) and g: (X', X)) — (Y',Yy) are two maps of
pairs of finite type, then the following diagram commutes:

HL((X, Xo) x (X, X)) 2 1, (v, Yo) < (V/,Y0))

H. (X, Xo) @ H* (X', X() s Ho(Y,Y0) @ H.(Y', ¥y)

Now, we prove the following theorem:

(1.6) Theorem. Let (X,d) be a compact metric space of finite type with
respect to H*. Then there exists an € > 0 such that for every two maps f,q:Y —
X, where Y is a compact space, the condition

d(f(y).9(y)) <e, foreachy €Y,
implies f* = g*.
First we prove the following lemma:

(1.7) Lemma. Let X be a normal topological space and o = {Uy, ... ,U,} a
finite covering of X by open sets. Then there exists a covering = {Vi,... ,V,}

of X by open sets, such that for each i = 1,... ,n, V; C U; (V; denotes the
closure of Vi in X).

Proof. Consider the following two closed subsets of X: F = X\ U;, F/' =
X\ U?:L#i U;, where ¢ = 1,... ,n is an arbitrary but fixed number. Since
FNF' =, by the normality of X we find open subsets U and V; of X such
that:

(i) FcCU,
(ii) F' CV; and

(iii) UNV; = 0.

Since X \ U?:I,jyéi U; C V;, we infer that theiamily {U1,...,Ui—1, Vi, Uiy,
..., Uyn} is a covering of X by open subsets and V; C U;.

Applying the above construction successively for each i = 1,... ,n, we obtain
a covering 8 = {Vi,...,V,} of X by open sets such that V; C U; for each
i =1,...,n, and the proof of (1.7) is completed. O

In the proof of (1.6) we will establish the following conventions. By a covering
of X we understand a finite covering of X by open sets. If «, 3 are two coverings
of X, then the symbol @ > ( means that « refines 5. If « is a covering of X,
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then N («) will stand for the finite simplicial complex which is the nerve of o and
H*(N(«)) is the simplicial cohomology of N(a) with coefficientes in Q. If a, 5 are
two coverings of X and o > S, then by ing: N(a) — N(8) we denote a simplicial
map given by a vertex transformation from N(«) to N(() taking a set V in « to
aset U in f such that V' C U. It is well known that i, 5: H*(N(8)) — H*(N(«))
is independent of the choice of vertex transformations used to define i,g. Finally,
for amap f: Y — X and a covering o = {Uy, ... ,U,} of X, we denote by f~!(«)
the covering of Y of the form

FHa) = {fH(O),... . 71 (Un)}

and by fo: N(f~1(a)) — N(a) a simplicial map given by the following vertex
transformation:

fa(fHU)) =U;, foreachi=1,...,n.

Proof of Theorem (1.6). Let [uq,],... ,[ua,] be a basis of H*(X), where
Uq, € H*(N (o)) for each i =1,... k. We choose a covering o = {Un,...,U,}
of X such that a > o, for alli =1,...,k. Consider simplicial maps inq,: N (@)

— N(«;) for each i = 1,... ,k. Then

vl =%, (Ua,) € [Ua,], for each i.
Applying Lemma (1.7) to the covering «, we obtain a covering 8 = {V1,...,V,}

such that V; C U; for each i = 1,... ,n. Let iga: N(3) — N(«) be a simplicial
map given by the vertex transformation igs(V;) = U; for each i. Then

w,i@ — Zl’éa(vg) € [ug,], foreachi=1,... k.

Let ¢ = min; dist(V;, X \ U;). We may assume without loss of generality that
U; # X for each i. Since V;NX\U; = 0 and V;, X \ U; are compact, non-empty
sets, we deduce that e is a positive real number.

Let Y be a compact space and let f,g:Y — X be two maps such that
d(f(y),9(y)) < e for each y € Y. We assert that f* = g*. Consider the coverings
v=f"Ya) and § = g~1(B). It is easy to see that

g (Vi) c fHU;), foreachi=1,...,nand é > .

Let i5,: N(6) — N(v) be a simplicial map given by the vertex transformation
isy(g71(V;)) = f7H(U;) for each i = 1,... ,n. We have the following commuta-
tive diagram:
fa
N(y) —— N(a)

Q5 B

N(8) —;= N(B)

9B
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This implies that i}, fo (Vi) = gg(wé) for each ¢ = 1,... , k and hence we obtain

[ffa(wa] = [g5(wp)]. Since g*([ua,]) = [g5(wp)] and f*([ua,]) = [f2(v5)], we
find that the maps f*, g* are equal on a basis of H*(X). Finally, from this we
deduce that f* = ¢g* and the proof of (1.6) is completed. O

Using (1.1) we deduce that (1.6) is equivalent to the following:

(1.8) Theorem. Let (X,d) be a compact metric space of finite type with
respect to H,.. Then there exists an € > 0 such that for every two maps f,g:Y —
X, where Y is a compact space, the condition:

d(f(y).9(y)) <e, foreachy€eY,
implies f. = gx.

Remark. Note that Theorem (1.6) remains true in the case where Y is an
arbitrary Hausdorff space.

Let (X, Xo) be an arbitrary pair in C. We shall denote by M = {(Aq, Aoa)}
the directed set of all compact pairs such that (Aa, Aoa) C (X, Xo) for each a,
with the natural quasi-order relation < defined by the condition

(AQ,AOQ) < (Aﬁ,Aog) if and only if (AQ,AO(,) C (Aﬁ,Aoﬁ).

If (Aq, Aoa) < (Ap, Agg), then we shall denote by iag: (An, Aoa) — (As, Aop)
the inclusion map. For each pair (A, Ao) consider the graded vector space
H,(Aq, Aoa), together with the linear map iqg. given for (Aq, Aoa) < (Ag, Aog).
Then the family {H, (Aq, Aoa ), tapx} is a direct system in the category A over M.
We define a graded vector space

H(X, Xo) = im{H.(Aa, Aoa); laps}-
It is easy to see that
Hy(X, Xo) = {Hq(X, Xo)},

where

Hy(X, Xo) = lim{H,(As, Aoa);iap+}, for each g.

Let f: (X, Xo) — (Y,Yp) be a map. Consider the directed sets M = {(Aq, Aoa)}
and N = {B,, Boy)} for (X, X) and (Y, Y)), respectively. We define F: M — N
by the formula

F((Aa, Ava)) = (f(An), f(Aoa)), for each (Aq, Agn) € M.
We observe that if (Aq, Aoa) < (A3, Aog) then
F((Aa,Aoa)) < F((Aﬂ’A()B))'

For each «, by fo:(Aa, Aoa) — (f(Aa), f(Aga)) we denote a map given by
fa(z) = f(x) for each € A. Then the map F and the family {f..} is a map
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of directed systems {H.(Aq, Aoa); iaps} and {H.(By, Boy), isy«}. We define the
induced linear map for f, H(f), by putting

H(f) = f* = h%n){f*oz}

Then we have f., = lim{ fo«} for every g.
(03
From the functoriality of lim we deduce that H:C — A is a covariant functor.

The functor H is said to be the Cech homology functor with compact carriers.

We note that if (X, X) is a compact pair, then the family consisting of the
single pair (X, Xy) is a cofinal subset of M = {(A4q, Aoa)} for (X, Xo), and hence
we obtain H, (X, Xo) = H(X, Xp). Similarly, if f: (X, Xo) — (Y,Yp) is a map of
compact pairs, then H.(f) = H(f).

The following properties of H clearly follow from the Eilenberg—Steenrod
axioms for H, and the simple properties of lim.

@

(1.9) If f,9: (X, Xo) — f(Y,Y0) are homotopie maps, then the induced linear
maps are equal, that is, fx = gs.
(1.10) Let (X,Xo) be a pair in C and let i: X9 — X, j: X — (X, Xp) be
inclusions. Then there exists a linear map

0 Hy(X, Xo) — Hy—1(Xo), for each g,
so that
- % dq
- — Hy(Xo) =% Hy(X) =% Hy(X, Xo) == Hq-1(Xo) — -+

15 exact.

The linear map d, has the additional property of being natural in the follow-
ing sense:

(1.11) Given a map f: (X, Xo) — (Y, Y0) in C, the diagram

dq
Hq(X, Xo) —_— Hq—l(XO)

f*ql l(fXO)*q_l

Hy(Y,Y0) —— Hy-1(Yo)

commutes for all g, where fx,: Xo — Yo is given by the formula fx,(z)
= f(x), for each x € Xj.

A pair (X, Xj) of finite type with respect to H is called simply of finite type.
We prove the following
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(1.12) Theorem (). Let (X,d) be a compact metric space of finite type.
Then there exists an € > 0 such that, for every two maps f,g:Y — X, where Y
is a Hausdorff space, the condition

d(f(y),9(y)) <e, foreachyecY
implies fi = gs.

Proof. Let € be as in (1.8). Consider two maps f, g from a Hausdorff space Y’
to X. Let A be a compact subset of Y and let fa,94: A — X be given by
faly) = f(y), ga(y) = g(y) for each y € A. We observe that fa,ga satisfies the
assumptions of (1.8). So, we have (fa). = (ga)«. Since f. = Iim{(fa).} and

A

g« = lim{(ga)«}, we infer that f. = g. and the proof of (1.12) is completed. [
A

A space X is acyclic provided:
(i) X is non-empty,
(ii) Hy(X) =0 for all ¢ > 1, and
(iif) Ho(X) =~ Q.
A map f: (X, Xo) — (Y,Y)) is proper provided for any compact B the counter
image f~!(B) is also compact. A map f:(X,X,) — (Y,Yp) is said to be a
Vietoris map provided the following conditions are satisfied:
(i) f is proper,
(it) f~(¥o) = Xo,
(iii) the set f~!(y) is acyclic for every y € Y.
The following evident remark is of importance:
(1.13) If f: (X, Xo) — (Y,Y0) is a Vietoris map and (B, By) C (Y,Yy), then
the map f:(f~Y(B), f~1(Bo)) — (B, Bo) is also a Vietoris map, where
f(z) = f(x) for each x € f~(B).

We shall require the following classical result:

(1.14) Theorem (Vietoris—Begle Mapping Theorem). Let X,Y be compact
spaces. If f: X — Y is a Vietoris map, then the induced map f.: Ho(X) —
H.(Y) is a linear isomorphism.

The Vietoris—Begle Mapping Theorem and the five lemma gives:

(1.15) Theorem. Let (X, Xy), (Y,Yy) be compact pairs. If f:(X,Xo) —
(Y,Yy) is a Vietoris map, then f.: Ho (X, Xo) — H.(Y,Yy) is a linear isomor-
phism.

Now, from (1.15) we deduce the following theorem for non-compact pairs.

(1) Theorem (1.12) is a generalized version (for arbitrary topological spaces) of (1.18).
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(1.16) Theorem. If f:(X,X,) — (Y,Yy) is a Vietoris map, then the in-
duced map f.: H(X, Xo) — H(Y,Yy) is a linear isomorphism.

Proof. Consider M = {(Aq, Aoa)} and N = {(B,, Boy)} for (X, X,) and
(Y, Yp), respectively. Let Mo = {(f~1(B,), f~*(Bo)); (By, Boy) € N'}. Since f
is a proper map, we have My C M. It is easy to see that Mg is a cofinal subset
of M. Therefore we may assume without loss of generality that

H(X,Xo) = lim {H.(Aq, Aoa),laps}-
aEMy

Then for each y € Y the map

fy: (f_l(Bv)> f_l(BOW» — (By, Boy)

is a Vietoris map of compact pairs. Using (1.15) we infer that

fys: H*(f_l(B7)7 f_l(BOV)) — H.(By, Boy)

is a linear isomorphism. Consequently, the linear map f, = M{ fys} is an
YEN
isomorphism. The proof of (1.16) is completed. O

In what follows the symbol p: X = Y will be used for Vietoris mappings.
Below, we shall list some properties of Vietoris mappings.

(1.17) Lemma (comp. (1.13)).

(a) IprzlYpéZ are Vietoris maps, then the composition psop1: X =— Z
of p1 and ps is a Vietoris map too;

(b) if p: X =Y is a Vietoris map and B C Y, then the map p:p~*(B) =
B, p(x) = p(x) for every x € p~*(B) is a Vietoris map;

(¢c) consider a diagram of continuous maps

Xx—l sy g4

N A

X®Z

in which X®Z = {(,0) € XxZ | f(x) = p()}, 9(u,0) = F(u) = p(u),
g1 (u,v) = v, p1(u,v) = v,

then p to be a Vietoris maps implies that py is a Vietoris map, too.

Remark. Let us remark that the map p; in the above diagram is called the
fiber product of f and p.

Consider the subcategory Cy C C consisting of all pairs (U, V') such that U
and V are open subsets in the Euclidean space R™ for some n, or V is a finite
polyhedron and V' is an open subset of U, and all maps of such pairs.
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Since the family of all pairs of finite polyhedra {(K, Ky)} is cofinal in the
family of all compact pairs {(A, Ag)} contained in (U, V'), we obtain the following:

(1.18) On the category Cy the functors H and H are naturally isomorphic (H
denotes the singular homology functor with coefficients in Q).

Let A C U C R", where A is compact and U is open in R"™. We identify the
nth sphere S™ = {& € R" | || X|| = 1} and R™ U {oo}. Then from the excision
axiom for singular homology and (1.18) we deduce:

(1.19) The inclusion j: (U, U\ A) — (S™, 8™\ A) induces an isomorphism

jo H(U,U\ A) — H(S™,S™\ A).

Let K be a finite polyhedron and U an open subset of R", where K C U.
Consider a Vietoris map p:Y = U and a map ¢:Y — K from a Hausdorff
space Y to K. We prove the following:

(1.20) There are isomorphisms a1, a2, as such that the following diagram com-

mutes:

HU,U\ K)o HU) <& gU, U\ K)o HY) 2% gU,U\ K) @ H(K)

H((UU\ K) x U) G H(U.UNK) x V) s H(UU\ K) x K)

Proof. Tt is easy to see that the families
{(M> MO) x L}7 {(M7 MO) x p_l(L)}7 {(Mv MO) X K}’7

where M, My, L are finite polyhedra, are cofinal in families of all compact pairs
contained in (U,U\ K) x U, (U,U\ K) xY and (U,U \ K) x K, respectively.
We observe that for every L the space p~!(L) is of finite type (p is a Vietoris
map), so we may apply (1.5) and have the commutative diagram

id id®(q,— )%
H. (M, Mo)® H. (L) <22 b1, (M, M) @ H. (p~ ' (L)) " H. (M, My) @ H. ()

] ]

H (M, Mo) x L) +———— H.((M, Mo) xp~ ' (L)) ——— H.((M, Mo) x K)
(idxpr)« (lqupfl(L))*

From the commutativity of the above diagram and the commutativity of lim and
® we simply deduce (1.20). O

Consider the diagram
ULy -L K,
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where p and ¢ are as in (1.20). With the above diagram we associate the follow-
ing:

(U,U\K) <= (Y, Y \p~'(K)) == (R",R"\ {0}),
where p(y) = p(y) and G(y) = p(y) — ¢(y) for each y € Y. We observe that p is a
Vietoris map. Let A: (U, U\K) — (U,U\K)xU be amap given by A(z) = (z, x)
and let d: (U,U\ K) x K — (R",R"\ {0}) be given by d(z,2') = . — 2/, for each
zeUand 2’ € K.

(1.21) Lemma. The following diagram commutes

HU,U\K) -2 HU,U\ K) © BU) S HU,U\ K) @ H(K)

k /

H(R",R™ \ {0})

Proof. Consider the diagram

idxq

(U,U\K) x U2 U, U\K)x Y "% (0, U\ K) x K

I b

(U,U\K)+——— (V.Y \ p ' (K)) —— (R, R" \ {0})

D
where the map f is given by f(y) = (p(y),y) for each y € Y. From the comtnu-
tativity of the above diagram and (1.20) we obtain (1.21). O
Let us fix for each n an orientation 1 € H,(S™) ~ Q of the nth sphere
S™ = R™ U {oo}. Consider the diagram
S™ L (87, 87\ A) < (U, U\ A)

in which A is a compact subset of U and U is open in R™; 4,5 are inclusions.

From (1.19) we infer that j, is an isomorphism. We define the fundamental class
O of the pair (U, A) by the equality O4 = jli.,(1).

(1.22) Lemma. Let AC Ay CV C U CR"™, where A, Ay are compact, V,
U are open subsets of R™ and let k: (V,V \ A1) — (U, U\ A) be the inclusion
map. Then we have k., (Oa,) = O4.

Proof. Consider the commutative diagram

Sn (S 85\ A) L (U,U\ A)

R

(57,87 \ A1) ¢—— (V.V\ A)
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in which j1, 41, k1 are inclusion maps. Applying H, to the above diagram, we
obtain (1.22). 0

Finally, we formulate Dold’s Lemma in terms of Cech homology with compact
carriers. Let K C U C R", where K is a finite polyhedron and U an open subset
of R™. We define the following maps:

t:Ux K— KxU, t(x,2')=(2',z), foreachz e U and 2’ € K,
Op:H(K) - HUU\K)® H(K), Op(u)=0kg®u, foreachuec H(K),
x: Qe HWU)— H{U), x(g®u)=q-u, foreachue HU), q€Q.

(1.23) Lemma. The composite

X

L= (K, U): HK) —25 HU,U\ K) ® H(K)

294 gy, U\ K)® HU) ® H(K)
MO U U\ K) ® H(K) H(U)
L8 Q@ HU) —— H(U)

coincides with the linear map i.: H(K) — H(U).

Remark. Lemma (1.23), in view of (1.18), clearly follows from the original
statement of Dold’s Lemma. For the proof of this lemma se [8] or [15].

2. The Lefschetz number

In what follows the vector spaces are taken over Q.

Let f: E — E be an endomorphism of a finite-dimensional vector space E.
If v1,... ,v,, is a basis for E, then we can write

n
(v;) = Zaijvj’ foralli=1,...,n
j=1

The matrix [a;;] is called the matrix of f (with respect to the basis vi,... ,v,).
Let A = [a;;] be an (n x n)-matrix; then the trace of A is defined as > | a;.
If f: F — FE is an endomorphism of a finite-dimensional vector space E, then
the trace of f, written tr(f), is the trace of the matrix of f with respect to
some basis for E. If E is a trivial vector space then, by definition, tr(f) = 0.
It is a standard result that the definition of the trace of an endomorphism is
independent of the choice of the basis for E.

We recall the following two basic properties of the trace:



LeEcH GORNIEWICZ 23

(2.1) Property. Assume that in the category of finite-dimensional vector
spaces the following diagram commutes

E/ f > El//

TN

E N
f

Then tr(f") = tr(f"); in other words tr(gf) = tr(fg).

(2.2) Property. Given a commutative diagram of finite-dimensional vector
spaces with exact rows

0 B E B" 0
f/J/ fl f//i
0 B E E" 0

we have tr(f) = tr(f) + tr(f”).

Let E = {E,} be a graded vector space in A of finite type. If f = {f,} is an
endomorphism of degree zero of such a graded vector space, then the (ordinary)
Lefschetz number \(f) of f is defined by

A(f) =D (=1)te(fy).

q

Let E be a finite-dimensional vector space and v1,...,v, a basis for E. We
define a basis v!,... ,v" for Homg(E) by putting
. 1 fori=j
0 for i #j.
The basis v',... ,v™ is called the conjugate basis to vi,...,v,. For a vector

space E and any integer ¢, define a linear map 6,: Homg(EF) ® E — Hom(E, E)
by letting

O,(u®v)(v) = (-1)%u(v) - v, for u € Homg(E), v,v' € E
and extend ©, to all Homgp(E) ® E.

(2.3) Lemma. If the vector space E is finite-dimensional, then ©4 is an
isomorphism.

Proof. Let vy,... ,v, be a basis for E and v',... ,v™ the conjugate basis to
V1,...,U,. Then every element a in Homg(F) ® E has the following form:

n
a= g a;;v" @ vj.

ij=1
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If ©4(a) =0, then

Oqy(a) Zakj (vk) v = (1)) ax; - v; =0,
j=1
so ar; = 0 for all k,j, which implies that a = 0. To prove ©, is onto, let
€ Hom(FE, E). Then we can write
fvj) =ajiv1+...+ajpv,, forj=1,...,n

Let a = (—1)? an,kzl amiv™ ® vg. For each j =1,...,n we see that

Og(a)(v;) = (=1)** D azy, - vp = f(v).
k=1
So f and ©,4(a) agree on a basis for £, which implies that ©, is onto. The proof
of (2.3) is completed. O
Define e: Homg(E) @ E — @ as the evaluation map
e(u®v) =u(v), forue€ Homg(E), veE.

(2.4) Lemma. If E is a finite-dimensional vector and f: E — E is a linear
map, then

e(©;1(f) = (=1)"tx(f).

Proof. Take a basis vy,...,v, for E and write

n
i) :Zajkvk, forj=1,...,n
k=1

From the proof of (2.3) we know that

m,k=1
SO
6(@;1(.][)) = (—1)‘1 Z amk( ® ’Uk Zakk qtl“(f)
m,k=1
and the proof of (2.4) is completed. 0

Let E = {E,} be a graded vector space of finite type. Define the following
graded vector spaces:
(1) E* ={E;}, where E; = Homg(E_,),
(2) Hom(E, E) = {(Hom(FE, E));}, where

(Hom(E, E)) @ Hom(E,, E;),
—q+i=k
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3) E*® E = {(E* ® E)}, where (E* © E)y = ®
Define O: (E* ® E)y — (Hom(E, E))q by letting

gri=k g ® E;.
O(ug ® v;) = O4(uqg @v;), for uy € Homg(Ey),v; € E;,q=1
and extend O, to all (E* ® E); and e: (E* ® E), — Q by letting
e(ug ® v;) = uq(vy), for u, € Homg(Ey),v; € E;,q =1
and extend e to all (E* @ E)y.
It is immediate from Lemma (2.4) that

(2.5) Theorem. If f: E — FE is a linear map of degree zero on a graded
vector space of finite type E, then e(©71(f)) = A(f).

Let f: E — E be an endomorphism of an arbitrary vector space E. Denote
by f(™:E — E the nth iterate of f and observe that the kernels

Kerf c Kerf® c ... c Kerf™ c ...
form an increasing sequence of subspaces of E. Let us now put

N(f) =|JKerf™ and E=E/N(f).

Clearly, f maps N (f) into itself and therefore induces the endomorphism f E —
E on the factor space E = E/N(f).

(2.6) Lemma. We have f~1(N(f)) = N(f); consequently, the kernel of the
induced map f : E — FE is trivial, i.e. f is a monomorpism.

Proof. If v € f~1(N(f)), then f(v) € N(f). This implies that for some n
we have f()(f(v)) = 0 = f*tD(v) and v € N(f). Conversely, if v € N(f),
then f(")(v) = 0 for some n; then f(™)(f(v)) = 0 and hence f(v) € N(f), i.e.,
v e fTHN(S)). O

Let f: E — FE be an endomorphism of a vector space E. Assume that
dim E < oo; in this case we define the generalized trace Tr(f) of f by putting

Tr(f) = tr(f).

(2.7) Lemma. Let f:E — E be an endomorpism. If dimE < oo, then
Tr(f) = te(f)-

Proof. We have the commutative diagram with exact rows

0 » N(f) E E/N(f)——0

1)

0 N(f) E E/N(f) ——0
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in which f is induced by f. Applying (2.2), to the above diagram, we obtain

(%) tr(f) = tr(f) +tr(f), where tr(f) = Tr(f).

We prove that tr(f) = 0. Since dim E < oo, we may assume that N (f) = Ker f(")
for some n > 1. Now consider the commutative diagram

Ker(f) —— Ker(f®)f; —— -+ —— Ker(f(*~1) —— Ker(f™)

AT

Ker(f) —— Ker(f®) —— -+ —— Ker(f* V) —— Ker(f™)

where the maps f;, fi,i = 1,... ,n, are given, by f (observe that if v € Ker(f®),
then f(v) € Ker(f0=1), for every i > 1). Then, from (2.1) we infer

Finally, from (%) we obtain Tr(f) = tr(f) = tr(f) and the proof is completed. [J

Let f = {f;} be an endomorphism of degree zero of a graded vector space
E ={E,}. We say that f is a Leray endomorphism provided the graded vector
space E = {Eq} is of finite type. For such an f we define the (generalised)
Lefschets number A(f) of f by putting

A(f) =D (=) Tx(f,).

q
It is immediate from (2.7) that

(2.8) Lemma. Let f: E — E be an endomorphism of degree zero. If E is a
graded vector space of finite type, then A(f) = A(f).

The following property of the Leray endomorphism is of importance:

(2.9) Property. Assume that in the category A the following diagram com-
mutes:

E/ 'f N E//

TN

B Nl
f

Then if either f' or f"” is a Leray endomorphism, then so is the other, and in

that case A(f") = A(f").
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Proof. By assumption we have, for each ¢, the following commutative dia-
gram in the category of vector spaces:

E; — E.
q
For the proof it is sufficient to show that if either Tr(f;) or Tr(f,) is defined,
then so is the other trace, and in that case Tr(f;) = Tr(f;). We observe that
the commutativity of the above diagram implies that the following diagram com-
mutes:

ELN(f)) L BIIN(f2)

. [ -
ST

Eq/N(f3) — E{/N(f{)

Since fq and g, are monomorphisms, the commutativity of the above diagram
implies that dim(E; /N (f;)) < oo if and only if dim(E; /N (f;)) < oo, and hence
we conclude that Tr(f;) is defined, if and only if Tr(f,’) is defined. Moreover,

from (2.1) we deduce that Tr(f,) = Tr(f;), if Tr(f;) or Tr(f;) is defined. The

proof of (2.9) is completed. O

A linear endomorphism f:E — FE is called weakly nilpotent provided for
every x € E there exists n = n, such that f"(z) = 0.

Observe that if f: E — E is weakly nilpotent then N(f) = E and con-
sequently Tr(f) = 0. Assume that £ = {E,} is a graded vector space and
f=A{fq}: E — FE is an endomorphism. We say that f is weakly nilpotent if and
only if f, is weakly nilpotent for every g.

(2.10) Remark. Any weakly nilpotent endomorphism f: F — E is a Leray
endomorphism and A(f) = 0.

3. The coincidence problem

A natural generalization of the well known fixed point problem is the co-
incidence problem. Assume we have two metric spaces (X,d), (Y,d;) and two
continuous mappings p,q: Y — X.

We shall say that p and g have a coincidence provided there exists a point
x € X such that p(z) = ¢(z). In the case when X =Y and p = idx is the
identity map the coincidence problem for p and ¢ reduces to the fixed point
problem of q.
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Observe that for arbitrary p and ¢ usually we do not have a coincidence.
Therefore in what follows we can assume that p is a Vietoris map and ¢: Y — X
is a compact map, i.e. ¢(Y") is a compact subset of X.

We assume first that X = U is an open subset of R™.

(3.1) Lemma. Consider the diagram
U&=y HU
in which p is Vietoris and q is compact. Then the set xpq = {z € U | z €
q(p~(x))} is compact.

Proof. Consider a sequence {z,,} C U such that z,, € ¢(p~'(z,)) for every n.
For every n we choose vy, € p~*(z,) such that ¢(y,) = z,. It means that

{zn} C q(Y), and hence {x,,} contains a convergent subsequence and the proof
is completed. O

We shall now apply the Cech homology with compact carriers to the theory
of Lefschetz number and establish a general coincidence theorem, which contains
the classical Lefschetz Fixed Point theorem (cf. [15]) as a special case.

Let U by an open subset of the n-dimensional euclidean space R™. Consider
the diagram:

(3.2) Uy Ly

in which p is a Vietoris map and ¢q is a compact map. With the above diagram
we associate the diagram:

(3.3) (U, U\ Xpa) <= (Y \ D (xp.g)) —= (R",R™\ {0}),

where p(y) = p(y) and q(y) = p(y) — q(y) for every y € Y.
Now we define the index of coincidence I(p,q) of the pair (p,q) by putting
(cf. Section 1):

(34) I(p,q) = 7.(5.) " (Oy,,) € Ho(R",R"\ {0}) ~ Q.

(3.5) Proposition. If I(p,q) # 0, then there is a y € Y such that p(y) =
a(y)-

Proof. Indeed, if p(y) # q(y) for each y € Y, then x, 4 = 0 an hence we have:
I(p,q) = 7.(5.) " (Oy,,) = 0.(B.) 7 (0) =0,

observe that then we have H,, (U,U) = 0. O
From (1.5) clearly follows:

(3.6) Proposition. If A is a compact set such that xp, C A C U, then
I(p,q) = ¢«(Ps)"1(O4), where p, q are defined by the same formulae asp and q.

Now we prove the following:
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(3.7) Proposition. Let K be a finite polyhedron such that ¢(Y) C K C U.
Then there exists an element a € (H(K))* ® H(K) such that I(p, q) = e(a).

Proof. Consider the diagram

Ho(U,U/K) —2 s (HU,U/K) ® HU))w "2 (H(U,U/K) @ H(K))o

(1) d®id

Q~ Hy(R",R™{0} ¢———— ((H(K)" @ H(K))o
in which ¢;: Y — K is the contraction of ¢ to the pair (Y, K) and
d: H(U,U\ K) — (H(K))"
is a linear map of degree (—n) given by:

du)(v) =ds(u®wv) forue HUU\K)andv e HU\ K)

and the notations are the same as in Section 1. The subdiagram (I) commutes.
The commutativity of (IT) follows by an easy computation. We let:

a=(d®id)o (id® q1.p; )(A.(Ok)).

Then from the commutativity of the above diagram we get I(p,q) = e(a) and
the proof is completed. O

Now, we are able to prove the following

(3.8) Theorem (First Coincidence Theorem). If we have diagram (3.2),
then q.p; ' is a Leray endomorphism and A(q.p;t) # 0 implies that p and q
have a coincidence.

Proof. Since q is a compact map, there exists a finite polyhedron K such
that ¢(Y) C K C U. We have the commutative diagram

=

H(K)

q'ﬂ & | Tq*
(
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in which i, j. are linear maps induced by inclusions i: K — U and j:p~*(K) —
Y, respectively, and ¢, q1., p. are linear maps induced by the contractions of ¢
and p, respectively. The commutativity of the above diagram and (2.9) imply

AMgaph) = ML (P) ™),

and hence ¢,p; ! is a Leray endomorphism.
Assume that A(g.p;!) # 0. For the proof it is sufficient to show that

(3.8.1) M. ()™ = 1p.q)

(cf. also Section 1).
Consider the following diagram:

HWU,UN\ K) @ HU) ® H(K) =29 (k) o H(K) @ H(K)

id@t*J( lid@t*
d®id®q1.p; !

HUU\NK) HK) HU) ——— (H(K))*® H(K) ® H(K)

dy ®idl le@id

HU)~Q® H(U) Qe H(K)~ H(K)

q1.py

The commutativity of the above diagram is obtained by simple calculation. Let
a = (d®id)(id ® qr.p; )A.(Ok) € Homg(H(K)) ® H(K).

Since e(a) = I(p, q) (see (9.4)), for the proof of (3.8.1) it is sufficient to show that

(3.8.2) O(a) = q.(p.) "

(cf. Section 1).

If we follow A.(Og)®@u € HU, U\ K)® HU) ® H(K) along —|/|, we
obtain (0O(a))(u). If we follow it along ||, by Dold’s Lemma (1.6) we obtain
i«(u). Therefore, for the proof of (3.8.2) it is sufficient to show that

(3.8.3) qp; i = ¢ (p)) 7L
Consider the following commutative diagram:

p q1

U Y K

1 A

Kﬁp_l(K)

Applying to the above diagram the functor H, we obtain (3.8.3) and the proof
of the First Coincidence Theorem is completed. O

To generalize (3.8) we need the Schauder Approximation Theorem.
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(3.9) Theorem (Schauder Approximation Theorem). Let U be an open
subset of a normed space E and let f: X — U be a compact map. Then for every
e > 0 there exists a finite dimensional subspace E™) of E and a compact map
fe: X — U such that:

(a) [[f(z) — fe(@)|| <e, for every x € X,
(b) fo(X) C B,
(¢) the maps fe, f: X — U are homotopic.

Proof. Given e > 0 (we can assume to be sufficiently small) f(X) is contained
in the union of open balls B(y;,e) with B(y;,2¢) cU,i=1,...,k.

Foreveryi=1,... ,k wedefine \;: X — Ry, A\;(z) = max{0,e—||f(z) — v/}
and

X () — Ai(z)
pit X [Oal]a ﬂz( ) 2?21 )\j(l‘).

Now, we define f.: X — U by putting
k
fe(@) = (@) - s
i=1

Let E™(®) be a subspace of F spanned by vectors v, ... , yn, i.e.
E™®) = span{y1,... ,yx}.
Then f.(X) C conv{yi,... ,yn} so f. is a compact map. We have:

k
1f(z) = fe(z)] < wa)nf(g;) — || <.

Moreover, the map h: X x [0,1] — U,
hz,t) =tf(z) + (1 — 1) fe(z)
is a good homotopy joining f and f. and the proof is completed. O
Now, we prove the following:

(3.10) Theorem (Second Coincidence Theorem). Assume that we have
a diagram:
ULy Ly,
in which U is an open subset of a normed space E, p is Vietoris and q compact.
Then q.p;* is a Leray endomorphism and A(q.p;t) # 0 implies that p and q
have a coincidence.

Proof. Since ¢:Y — U is compact, in view of the Schauder Approximation
Theorem for every n we get a finite dimensional subspace E™ C E and a compact
map ¢,:Y — U such that:

(3.10.1) lg(y) — an(W)Il < 1/n,
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(3.10.2) ¢,(Y) C E™, and
(3.10.3) g ~ gn.

Welet U, =UNE™.
Now, for every n, we consider the following commutative diagram:

where q,,(y) = ¢u(¥), T(¥) = a¥), Pu(y) = P(W), in(x) = z, ju(y) = y for
respective y and .

Consequently, its image under H is also a commutative diagram:

H(U,) = H(U)
q;*OPnET W*Tqmop*l
H(U,) — H(D)

Now, it follows from the First Coincidence Theorem that ¢/, o p;! is a Leray
endomorphism. So, by the commutativity property ¢i.p; " is a Leray endomor-
phism and because ¢n. = g« (cf. (3.10.3)) we obtain:

(3.10.4) A(@yuprt) = Manips ) = Mapih).

Now, let us assume that A(q.p;!) # 0. Then, in view of (3.10.4), by the
First Coincidence Theorem we deduce that p(y,) = ¢, (yn) for every n.

Let x, = p(yn) = qn(yn) for every n. We put q(y,) = Zn, n =1,2,... Since
q is compact, we may assume without loss of generality that lim, =, =z € U.

We have ||z, — Zn|| = |lgn(yn) — ¢(yn)|| < 1/n for every n (cf. (3.10.1)) and
hence lim,, x, = x. Then = € ¢(p~!(z)) and consequently there exists y € p~!(x)
such that p(y) = q(y) = x; the proof is completed. O

(3.11) Theorem (Coincidence Theorem for arbitrary ANRs). Consider
a diagram:
X £y L X,
in which X is a retract of some open set in a normed space (%), p is Vietoris
and q is compact. Then q. o p; ! is a Leray endomorphism and A(q. o p;1) # 0
implies that p and q have a coincidence.

(%) We shall see in next section that such a space X is an ANR-space.
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Proof. By assumptions there exists an open subset U of a normed space E
such that X C U is a retract of U. Let r:U — X be the retraction map and
i: X — U the inclusion. Of course the following diagram is commutative:

By applying (3.10) the Second Coincidence Theorem we would like to deduce
that i,q.p; ', is a Leray endomorphism.

Now, by considering the fibre product and pull-back construction we obtain
the following commutative diagram.

where p(u,y) = u, 7(u,y) =y, f(u,y) = r(u) = p(y). Then i q.p;'r. =q,0p;"
and moreover there is a coincidence point for p and ¢ if and only if it is for
p and g. Consequently our result follows from the commutativity property of
the Leray endomorphisms and the Second Coincidence Theorem, the proof is
completed. 0

There are many consequences of Theorem (3.11). Before we state them we
need a simple observation.

(3.12) Property. Assume we have a diagram
X £ v L x,

in which X is acyclic, p Vietoris and q compact. Then ¢, o p;' is a Leray
endomorphism and A(q. op;t) = 1.
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Proof. In fact, from the acyclicity of X we deduce that g, o p;! = id H(X)
but

0 forn >0,
(3 = {

Q forn=0,
so, our claim follows. O

From (3.11) and (3.12) we obtain:

(3.13) Corollary. If we have the diagram:
X £y L X,

in which X € AR, p is Vietoris and q compact, then there exists a point y € Y
such that p(y) = q(y).

Now, if we let Y = X and p = idx then from (3.11) we deduce the generalized
Lefschetz fixed point theorem, proved by A. Granas in 1967 (see [15]):

(3.14) Corollary. If X € AR and f: X — X is a compact map then
fee H(X) — H(X) is a Leray endomorphism and A(f.) # 0 implies that f
has a fixed point.

Finally, from (3.14) we deduce the following generalized version of the Schau-
der fixed point theorem:

(3.15) Corollary. If X € AR and f: X — X is a compact map then f has
a fized point.

We recommend [18] for details concerning multivalued mappings.
A ws.c. map ¢: X — Y is said to be acyclic provided the set ¢(z) is acyclic
for every point z € X.

(3.16) Lemma. If p: X — Y is an acyclic map, then the natural projection
po:I'y = X is a Vietoris map, where T'o{(z,y) € X XY |y € ¢(x)} and

4o (z,y) =y

Using Theorem (1.16) for an acyclic map ¢: X — Y, we define the linear
map ¢.: H(X) — H(Y) by putting

0 = (gp)x 0 ()] 7"

s is said to be induced by the multi-valued map . It is easy to see that if
@ = f (i.e. v is a single-valued continuous map), then ¢, = f..

Let ¢: X — Y be a multi-valued map. A pair (p,q) of single-valued, con-
tinuous maps of the form X<=Z-LY is called a selected pair of ¢ (written
(p,q) C @) if the following two conditions are satisfied:

(i) p is a Vietoris map,
(i) g(p~'(x)) C p(z) for each z € X.
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(3.17) Remark. We observe that if ¢ is a compact map and (p,q) C ¢,
then ¢ is a compact map.

(3.18) Proposition. If o: X — Y is an acyclic map and (p,q) C ¢, then
-1

Proof. Let (p,q) be a selected pair of ¢ of the form X <2= Z -4 Y. Consider
the commutative diagram

in which f(z) = (p(2), q(z)) for every z € Z.

The condition ¢(p~!(x)) C ¢(x) implies that (p(z),q(z)) € I'y. Applying to
the above diagram the functor H, we obtain ¢.p; * = (¢y)« © [(py)«] ™', and the
proof is completed. O

From (3.8) and (3.18) we simply deduce

(3.19) Proposition. If p: Z — X is a Vietoris map from Z onto a metric
space X, then the map o,: X —o Z is acyclic and (¢p)« = pyt, where @,(z) =
pH(@).

(3.20) Definition. A multi-valued map ¢: X — Y is called admissible pro-
vided there exists a selected pair (p, q) of .

We observe that if ¢ has an acyclic selector or, in particular, a continuous
single-valued selector, then ¢ is an admissible map.

(3.21) Definition. An admissible map ¢: X — Y is called strongly admis-
sible (s-admissible) provided there exists a selected pair (p,q) of ¢ such that
q(p~(x)) = ¢(z) for each z € X.

(3.22) Examples.

(a) Every acyclic map is not only admissible but also s-admissible. For
example, the pair (py,q,) is a selected pair of acyclic map ¢ such that

(ptpv Cﬁp) = p.
(b) We observe that if p: X — Y is an s-admissible map, then ¢(z) is a
compact and connected set for each x € X.

The map ¢:[0,1] — [0, 1] given by

t for t #£ 0,
o(t) = {
{0,1} fort =0,
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is an admissible map but ¢ is not an s-admissible map.

(3.23) Theorem. Let p: X — X7 and ¢: X1 — Xo be two admissible maps.
Then the composition Yop: X — Xa is an admissible map, and for every selected

pair (p1,q) C @ and (p2,q2) C ¥ there exists a selected pair (p,q) of ¥ o such
that

G2+ © (p2:) ' o qui o (pre) Tt =quop

Proof. Let (p1,¢q1) C ¢ and (p2,g2) C . Consider the commutative diagram

X2z " x—2 7 ®.x,
g
P q
7 =710 Zy

in which

Z ={(21,22) € Z1 X Za; q1(z1) = pa(22); p(21,22) = p1(21)},
q(z1,22) = @2(22), fi(21,22) = 21, fa(21,22) = 22, g(21,22) = q1(21),

for each (21, 22) € Z (comp. (1.17)). Moreover, we have ¢(p~*(z)) C 1 (p(z)) for
each x € X. Applying to the above diagram the functor H, we obtain

g2+ (p2) T 0 qua (p1e) T = gup
and the proof of (3.23) is completed. O

(3.24) Theorem. If p: X — Xy and ¥: X, — Xy are two s-admissible
maps, then the composition 1 ow: X — Xy is an s-admissible map and for every
(p1,q1) = p and (p2,q2) = ¢ there exists a (p,q) = ¥ o ¢ such that

G2+ (p2:) Tt 0 qui(pre) T = qupl

The proof of (3.24) is analogous to the proof of (3.23). Theorem (3.24)
implies that the composition of two acyclic maps is an s-admissible map.

Let ¢p: X — Y be an admissible map. Define the set {p}. of linear maps
from H(X) to H(Y) by putting

{ots ={acopl | (p,q) C ¢}

{¢}« is said to be an induced set of linear maps by the map . From (3.18) we
infer that if ¢ is an acyclic map then {p}. = {@.}.

(3.25) Theorem. Let @, 1: X — Y be two admissible maps. If o C 1), then
{ohe C{}s

For the proof of (3.25) we observe that if (p,q) C ¢, then (p,q) C .
From (3.25) and (3.18) we obtain
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(3.26) Corollary. Let ¢: X — Y be an acyclic map and ¢: X — Y an
admissible map. If o C 1), then {p}t. = {}..

(3.27) Example. Let S™ denote the unit n-sphere in the Euclidean space
R+, Define the map ¢: S™ — S™ by ¢(z) = S™ for each z € S™. It is easy
to see that ¢ is an admissible map and hence every continuous (single-valued)
map f:S™ — S™ is a selector of . Therefore Theorem (3.25) implies that {¢}.
is an infinite set. Moreover, we assert that ¢ is an s-admissible map and in this

case, if the dimension of S™ is even, there exist two selected pairs, (p, q) = ¢ and

(p'.q') = ¢, such that q.p; ' # ¢, (p,) L.

maps ¢, hg: S* —o S™ by

i) ={yes

We have

In order to show this, we define the

lz -yl < z} and to(z) = 91(—x), for each x € S™.

p(z) = P1(Y1(z)) = 2(¢1(x)), for each z € S™
and (3.24) implies that ¢ is an s-admissible map. Since idgn C 17 and (—idgn) C
o, from (3.26) we infer that ¢1. = idg(gn) and (—ids»)« = tb2.. Applying
Theorem (3.24) again, we deduce that there exist two selected pairs, (p,q) = ¢
and (p',¢') = 1, such that ¢.p;' = 1. 091 and ¢, (pl) ™" = 2. 0 ¢h1.. Finally,
this implies that g.pL # ¢.(pl)~! for p: S — G2k,

(3.28) Definition. Two admissible maps ¢, ¢: X —o Y are called homotopic
(written ¢ ~ 1) provided there exists an admissible map x: X x I — Y, where
I =[0,1], such that

x(z,0) Cp and x(x,1) =v(x), foreach z e X.

(3.29) Theorem. Let p,9: X — Y be two admissible maps. Then ¢ ~
v implies that there exist selected pairs (p,q) C ¢ and (D,q) C v such that
g opt =q, 0P

Proof. Let (p,q) C x. Consider the commutative diagram

X — 5 Hip(X))

Xx[e——7—" 3y
i1T le <
B 751=7
X ——p L (X))
in which io(z) = (z,0), i1(x) = (z,1) for each z € X, jo,Jj1 are inclusions

and p,p are given as the first coordinates of p(z) for every z € p~!(io(X))
and z € p1(i1(X)), respectively. Then p,p are Vietoris maps and we have



38 HomorocicaL METHODS IN FIXED POINT THEORY

(p,q) C o, (P,q) C ¥. We observe that ig. = i14 is a linear isomorphism. This
and the commutativity of the above diagram imply ¢, o p;! = g, o p.. This
proves Theorem (3.29). O

(3.30) Corollary. Let p,1: X — Y be two admissible maps. Then ¢ ~ 1
implies {p}. N {} # 0.

(3.31) Corollary. Let p,9: X — Y be two acyclic maps. Then ¢ ~ 1
implies @, = Yy

(3.32) Example. Let ¢,11:S™ — S™ be as in (3.27). Define the map
x:S™x I — S™ by x(z,t) = ¥1(z). Then x is a homotopy joining ¢ with ¢, but
{1}« = {14} is a set consisting of one element; however, {¢}. is an infinite
set.

An admissible map ¢: X — X is called a Lefschetz map provided for each
selected pair (p,q) C ¢ the linear map q.p; ': H(X) — H(X) is a Leray endo-
morphism.

For every Lefschetz map ¢: X —o X we may define the Lefschetz set

A(p) = {A(gp") | (p.q) C o}

The following facts are simple consequences of (3.25), (3.30) and (3.31), re-
spectively:

(3.33) Proposition. Let ,19: X —o X be two Lefschetz maps. Then ¢ C
implies A(p) C A(2).

(3.34) Proposition. Let p,1: X —o X be two Lefschetz maps. Then ¢ ~ 1
implies A() N A(Y) # 0.

(3.35) Proposition. Let p,1: X — X be two acyclic maps. If ¢ C ¢ or

@ ~ 1, then ¢ is a Lefschetz map if and only if ¢ is a Lefschetz map and in this
case A(p) = A(¥).

(3.36) Example. Let X be a space which is not of finite type. Define the
maps f,o: X — X by p(z) = X, f(x) = x¢ for each x € X. Then ¢ is an
admissible map. We have f C ¢ and idx C ¢ but f, is a Leray endomorphism
and idg(x) is not a Leray endomorphism.

4. ANR-s, AANR-s and w-AANR-s

In this chapter we recall the notions and basic properties which are essen-
tial in the fixed-point theory of multi-valued maps, of ANR-s, AANR-s and
w-AANR-s.

A single-valued continuous map f: X — Y is said te be an r-map if there is
a continuous single-valued map ¢g:Y — X which is a right inverse of f, that is
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such that the composition f o g:Y — Y is the identity map idy. If there exists
an r-map f: X — Y, then the space Y is called an r-image of the space X.

The maps called retractions are a special kind of r-maps. Suppose that Y is
a subset of X. Then map f: X — Y is said to be a retraction if the inclusion
i:Y — X is a right inverse of f, i.e. f(x) =« for all points € X. A subset X
of a space X is said to be a retract of X if there is a retraction of X onto Xjy. A
closed subset X of a space X is said to be a neighbourhood retract in the space
X provided X is the retract of an open subset of X which contains Xj.

We denote by ANR the class of metrizable absolute neighbourhood retracts.
A metrizable space X belongs to ANR provided, for each homeomorphism h
mapping X onto a closed subset h(X) of a metrizable space Y, the set h(X) is
a neighbourhood retract in Y.

In what follows we shall make use of the following facts from general topology:

(4.1) Theorem (Kuratowski Theorem). Fvery metrizable space is embed-
dable isometrically into a Banach space; in particular, any topologically complete
metrizable space can be embedded as a closed subset of a Banach space.

(4.2) Theorem (Arens—Eells Theorem). Every metrizable space can be em-
bedded as a closed subset of a normed space.

We prove the following

(4.3) Theorem. In order that X € ANR it is necessary and sufficient that
X be an r-image of an open subset of a normed space.

Proof. Let X € ANR. By Theorem (4.2) there exists an embedding h: X —
E of X into a normed space E such that h(X) is closed in E. Then there is a
retraction 7: U — h(X) of an open subset U of E which contains h(X). Then
h=Yor:U — X is clearly an r-map. Now suppose that X is an r-image of a get
U which is open in a normed space E. Let f:U — X be an r-map and g: X — U
a right inverse for f. Consider a homeomorphism h mapping X onto a closed
subset of a metric space Y. Then g; = g o h~! maps h(X) into U C E and
80, by the generalized theorem of Tietze, there is a continuous extension g of g,
mapping Y into E. Let U’ be the counter-image of U under g;. Then U’ is a
neighbourhood of A(X) in Y. Setting r(y) = ho fogi(y) for y € Y, we obtain
a retraction map r and the proof is completed. (|

By applying (4.1), instead of (4.2), we obtain analogously

(4.4) Theorem. A metrizable space is a topologically complete ANR. if and
only if it is an r-image of an open set in a Banach space.

From (4.3) clearly follows
(4.5) Corollary. FEvery open subset of an ANR is ANR.
Similarly (4.4) implies
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(4.6) Corollary. Fuvery open subset of a topologically complete ANR is a
topologically complete ANR.

The following facts are well known:

(4.7) Properties.

(a) Every (finite) polyhedron is a compact ANR.

(b) Every compact ANR is a space of finite type.

(c) Every convex subset of a normed space is an ANR.

(d) Suppose that the metrizable space X is the union of two closed subsets
X1 and X5 and that Xg = X1 N Xs. IfXO,X17X2 S ANR, then X €
ANR.

Now, we prove the following geometrical fact:

(4.8) Lemma. If U is open in a Banach space E and X C U is compact,
then there exists a compact C € ANR such that X c C C U.

Proof. Cover X by a finite number of closed balls Wy,... ,W,, C U and
denote by C; the convex closure of the compact set X "W, for each i =1,... ,n.
By the Mazur Lemma, every C; is compact. From the inclusions C; C W; C U
we conclude that X is contained in the compact set C' = J_, C; C U.

Now, we show by induction on n that the union of n compact, convex sets
is an ANR. The statement is true if n = 1 (comp. (4.7)(c)). Assume that the
result is true for any integer less than n. By hypothesis Y = U?:_ll C; and C,
are ANR-s. Further,

n—1 n—1
YncC, = ( U Cl) nc, = U(szcn),
=1 =1

which by the induction hypothesis is an ANR. Thus C = Y U C,, is the union
of two ANR-s whose intersection is an ANR and (4.7)(d) implies that C' is an
ANR. This completes the induction and shows (4.8). O

The class of AANR-s was first studied by H. Noguchi.

(4.9) Definition. Let (X, A) be a pair of metric spaces and let € be a
positive real number. A continuous (single-valued) map r.: X — A is called an
e-retraction provided d(r.(a),a) < € for all a € A.

A subspace A of a metric space X is said to be an approzimative retract of
X provided for each ¢ > 0 there exists an e-retraction r.: X — A.

(4.10) Definition. A metrizable space X is said to be an approzimative
ANR (AANR) provided for each homeomorphism h mapping X onto a closed
subset h(X) of a metric space Y, the set h(X) is an approximative retract of
some open set U in Y.
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Although not necessarily locally connected, the AANR-s enjoy many familiar
properties of ANR spaces. In particular:

(4.11) Property. Every compact AANR X is of finite type.

(4.12) Definition. An AANR X is said to be admissible provided there
exist a homeomorphism h mapping X onto a closed subset h(X) of a normed
space E and an open neighbourhood U of h(X) in E such that the following two
conditions are satisfied:

(a) h(X) is an approximative retract of U,
(b) the inclusion i:h(X) — U induces a monomorphism i,: H(h(X)) —
H(U).

(4.13) Proposition. Every ANR in an admissible AANR.

Proof. Let X € ANR. Using the Arens—Eells embedding theorem, we obtain
a homeomorphism A mapping X into a normed, space F such that
(a) h(X) is closed of F,
(b) there exists a retraction r: U — h(X), where U is an open neighbour-
hood of h(X) in E.

Then the inclusion 4: h(X) — U is the right inverse of r and we have ri = idjx).
Hence we infer that rii. = idgy(x)) and this implies that i, is a monomor-
phism. O

(4.14) Proposition. Fvery compact AANR is an admissible AANR.

Proof. Using the Arens—Eells embedding theorem (or the Kuratowski embed-
ding theorem), we may assume without loss of generality that X is an approxi-
mative retract of some open neighbourhood U of X in a normed space F. Since
X is of finite type, from Theorem (1.12) we deduce that there exists an gy > 0
such that for every two maps f,¢9: X — X, the condition || f(z) — g(z)| < o
implies f. = g«.

Choose an € > 0 such that ¢ < ¢y and consider the two maps id, r.o0i: X — X,
where r:U — X is an e-retraction and i: X — U is an inclusion map. By
Theorem (1.12) we infer that id g (x) = (7¢)«-ix, and this implies that i,: H (X) —
H(U) is a monomorphism. O

(4.15) Proposition. Every acyclic AANR is an admissible AANR.

For the proof of (4.15) observe that if X is an acyclic space and X C Y, then
the inclusion i: X — Y induces a monomorphism i,: H(X) — H(Y).
The following lemma is of importance:

(4.16) Lemma. Let X be an AANR. Assume that X is an approzimative
retract of an open subset U in a normed space E and i: X — U induces a
monomorphism i,: H(X) — H(U). Then for every compact subset K C X there
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exists a positive real number £(K) such that for every ¢ < e(K) and for every
e-retraction r.: U — X we have

(re)wisjs = j« where j: K — X is the inclusion map.

Proof. Let ¢(K) > 0 be a number smaller than the distance dist(K, OU) from
the compact set K to the boundary OU of U in E. From the definition of (K)
we infer that for each z € X and € < ¢(K) the interval ¢-ir.ij(z)+ (1 —1) -ij(z),
where 0 < t < 1, is entirely contained in U. This implies that ir.ij and ij are
homotopic for every e < (K). Since i, is a monomorphism, we get (re)«ixjs = Jx
for each € < e(K) and the proof is completed. O

A closed subspace X of a metric space Y is called a weak approximative
neighbourhood retract in Y provided for every € > 0 there exist an open neigh-
bourhood U, of X in Y and an e-retraction r.: U, — X.

(4.17) Definition. A metrizable space X is said to be weakly AANR (w-
AANR) provided for each emedding h: X — Y, Y being a metric space and
h(X) being closed in Y, the space h(X) is a weak approximative neighbourhood
retract in Y.

It is easy to see that there exists a compact w-AANR which is not of finite

type.
We prove the following simple geometrical fact:

(4.18) Lemma. Let X be a weak approximative neighbourhood retract in
a normed space E and let K be a compact subset of X. Then for each open
neighbourhood W of K in X there exists a positive real number (W) such that
K Cr7Y (W) for each 0 < e < (W), where 1. denotes any e-retraction related
to X.

Proof. Let W be an open neighbourhood of K in X and let (W) denote the
boundary of W in X. Then K N9(W) = 0. We define f(zx) = inf,comw [z -y
Since (W) as a closed subset of X is closed in E, then K N (W) = @) implies
f(z) > 0 for every x € K and thus f: K — (0,00). Since K is compact, we
deduce that O(W) = inf,cx{f(z)} is a positive real number. Then for every
0 <e<d(W) we have K C r-1(W) and the proof is completed. O

5. Fixed-Point Theorem for compact admissible maps

We shall now propose the application of the Cech homology with compact
carriers and the theory of Lefschetz number by establishing a general fixed-point
theorem for admissible maps, which contains the classical Lefschetz Fixed-Point
Theorem (for single-valued maps) and the well-known Eilenberg—Montgomery
Fixed-Point Theorem for acyclic maps. The principal results of this chapter are
Theorems (5.1) and (5.9).

Now, we shall state the principal result of this paper.
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(5.1) Theorem. Let X be an admissible AANR and let ¢: X — X be an
admissible compact map. Then:

(a) ¢ is a Lefschetz map, and
(b) Ale) # {0}
implies that ¢ has a fized point.

Proof. Since X is an admissible AANR, we may assume that there exists
an open subset of a normed space E such that the following two conditions are
satisfied:

(i) X is an approximative retract of U,
(i) the inclusion i: X — U induces a monomorphism ¢,: H(X) — H(U).

Let r,: U — X be a (1/n)-retraction. We have

(iii) [|rn(x) — x| < 1/n for each z € X and for every n.

Let p,q:Y — X be a pair of maps such that (p,q) C ¢. Consider for each n
an admissible compact map ,,: U — U given by ¥, = 1.q.@«prn. Using (3.23)
and (3.18), we choose a selected pair (py,, ¢,) C ¥, such that

(iV) GnaPps = i5qePs T, for each n.

Since ¢ is a compact map, we infer that the set A = ¢(Y’) is compact. Con-
sider for each n the diagram

where ¢:Y — A is given by ¢'(y) = ¢(y) for each y € Y and j: A — X is an
inclusion. From Lemma (4.16) we obtain r,.i.j. = j. for all n > ng. Since
j«q. = (j o ¢')s« = q«, we deduce that the above diagram commutes for each
n > ng. Consequently, from (2.9), (iv) and coincidence theorem we conclude
that q.p;! is a Leray endomorphism. Thus the assertion (a) is proved.

To prove (b) assume that A(¢) # {0}. Then there exists a selected pair
(p,q) C ¢ such that A(q.p;') # 0. Let (pn,qn) C ¥ where p,,q, and 1, are
obtained as in first part of the proof. Then, from (2.9) and (iv) we have

A(Grapil) = Miwqepy ' rs) = Mqups ') # 0, for each n > ng.
This, in view of coincidence theorem, implies that 1), has a fixed point for each
n > ng. We find a sequence {x,} in the compact set A such that:
(v) @ € Yp(xy) for each n > ny.
Let {z,,} be a subsequence of {x,} such that

(vi) limg zp, = 2.
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Then from (iii) we obtain

(vii) limyg rp, (zn,) = .

Conditions (v)—(vii) give

(viil) {rn, (@n,)} — @, Tn, € qpprn, (2n,) and {z,, } — .

Finally, the u.s.c. of ¥y = g o ¢, (3.8), in view of (viii) and (3.1), implies = €
P(x) = qop,(x) = gp~* C p(x) and the proof of Theorem (5.1) is completed.O]

We now draw a few immediate consequences of Theorem (5.1).

(5.2) Corollary. Let X be an ANR or a compact AANR and let o: X — X
be an admissible compact map. Then

(a) ¢ is a Lefschetz map, and
(b) Ale) # {0}
implies that ¢ has a fized point.

Observe that for X € ANR the above Corollary immediately follows from
Coincidence Theorem.
For acyclic maps we obtain the following

(5.3) Corollary. Let X be an admissible AANR or, in particular, either of
the following:

(a) an ANR,
(b) a compact AANR.

If p: X — X is a compact acyclic map, then

(i) ¢ is a Lefschetz map, and
(i) Alp) #0
implies that @ has a fixed point.

From (5.3) and (3.35) we deduce

(5.4) Corollary. Let X be an admissible AANR and let p,9: X — X be
two compact acyclic maps which satisfy one of the following conditions:

(a) ¢ is a selector of ¥,
(b) ¢ is homotopic to 1.

Then both ¢ and ¢ are Lefschetz maps, A(p) = A(@), and A(v) # 0 implies that
@ has a fized point.

(5.5) Corollary. Let X he an admissible AANR and ¢: X — X an admis-
sible compact map. Assume further that o(X) is contained in an acyclic subset
Xo of X. Then A(p) = {1} and ¢ has a fized point.
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Proof. Let p,q:Y — X be a pair of maps such that (p,q) C ¢. Write the
diagram

i

Xo

_ q1
QT \
J id

T
p 1 Xo) ——Y —T

[

Xo X

i

in which p, ¢, ¢; are contractions of p and ¢, respectively and 4, j are inclusions.
Then its image under H also commutes. Since A(g,p;t) = 1 from (2.9), we have
A(g«p;t) = 1 for every (p,q) C ¢, and from Theorem (5.1) we obtain (5.5). [

A space X has the fixed-point property within the class of admissible compact
maps provided any admissible compact map ¢: X — X has a fixed, point.

(5.6) Corollary. Let X be an acyclic AANR or, in particular, either of the
following:

(a) an acyclic ANR,

(b) a contractible open set in a normed space.

Then X has the fized-point property within the class of admissible compact maps.

This simply follows from (5.5) and (4.15). Similarly, from (5.5) and (4.7)(c),
we have

(5.7) Corollary (The Schauder Fixed-Point Theorem). Let X be a convex
subset of a normed space. Then X has the fixed-point property within the class
of admissible compact maps.

Finally, we prove the following proposition, well-known for single-valued
maps:

(5.8) Proposition. Assume that a space X has the fized-point property
within the class of admissible, compact maps. Then every retract of X has the
fixed-point property within the class of admissible compact maps.

Proof. Assume that X has the fixed-point property within the class of ad-
missible compact maps. Let A C X be a retract of X and let X — A be
the corresponding retraction. Let ¢: A — A be an admissible compact map.
Define the map ¢: X — X by putting ¥ = ipr, where i: A — X is the inclusion
map. From (3.23) we deduce that ¢ is an admissible compact map. By assump-
tion, there exists a point x such that = € ¢(z), but ¥(X) C A, and therefore
x € A. Since r is a retraction map, we have r(x) = z and hence = € ¢(z). This
completes the proof. O

Now, we prove the following
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(5.9) Theorem. Let X be a compact w-AANR of finite type and let p: X —
X be an admissible map. Then A(p) # {0} implies that ¢ has a fized point.

Proof. We may assume without loss of generality that X is a weak approx-
imative neighbourhood retract in a Banach space E. For each n = 1,2,... let
rn: U, — X be a (1/n)-retraction from an open neighbourhood of X in F to X.
We have

(5.9.1) |z —rn(z)|| < 1/n, forall x € X.

For each n let i,,: X — U, be the inclusion map. By assumption we infer that
there exists a selected pair (p,q) C o such that A(g.p;!) # 0. Let ¢: X — X be
a map given by ¥ = g - ¢. Then 1 is an admissible map and hence (p,q) = .
Define for each n a map ¥,,:U,, — U, by putting

Yn = inPry.

From (3.23) and (3.18) we deduce that for each n there exists a selected pair
(Pn,qn) C ¥y, such that

(5'9'2) QH*p;*l = in*Q*p;lrn*'

Consider for each n the diagram

Since X is a compact space of finite type, we deduce from Theorem (1.12) that
Tnwins = idg(x), for all n > ng.

This implies that for each n > ng the above diagram commutes and hence (5.9.2)
and (2.9) gives

)\(Q*PII = A(qn*p;*l) #0, forall n>ng.

Thus coincidence theorem implies that ¢, has a fixed point for each n > ng.
Using the procedure followed in the proof of (5.1), we obtain a fixed point of ¢,
and the proof is completed. O

(5.10) Corollary. If X is an acyclic compact w-AANR, then X has the
zed-pownt property within the class of admissible maps.
fized-poi ithin the cl f admissibl

In particular, for acyclic maps Theorem (5.9) and (3.35) give
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(5.11) Corollary. Let X be a compact w-AANR and let p,9: X — X be
two acyclic maps which satisfy one of the following conditions:

(a) ¢ is a selector of 1,
(b) ¢ is homotopic to 1.

Then M) = A(¢) and M) # 0 implies that ¢ has a fized point.

Let A be a non-empty subset of a space X and let i: A — X be the inclusion
map; call A a homologically trivial subset of X provided

(i) dim Imi,o =1, and
(ii) 44 =0 for all & > 1.

We note the following evident facts:

(5.12) Lemma.

(a) If AC X CY and A is a homologically trivial subset of X, then A is a
homologically trivial subset of Y.

(b) If Ag C A C X and A is a homologically trivial subset of X, then Ag is
a homologically trivial subset of X .

(¢) If A C X and A or X is an acyclic space, then A is a homologically
trivial subset of X.

(5.13) Theorem. Let X be a metric space and assume that the Lefschetz
Fized-Point Theorem for X, within the class of admissible compact maps, holds.
If p: X — X is an admissible compact map and for some m > 1 the set ™ (X)
is a homologically trivial subset of X, then

(a) A(p) = {1}, and
(b) ¢ has a fixed point.

Proof. Assume that ¢™(X), m > 1, is a homologically trivial subset of X.
Let ¢™(X) = X and let i: Xy — X denote the inclusion map. First we observe
that ¢ X — X, as the composition of admissible maps, is also admissible. Let
¢™: X — Xy be the contraction map of ¢™ to the pair (X, Xp). It is easy to see
that @™ is an admissible map. We have ¢™ = i o ™. Let (p,q) be a selected
pair of ¢. Then, in view of (3.23), there exists a selected pair p’,¢: Y — X of
™ such that

—1 _ —
(5.13.1) ar. =apst. . ant.
—
mth

Observe that the pair (p’,q) C @™, where : Y — Xj is the contraction map of
¢ to the pair (Y, Xp), is a selected pair of ¢™. We assert that

— -1

-1 .



48 HomorocicaL METHODS IN FIXED POINT THEORY

In this order, consider the following commutative diagram:

Y
Y
Applying to the above diagram the functor H, we obtain (5.13.2). For n > 1,
i+n, = 0 and hence we have

LN

2<4>><

—

binGen (Den) ™" = G (D) ™" = GuenDin + - GenDin -
Since gunpy, is nilpotent for n > 1, it follows that
Tr(genps,y) =0, forn > 1.

For n = 1, it follows that since the rank of i, is 1, the rank of q*op;01 must be
1. Hence

A(g:pi ') = tr(guopsy ) = 1
and the proof of (a) is completed; (b) simply follows from (a). O

(5.14) Theorem. Let X be a topologically complete ANR and p: X — X
an admissible compact map. Let K be a compact subset of X which is invariant
under ¢. Suppose also that Coe = (1 ¢ (X) is contained in K and that each
compact subset of Cus is a homologically trivial subset of K. Then ¢ has a fized
point.

Let X be a compact space, A a closed subset of X and i: A — X the inclusion
map. Then from Theorem (1.1) we obtain

(5.15) Lemma. A is a homologically trivial subset of X if and only if A is
a cohomologically trivial subset of X, i.e., dimImi** = 1 and i*"™ = 0 for each
n>1.

(5.16) Lemma. Let X be a compact space of finite type and let {A,}n>1
be a sequence of closed, non-empty subsets of X such that A,+1 C A, for each
n > 1. Assume further that the set A = (), <, An, is a cohomologically trivial
subset of X. Then there exists a number n > 1 such that A,, is a cohomologically
trivial subset of X.

Proof. By the continuity of the Cech cohomology we have
H™(A) =lm{H™(A,)}.
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By assumption, each reduced, cohomology class of H™(X) is annihilated by
the maps induced by the respective inclusions. Hence, there exists for each
such class v an integer n(v) such that v is annihilated by the map i;;’(’z), where
in(v): Anw) — X denote the inclusion map. Since X is of finite type, we infer
that H*(X) has a finite basis. Thus there must exist an integer n = n(v) for all
reduced cohomology classes v in such a finite basis. For this n, however, A, is a
cohomologically trivial subset of X and the proof of (5.16) is completed. O

Proof of Theorem (5.14). By (4.1) we may assume without loss of generality
that X is a retract of an open subset U in a Banach space E. Let U — X
be a retraction and i: X — U the inclusion map. Define an admissible map (see
(3.23)) 11: U — U by putting )1 = iopor. Then K is an invariant subset under
11 and moreover,

() vi" W) = (] ¢™(X).
m2>1 m>1

Let (p,q) be a selected pair of ¢;1. Define a map :U — U by putting
1 = qop. Then 9 is a u.s.c., compact, admissible map (comp. (3.8)). We have

) ¢™(W) c () ¢ ().

m>1 m>1

It is easy to see that K is an invariant subset under . Since 9 is a compact map,
we infer that the set A = KU (W) is a compact subset of U. Applying Lemma
(4.8) to the pair (U, A), we obtain a compact ANR C such that A ¢ C C U.
Then the contraction 1; of ¢ to the pair (C,C) is an admissible map. From
(3.4) we infer that C. = ﬂm>1zz7”(0) is a compact and non-empty subset
of C. Since C'_, C K, from the assumption and (5.12) we conclude that C’_
is a homologically trivial subset of C. Hence we infer from (5.15) that C._
is a cohomologically trivial subset of C. Applying Lemma (5.16) to the pair
(C,C..), we infer that there exists an integer m > 1 such that ¢™(C) is a
cohomologically trivial subset of C. Then, in view of (5.15), we deduce that
Jm(C') is a homologically trivial subset of C' for some m > 1. Hence Theorem
(5.13) implies that zz has a fixed point and therefore ¢ has a fixed point. The

proof of Theorem (5.14) is completed. O

(5.17) Corollary. Let X be a compact ANR and let ¢: X — X be an
admissible map. If the set Coo = ﬂm21 ©™(X) is a homologically trivial subset
of X, then o has a fixed point.

In what follows, all spaces will be assumed, to be compact Hausdorff.

For a space X we denote by Cov(X) the directed set of all finite open cov-
erings of X. Let ¢: X — X be a multivalued map and a € Cov(X). A point
x € X is said to be an a-fized point for ¢ provided there exists a member U € «
such that

(i) z €U and



50 HomorocicaL METHODS IN FIXED POINT THEORY

(i) p(z)NU # 0.
Clearly, if a, 8 € Cov(X) and « refines 3, then every a-fixed point for ¢ is also
a (-fixed point for .

(5.18) Lemma. Let p: X — X be a u.s.c. map. Assume that there exists a
cofinal family of coverings D = {a} C Cov(X) such thai ¢ has an a-fixed point
for every a € D. Then o has a fixed point.

Proof. Suppose that ¢ has no fixed points. Then for each z € X there
are open neighbourhoods V, and U,(,) of z and ¢(x), respectively, such that
Ve N Uy = 0. From the u.s.c. of ¢, we deduce that the set V = ¢~ Uy () is
an open neighbourhood of z in X. Let W, =V, N V; then we have

(i) o(W,) C Uw(m) and

(ii) Wo NUy(z) = 0.
Since X is a compact space, we infer that there exists a finite number of sets
Waysooo , Wy, 17¢ such that X = (JI_, W,,. Putting 3 = {W,,,... , Wy, }, we
get a covering of X such that ¢ has no (-fixed point. If « is a member of D that
refines (3, then ¢ has no a-fixed point, and thus we obtain a contradiction. [

Let {X;}icr be a family of compact spaces indexed by an infinite set I and
let X = [];c; Xi be their topological product. Denote by P = {J} the family of
all finite subsets of I; given J € P, we put X; =[], ; X;.

(5.19) Theorem. The infinite product X = [[;c; Xi of compact spaces has
the fixed-point property within the class of admissible maps if and only if every
finite product X; = [[,c; Xs (J € P) has the fived-point property within the
class of admissible maps.

Proof. Choose in each X; a point z¥ and define X, C X as follows:
r;, € X; forielJ,

Z-e)? =4
{i ’ {xi—x? fori ¢ J.

Clearly we may identify X, with X;. Next we define a subset D = {a} C
Cov(X) as follows: a € D provided « is a finite covering consisting of open sets
of the form U; = [],c; U; with U; open in X; and U; = X; for all i ¢ J. By
the Theorem of Tychonoff and taking into account the definition of the product
topology, we conclude that D is cofinal in Cov(X). Let « € D; it follows from
the definition of the set D that @ determines a finite set of essential indices J(a).
Take r4: X — )N(J(a) to be the projection and s4: )?J(a) — X the inclusion.
Assume that every finite product X ; = [],. ; X; has the fixed-point property
within the class of admissible maps. Let ¢: X — X be an admissible map. We
prove that ¢ has a fixed point. Let p,q:Y — X be a selected pair of ¢. Consider
the map ¢: X — X given by ¢ = g o ¢,. Then from (3.6), (3.3) and (3.23) we
deduce that 1 is a u.s.c., admissible map. For each o € D, consider the map
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wa:)z](a) — XJ(Q) given by ¢, = rq1ss. Then (3.3) and (3.23) imply that ¢
is a u.s.c., admissible map far each a € D. By assumption, there exists a point
% € X j(a) such that

(5.19.1) T € Po(2Y) = repsa () = rop(x®), for each a € D.

Let U be a member of « such that ©* € U. Then from (5.19.1) we deduce that
Y(x*) NU # 0. This implies that = is an a-fixed point of 1, and hence from
(5.18) we infer that ¢ has a fixed point. Finally, since ¢(x) C ¢(x) for each
x € X, we conclude that ¢ has a fixed point.

Conversely, assume that X has the fixed-point property within the class of
admissible maps and that there exists a finite set J € P such X ; has no fixed-
point property within the class of admissible maps. We may assume without loss
of generality that there is an admissible v: X, — X such that z ¢ (), for each
T e )?J. Letr;: X — )Z'J be projection and s;: )Z'J — X the inclusion. Then we
have the admissible map ¢: X — X given by ¢ = s;i¢r;. By assumption there
exists a point z € X such that

z € p(x) = sy (x).

This implies that r;(x) € rys;¢¥(rs(x)) and thus we obtain a contradiction. The
proof of (5.19) is completed. O
From (5.6) and (5.19) we obtain

(5.20) Corollary. An arbitrary Tychonoff cube has the fized-point property
within fhe class of admissible maps.

Corollary (5.20) and Proposition (5.8) give

(5.21) Corollary. Every retract of a Tychonoff cube has the fixed-point
property within tne class of admissible maps.

6. The Lefschetz fixed point theorem
for non-compact admissible mappings

The aim of this section is to extend the Lefschetz fixed point theorem onto

a class of non-compact mappings: the class of compact absorbing contractions.
We define:

(6.1) Definition. A multivalued map ¢: X —o X is called a compact absorb-
ing contraction, if there exists an open set U € X such that clp(U) is a compact
subset of U and X C ;= ¢ (V).

Evidently, any compact map ¢: X —o X is a compact absorbing contraction;
then we can take U = X.

In what follows we will use the following notion: ¢ € CAC(X) if and only if
(p: X —o X is admissible and a compact absorbing contraction.
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(6.2) Proposition. If ¢ € CAC(X) then for every selected pair (p,q) C ¢

the homomorphism:
@ op L H(X,U) — H(X,U)

is weakly nilpotent, where for p,q¢:T — X we define p, ¢ (I',p~2(U)) — (X,U),
p(u) = p(u) and q(u) = q(u) for every u € T.

Proof. For any compact K C X one can find n such that (¢gp~!)"(K) C U.
Since we consider the Cech homology functor with compact carriers then our
claim holds true. O

Now, we shall prove the following;:

(6.3) Theorem. Let X € ANR and ¢ € CAC(X). Then ¢ is a Lefschetz
map and A(p) # {0} implies that Fix(p) # 0.

Proof. Let p: X — X be an admissible compact absorbing contraction map.
Since p(U) C clp(U) C U, consider ¢": U — U, ¢'(z) = ¢(z). Let (p,q) C ¢ be
a selected pair of ¢. Then ¢(p~(U)) C ¢(U). Let p,q:Y — X. Then we define
¢, p:p ' (U) = U, p'(u) = p(u), ¢'(u) = q(u). Observe that (p',q') C ¢’. Since
¢’ is compact, in view of (5.1), ¢%.(p,)~! is a Leray endomorphism. Consider the
maps p”,¢": (Y,p~1(U)) — (X,U); p” is a Vietoris map and, in view of (6.2)
q" o (p!)~! is weakly nilpotent. Consequently, from (2.9), (2.10) and (5.8) we
deduce that A(q.p;!) = A(¢.(p))™1). So, ¢ is a Lefschetz map.

Now, if we assume that A(g.p; 1) # 0 for some (p, q) C p, then A(g,(p,) ™) #
0 and by using once again (5.8) we get Fix(¢’) # () but it implies that Fix(¢) # 0
and the proof is completed. O

1

Now, we would like to show how large the class CAC(X) is.

(6.4) Definition. An u.s.c. multivalued map ¢: X — Y is called locally
compact provided that, for each x € X, there exists a subset V of X such that
x € V, and the restriction |y is compact.

(6.5) Definition. A multivalued locally compact map p: X — X is called
eventually compact if there exists an iterate ¢": X — X of ¢ such that ¢" is
compact.

(6.6) Definition. A multivalued locally compact map p: X — X is called
a compact attraction if there exists a compact K of X such that for each open
neighbourhood V of K we have X C ;2 ¢ “(V) and ¢"(z) C V implies that
©™(x) C V for every m > n and every x € X, the compact K is then called an
attractor for .

(6.7) Definition. A multivalued locally compact map ¢: X — X is called
asymptotically compact if the set Cy, = (), ¢"(X) is a nonempty, relatively
compact subset of X. The set C, is called the center of .

Note that any multivalued eventually compact map is a compact attraction
and asymptotically compact map.
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(6.8) Lemma. Any eventually compact map is a compact absorbing con-
traction map.

Proof. Let p: X — X be an eventually compact map such that K/ = o7 (X)
is compact. Define K = U?;OI ' (K"), we have

p(K)C | Je'(K)CKUp"(X)C KUK CK.
=1

Since ¢ is locally compact, there exists an open neighbourhood Vj of K such
that L = ¢(Vp) is compact, where p(Vp) = clp(Vp).

There exists a sequence {Vi,...,V,} of open subsets of X such that L N
(Vi) C Vi_yand KU (L) C Vi foralli = 1,... ,n. In fact, if KU (L) C
V,and 0 < i < n, since K U *(L) and CV; N L are disjoint compact sets of
X, there exists an open subset W of X such that

Kue" (L)ycW CcW CV;UCL.

Define Vi1, = ¢ 1 (W); since o(K) U p(e" C*D(L)) ¢ K U™ (L) C W, we
have KU~ C+tD(L) € Viy1, and o(Viy1) € W C V;UCL implies LNp(Viy 1) C
Vi. Beginning with K U ¢"(L) C K C Vp, we define, by induction Vi,...,V,
with the desired properties.

Putting U =VoNnViN...NV,, we have K’ C K C U and

e(U) Co(Vo)Ne(Vi)N...Ne(V,) CLNp(Vi)N...Ne(Vy

~—

)

hence

oU)c(LneWVi)n...n(LNne(V,))NLCVon...0N V1NV, =U,

but ¢(U) is compact since p(U) C L. Moreover,

X=Ue &) cJe (), m
=1 =0

(6.9) Proposition. Any compact attraction map is a compact absorbing
contraction map.

Proof. Let p: X —o X be a compact attraction map, K, a compact attractor
for ¢ and W, an open set of X such that K C W and L = (W) is compact.
We have L C X C [J;2, ¢ (W) hence, since L is compact, there exists n € N
such that L C (I, ¢ “(W). Define V = {J;_, o “(W). Then

xXclJemmw)yclJe (v,
1=0 1=0

p(V)C | Je (W) Co(W)uV c LUV CV
=0
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and
n

n+1 U@n z+1 U ]+1 U 90
7=0
which is compact and 1ncluded in V, since L C V and <p( ) C V implies that
@I(L) C V for all j € N. Consider the restriction ¢:V — V of p. ¢:V — V is
an eventually compact map, since V' is an open set. By Lemma (6.8), there exists
an open subset U of V, hence of X, such that cl¢'(U) = clp(U) is a compact
subset of U and V C |J22, ¢ ~™(U) € U2y ¢ ™(U). Hence

xclJemrmwmc ey e ). O
n=0 n=0 n=0

For more information about the above class of mappings and open problems
see: [AG] and [13]. Note also that a fixed point index can be defined for CAC-
mappings. We shall end this section by introducing the class of condensing
mappings.

Let E ne a Banach space and B(E) be the set of all bounded nonempty
subset of E.

We shall define the measure of noncompactness on B(E). We shall say that
a subset A C F is relatively compact provided the set cl A is compact.

(6.10) Definition. Let F be a Banach space and B(F) the family of all
bounded subsets of E. Then the function: a: B(E) — Ry defined by:

a(A) =inf{e > 0| A admits a finite cover by sets of diameter < e}

is called the (Kuratowski) measure of noncompactness, the a-MNC for short.
Another function 8: B(E) — R, defined by:

B(A) =inf{r > 0| A can be covered by finitely many balls of radius r}
is called the (Hausdorfl) measure of noncompactness.

Definition (6.10) is very useful since a and [ have interesting properties,
some of which are listed in the following

(6.11) Proposition. Let E be a Banach space with dim E = +oco and
v:B(E) — Ry be either o or 3. Then:

(a) v(A) =0 if and only if A is relatively compact,

(b) Y(ANA) = |A|v(A) and v(A1+ A2) < (A1) +7v(Az), for every A € R and
A, A, Az € B(E),

(c) A1 C Az implies v(Ar) < v(A2),

(d) 7(A; U Az) = max{y(A41),7(43)},

&) 1(A) = (conv(4)),

f) the function v: B(E) — Ry is continuous (with respect to the metric dg
on B(E)).

(
(
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Proof. You will have no difficulty in checking (a)-(d) and (f) ny means of
Definition (6.10).

Concerning (e), we only have to show that «y(conv(A4)) < v(A), since A C
conv(A) and therefore v(A4) < y(conv(A)). Let u > v(A) and A C |J;~, M; with
§(M;) < pif vy = « and M; = B(ax;, p) if v = . Since d(conv(p;)) < p and
B(z;, 1) are convex, we may assume that the M; are convex. Since

conv(A) C conv {Ml U conv < 6 Ml)]

=2

m
C conv {Ml U conv l:Mg U conv ( U MJ” C...,
i=3

it suffices to show that
v(conv(Cy U Cs)) < max{y(C1),v(C2)} for convex C; and Cs.

Now, we have

conv(Cy UCy) C ) IACrL+ (1= NGy,
0<A<1

and since C7 — Cy is bounded there exists an r > 0 such that ||z| < r for all
x € (01 — OQ)

Finally, given € > 0, we find Aq,..., A, such that
€ €

0,1] C Ai — = N+ —

0.1] L_J( N )

and therefore

COHV(Cl U CQ) C [)\101 + (1 — )\JCQ + CIB(O,E)}.

C-

i=1
Hence, (b)—(d) and the obvious estimate y(cl B(0,¢)) < 2¢ imply
v(conv(C1 U C2)) < max{y(C1),7(C2)} + 2e,
for every € > 0. Consequently the proof is completed. 0

Now, let us state the following obvious observation.

(6.12) Remark. For every A € B(E) we have G(A) < a(A) < 26(A).

We shall end this section by considering two examples and by formulating
a generalization of the Cantor theorem.
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(6.13) Example. Assume that dim £ = 4o00. Now, let us complete the
measures of a ball B(zg,r) = {zo} + - B(0,1). Evidently,

V(B(zo,7)) = r9(c1 B(0,1)) = r7(S5),

where S =6B(0,1) = {z € E | ||z| = 1}.

Furthermore, a(S) < 2 and 3(S) < 1. Suppose «(S) < 2. Then S = J_, M;
with the closed sets M; and 6(M;) < 2. Let E™ be an n-dimensional subspace
of E. Then

SNnE"=|JMinE"
i=1
and in view of the Lusternik—Schnirelman-Borsuk theorem (see [De3-M, p. 22]
or [9, p. 43]) there exists i such that the set M; N E™ contains a pair of antipodal
points,  and —z. Hence §(M;) > 2 for this ¢, a contradiction. Thus a(S) = 2
and
a(S)

1:T§5(5)§17

i.e. we have a(B(xo,7)) = 2r and B(B(xzg,r)) = r provided dim E = +o0.

(6.14) Example. Let r: E — ¢l B(0,1) be the retraction map defined as

follows:
zif [z <1,
r(@) = { L o) > 1.
|||

Let A € B(E). Since r(A) C conv(AU{0}), we obtain y(r(A4)) < v(A). In other
words we can say that r is a nonexpansive map with respect to the Kuratowski
or Hausdorff measure of noncompactness.

Finally, note that the following version of the Cantor theorem holds true.

(6.15) Theorem. Ify=a ory = and {A,} is a decreasing sequence of
closed nonempty subsets in B(E) such that lim,, y(A,) =0. Then A=(\"_, A,
is a nonempty and compact subset of E.

To learn about condensing maps it is useful to start with the notion of k-set
contraction and condensing pairs of maps. As in Section 4, by a pair (p,q) we
mean the following diagram:

X £ 1r Ly

in which p is Vietoris and ¢ continuous. Such a pair (p,q) is called compact
provided ¢ is compact.

Let E be a Banach space. By v: B(E) — R, we will denote the measure of
non-compactness function, i.e. 7y is a function satisfying all properties of (4.10).
In particular, we can let v = « to be the Kuratowski measure of compactness or
v = [ to be the Hausdorff measure of non-compactness (see Section 4).
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(6.16) Definition. Let A and C be two subsets of E. A pair A <= T -L
C is called a k-set contraction pair, if there exists a real number k, 0 < k < 1,
such that for every bounded B C A the following condition is satisfied:

(6.16.1) v(q(p~"(B))) < k- y(B);

(p, q) is called a condensing pair, if for every bounded and no relatively compact
B C A we have

(6.16.2) Y(gp~(B))) < v(B).

It is evident that any compact pair is k-set contraction with & = 0 and any
k-set contraction pair is condensing. Moreover, let us observe that if (p,q) is
a condensing pair then for any bounded B C A the set ¢(p~*(B)) is bounded.

(6.17) Proposition. Let A <= T % C be a condensing pair, where A
is a bounded and closed subset of E. Then Fix(p,q) is a compact set, where as
before Fix(p,q) = {zx € A |z € q(p~ ! (x)}.

Proof. Indeed, we have Fix(p, q) C q(p~(Fix(p, q))), hence

v(Fix(p, q)) < v(q(p~ ' (Fix(p,q)))) < v(Fix(p, q)).

So, by (4.10) we deduce that Fix(p, q) is compact. Because Fix(p, q) = Fix(p, q)
the proof is completed. O

We will say that the pair (p, q) satisfies the Palais-Smale condition provided
for every sequence {u,} C T, the property

hTIln(p(un) - Q(un)) =0
implies that there exists a convergent subsequence of {u,}.

(6.18) Proposition. Let (p,q) be the same as in (6.17). Then the pair (p, q)
satisfies the Palais—Smale condition.

Proof. Let limy(p — q)(yn) = 0. We put , = p(yn) = q(yn), tun = p(yn)-
Then {x,} C E and {u,} C A. By assumption y({z,}) = 0. We will show that

y({un}) = 0. Because q(yn) € ¢(p~'(un)) we have
Ya{yn}) < (@™ {ua}))) < k- v({un}).

On the other hand, u,, = x,, + q(y») so, in view of (4.10.2), we obtain

Y({un}) < v({zn}) +v{alyn)}) = v(@{yn})-

The above two inequalities imply that v({u,}) = 0. Therefore the set p~*({u,})
is compact (p is proper!), so from the sequence {y, } in p~*({u,}) we can choose
a convergent subsequence and the proof is completed. O
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Let A be a bounded closed subset of E and let C' be a convex closed subset of
E. Consider a k-set contraction pair (p,q) from A to C. We will associate with
such a pair (p,q) a compact pair (p,q) such that Fix(p, q) = Fix(p, q). In order
to do it we define a decreasing sequence {K,} of closed bounded and convex
subsets of C' by putting

K, =comv(q(p ' (A))),... ,K, =comv(q(p (AN K,_1))),...
It is evident that q(p~1(K,,NA)) C K, and Fix(p,q) C K, for every n. There
are two possibilities, namely,

(6.19) K, #0, foreachn,
(6.20) K;#0, fori=1,...,mand K,,;; =0, for each j.

If (6.20) holds then we choose a point xy € K, and we define
(6.21) ¢ T — C Dby putting q(y) = z¢ and p = p.
Then (p,q) is a compact pair such that Fix(p, q) = Fix(p, q) = 0.
(6.22) Lemma. Assume that (6.20) holds and let 1 € K,,. Then there
exists a compact homotopy h:T x [0,1] — C joining ¢ with ¢1 such that
Fix(p,h) = {x € A|z € h(p~ ' ((z) x {t})), for everyt} =0,
where q1:T' — C is given by the formula ¢1(y) = x1.

For the proof of Lemma (6.22) it is sufficient to consider a homotopy h: T x
[0,1] — C given as follows:

h(y,t) = (1 — t)xo + taq.

(6.23) Remark. By comparing (6.21) and (6.22) we can say that, if (6.20)
holds, then the pair (p, q) is defined uniquely up to homotopy.

(6.24) Lemma. If (6.19) holds, then Ko, = (\,—, K, is a compact convex
and nonempty set which contains Fix(p, q).

Proof. First, we claim that

(6.24.1) ~(K,) < k™ -~(A), for each n, where k is given for considered k-set
contraction pair (p, q).

We prove (6.24.1) by induction. Since
Y(E1) = ~(eonv(q(p~" (4))) = v(a(p™" (4))) < k- 7(4),

our assertion holds for n = 1. Now assume that (6.24.1) is true for every m < n.
Then we obtain:

V(EK,) = y(@iv(g(p (AN K,-1))) = (g (AN K,_1)))
< k’y(Aﬂanl) < k’Y(anl) < k- kn_l’y(A) _ kn’y(A)
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and thus finish the proof of (6.24.1).
Now, from (6.24.1) it follows that lim, v(K,) = 0. Therefore, our claim
follows from (4.14). O

We associate with given k-set contraction pair (p,q): A <= T' -4 C the pair

(P, q):
(6.25) ANKos <= p M ANKL) -5 Ko

by putting p(u) = p(u) and q(u) = q(u). Since ¢p (AN Ky) C Koo, in view of
(6.24) we get Fix(p, q) = Fix(p,q). Observe, that if A = C, then the condition
(6.20) cannot occur.

Since (P, q) is a compact pair, then from the Lefschetz fixed point theorem
for admissible (or determined by morphisms) maps we obtain:

(6.26) Proposition. If C is a bounded closed and convex subset of E and
(p,q) is a k-set contraction pair from C to C, then Fix(p,q) # 0.

We prove:

(6.27) Theorem. IfC is a bounded closed and convex subset of E and (p,q)
is a condensing pair from C to C, then Fix(p, q) # 0.

For the proof of (6.27) we need some additional facts. Let ¢ > 0. A point
u € I' is called an e-coincidence for (p, q), if ||p(u) — q(u)|| < €.

(6.28) Lemma. If (p,q) has an e-coincidence for every e > 0 and satisfies
the Palais—Smale condition, then Fix(p,q) # 0.

Proof. Let €, = 1/n and {u,} CI" be a sequence of &,-coincidence points of
(p,q), n =1,2,.... Then lim, (p(un) — ¢(un)) = 0. So, from the Palais—Smale
condition we obtain that there exists a convergent subsequence {uy, } of {uy}.

Let w = limg, uyp, . Then p(u) = g(u), so the set »(p, q) of coincidence points
is nonempty and consequently Fix(p, q) # 0. O

Proof of (6.27). We can assume without loss of generality, that 0 € C. For
eachn =1,2,... we define a map ¢,:I' — C by putting:

)= (1 1) atw),

Then (p,q) is an (1 — (1/n))-set contraction, n > 2. So, from (6.26) for every
n > 2 we obtain a point u,, € T" such that p(u,) = ¢(u,). On the other hand we
have:

[p(un) = qun) || < [lp(un) = gn(un)|l + llg(un) = gn(un)|
1 1
- n < —-di C )
Ul < - diam(c)
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where diam(C) denotes the diameter of C'. It implies that (p, ¢) has e-coincidence
for every € > 0 and hence our theorem follows from (6.28) and (6.19); the proof
is completed. O

Let C be a convex closed subset of E and (p,q):U <= T' -5 C be a k-set
contraction pair such that Fix(p,q) 10U = 0, i.e. (p,q) has no fixed points on
the boundary QU of U in C, where U is an open subset of C.

Following (6.25) we obtain a compact pair

3,0):TNKw &= p ' (UNK.,) -L CNKs.
For simplicity let us denote U; = UNK,, and C; = CNKy, I'1 = p L {UNKy).
Then we have a compact pair
U, &1, Lo,

where U; is open in C7 and C is a convex nonempty compact subset of F.
Now, by using the Schauder Approximation Theorem, for given € > 0 we can

find a n(e)-dimensional subspace E™®) of E and an e-approximation ¢.:T'; —

E™®) of §. Welet V = U;NE™®) and C. = C1,NE™). Then we obtain a diagram:

VE V) S

It is easy to see that for sufficiently small € > 0 such that Fix(p1,q.) N OV =
and g. is homotopic to ¢/ for e,¢’ < &g, for some € > 0.

Let m: R™ — C. be a retraction (C; is convex and closed, so C. € AR). Then
r~1(V) is an open subset of R and we have the following commutative diagram:

r_l(V) r p1 ﬁ_l(V) qe CE
Pe g

NZan

T En(s)

g.=i0g-0g

in which I'e = {(z,y) € r=1(V) xp (V) | r(z) = p1()}, pe(2,y) = 2, f(z,y) =
r(x), g(x,y) = y. Moreover, we obtain:

FiX(pEaag) = FiX(pla QE) C V

But for the pair (pe,q.) the coincidence index I(pe,q.) is well defined (see (3.4)).
We let:

(6.29) I(p.q) = I(pe,q.)-

Then I(p, q) is called the coincidence index for the k-set contraction pair (p, q).
Note that by a standard argument, used already several times, we can see that
definition (6.29) is correct for a given retraction r.

The following problem remains open (see [14]).
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(6.30)  Does Definition (6.29) depend on the choice of a retraction map r?

Note that (6.30) is a slight reformulation of the definition of a topological
degree for n-admissible mappings.

We shall make use of the following two properties of the coincidence index
defined in (6.29).

(6.31) Property (Existence). If I(p,q) # 0, then Fix(p,q) # 0.

(6.32) Property (Homotopy). Let U be an open subset of C, where C is
a convez closed subset of a normed space E. Let p:T' = U be a Vietoris map
and let h:T x [0,1] — C be a continuous map. Assume further that the following
two conditions are satisfied:

(a) Fix(p,h) NOU = 0, where Fix(p,h) = {x € U | x € h(p~'(x,t)) for
some t € [0,1]},
() y(h(p~Y(B x [0,1]))) < k- y(B) for every B C U and some 0 < k < 1.

Then I(p, ho) = I(p, h1), where h;(x) = h(x,7), i =0,1.

The standard proofs of (6.31) and (6.32) are left to the reader.

Now we will generalize the non-linear alternative and the Leray—Schauder
alternative from the case of k-set contraction singlevalued maps to the case of
k-set contraction pairs. Till the end of this section we will assume that C' is
a convex and closed subset of F which contains the zero point 0 of E.

(6.33) Theorem (The Non-Linear Alternative). Let U be an open bounded
subset of C such that 0 € U and let (p,q) be a k-set contraction pair from U
to C. Then at least one of the following properties holds:

(a) »(p,q) # 0,
(b) there is an x € OU such that x € (A - q(p~*(x))) for some X > 1.

Proof. We can assume without loss of generality, that Fix(p,q) N oU = 0.
For the proof consider a homotopy h:T' x [0,1] — C defined by the formula
h(y,t) =t-q(y). Then h satisfies (6.32)(b) and it is a homotopy joining g with
the constant map ¢1,q1(y) = 0. If Fix(p,h) N OU = 0, then from (6.32) and
(6.31) we deduce that Fix(p,q) # 0, so (a) holds. If Fix(p, h) N QU # (), then we
can take a point zg € AU such that zg € (to - g(p~!(xo))) for some 0 < ¢y < 1.
Consequently, for A = 1/ty > 1 we have 2o € A - q(p~!(z0))) and the proof is
completed. O

(6.34) Corollary. Assume (p,q) is as in (6.33). Assume further that for
every x € OU and for every u € q(p~1(x)) one of the following conditions holds:

(a) [lufl <[],

(b) [lull < flz —ul,

(©) Null® < flz] + [l —ul®.
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Then »(p,q) # 0.

For the proof of (6.34) it is sufficient to note that each of conditions (a)—(c)
implies that the second property of the non-linear alternative cannot occur.

For a pair (p,q) from C to C and for a subset A C C, by (pa,qa) we will
denote a pair defined as follows:

pap H(A) = A, paly) =py),
qa:p ' (A) = C, qaly) = q(y).

(6.35) Theorem (The Leray—Schauder Alternative). Let (p,q) be a pair
from C to C such that for any open and bounded U C C the pair (py,qu) is a k-
set contraction. Let G(p,q) = {z € C'|x € (\-q(p~1(x))), for some 0 < X < 1}.
Then either G(p,q) is unbounded or »(p,q) # 0.

Proof. Assume G(p,q) is bounded. We choose an open ball B(0,r) in E
containing G(p, ¢) in its interior. Let U = B(0,7) N C. Then (py,qu) € C(U, )
and no x € QU can satisfy the second property of the non-linear alternative. By
using once again (6.33) to the pair (py, qu) we have § # s(py, qu) C »(p, q) and
the proof is completed. O

(6.36) Remark. Finally, let us remark that all results of this section can be
formulated for k-set contraction and condensing admissible maps or morphisms;
© is a k-set contraction (condensing) admissible map if there exists a k-set con-
traction (condensing) pair (p,q) such that (p,q) C ¢. In the definition of the
k-set contraction (condensing) morphism we consider the equivalence relation
in family of all k-set contraction (condensing) pairs (p, q).

(6.37) Remark. Note that next we will continue the study of k-set contrac-
tion and condensing maps in the framework of so called compacting mappings.

(6.38) Definition. A closed subset of X of a Banach space E is called
a special ANR provided there exists a family {C;};es of closed convex subsets
of E such that X = UjeJ C; and this union is locally finite, i.e. for every z € X
there exists a finite set J, C J, such that @ ¢ C; for every j € J\ J, (written
X € s-ANR).

Note that a special ANR is an ANR-space.

If X € s-ANR and X is a finite union X = U;.Lzl C; of closed convex subsets
in E, then we will write X € sf-ANR.

We shall use the following lemma:

(6.39) Lemma. Let C € sf-ANR be the union C = U;L:1 C; of closed convex
subsets of E. Then there exists a polyhedron P such that P = |-, P;, where
P, = conv{zy,... &y, } for somexy,... ,xm, € C and a continuous map 7: C —
C' such that w(C;) C P; C C; for all i < n.
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Lemma (6.39) is strictly technical so the proof is omitted here. For details
see [14].

(6.40) Definition. Let X € s-ANR and U be an open subset of X. An
admissible map @:U —o X is called compacting provided there exists an open
set W C U and a sequence {K,} such that K,, € st-ANR for every n and the
following conditions are satisfied:

(a) Fix(p) cW CW CU,

(b) W C K; C X,

(¢) (WNK,)C K41 C K, for any n > 1,

(d) limy— o0 v(Ky) = 0, where 7 denotes the measure of non-compactness.

We shall prove the following:

(6.41) Proposition. Suppose that X € s-ANR, U is an open subset of X
and f:U — X is a continuous map such that S = {x € U | f(x) = z} is
compact. Assume that there is an open neighbourhood W of S such that f|w is
a k-set-contraction with k < 1. Then f is compacting.

Proof. X has a locally finite covering {C,, | a € A} by closed, convex hull
of B in the overlying Banach space. By the local finiteness of the covering and
the compactness of o f(W), there exists a neighbourhood W; of S, W1 C W,
such that (W U co f(W1)) N C, is empty except for « in a finite index set A;.
Define Ky € Fo by K1 = U,c4, Ca and for n > 1 define {K,} inductively by
Kpi1 = (€0 f(WiNKy,))NX. Since f is a k-set-contraction, k < 1, y(K,41) <
k™y(Wy) — 0. Tt is also not hard to see that K, D K,y1, f(W1 N K,) C Kpt1
and W7 C K;. Thus f is compacting; the proof is completed. O

Now, assume that ¢: W — X is compacting with W and { K, } satisfying the
conditions of (6.40). Since K; € sf-ANR there exists m(i) and Cii, ... , Cim()
closed convex such that K; = U;n:(? Cij and 0(Ciy) < v(K;) + i1

We may now choose n and by Lemma (6.39), m,: K3 — K; such that
(K1) C P, C X, where P, is a polyhedron such that

U U i and  m,(Cij) C Py C Cij.

Thus 7, (K;) C K; for any i < n and if z € K; we have ||, (z)—z| < y(K;)+i~L.
Since the fixed point index for maps determined by morphisms on polyhedra is
defined, as we have already observed, we can let:

(6.42) 1(X,0,U) = lim i(P,, 71, 00, WNP,) =i(P,, 7, 00, WNP,)

if n is big enough. The proof of a correctness of the above definition is quite
long and technically complicated.
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We shall restrict our considerations to the case of the fixed point index defined
in (6.29) having the following properties:

existence,
excision,
additivity,
homotopy,
commutativity,
mod p.

To obtain the normalization property of the above fixed point index one more
assumption about ¢ is needed. We have to assume that ¢ is a compact absorbing
contraction and compacting mapping. We have proved that for compact absorb-
ing contractions the Lefschetz fixed point theorem is true, so it is sufficient to
see that the respective Lefschetz number and the fixed point index are equal.

There are still some open problems concerning compacting and compact ab-
sorbing contractions:

One of those is to find relations between:

e compacting, condensing, k-set contraction mappings on one hand;
e eventually compact mappings with compact attractors, compact absorb-
ing contractions, asymptotically compact — on the other hand.

For details we recommend [1] and [14].

7. Remarks and comments

In this material we concentrated our considerations to the Lefschetz Foxed
Point Theorem. Note that more generalized results can be obtained. In Section
3 we defined the index of coincidence I(p, q) for a pair

ULy LR,

where U is an open subset of the Euclidean space R™ (see (3.4)). This definition
can be taken up for the pair:

ULy L X,

where U is an open subset of an ANR-space X and ¢ is a compact map. It
allows us to define the index set I(p) of ¢ for an admissible and compact map
@:U —o X. Then using obtained results it is possible to generalize this index
to the case when ¢:U — X is a CAC-map. For details we recommend [14].
Moreover, we would like to remark that some special results concerning fixed
point index can be done also for condensing and compacting mappings (see
again [14]).

Using homological methods it is possible to study the fixed point theory for
the fixed point theory for the other classes of multivalued mappings, namely:

e spheric mappings (see [21], [22]);
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e mappings with values consisting from one or n acyclic components (see
[14] or [10]);
e whitehead mappings (see [Ski]).

The next possibility is connected with non-metric case. Let E be a topological
vector space; F is called Klee admissible provided for every compact set K C F
and for every open neighbourjood V of o in F there exists a map ny: K — E
such that 7y (K) C E™ C E, where E™ is n-dimensional subspace of E and
my(x) € (X + V) for every z € K.

Note that, in particular, any locally convex space E is Klee admissible.

Now, all results presented in this work can be generalized for the respective
classes of multivalued mappings of retracts of open sets in Klee admissible spaces.
For details concerning non-metric case see [1].

Finally, let us remark that using homological methods it is possible to study
also (for details see: [12]-[14], [15]):

e relative versions of the Lefschetz Fixed Point Theorem,;
e periodic problems;
e Nielsen theory for multivalued mappings.

Instead of [1] and [14] for further studies of homological methods in fixed
point theory we recommend [5], where a review of modern methods in fixed
point theory is presented.
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APPROXIMATION METHODS
IN THE THEORY OF SET-VALUED MAPS

WoJCIECH KRYSZEWSKI

ABSTRACT. In the lecture we shall present some methods allowing to in-
vestigate fixed points and the solvability of generalized equations involving
set-valued maps.

Generally speaking there are two concurrent attitudes to the problem: topo-
logical (or more precisely homological and/or homotopical) approach and the
approximation one (!). However essentially different, these two attitudes are
most often combined and intertwined: sometimes there are sufficiently close
single-valued approximations (understood in an appropriate sense) whose topo-
logical behavior reflects the properties of the studied map. Thus approximation
techniques may interact with topological methods and bring a deeper insight
into the theory. Whereas purely topological and algebraic methods seem to be
more universal, approximation approach is frequently substantially simpler and,
at most occasions, sufficient for a vast area of applications.

1. Preliminaries

In this section we shall provide the exposition of some rudimentary material
concerning set-valued maps (see e.g. [9], [45], [4], [52] and [46]).

2000 Mathematics Subject Classification. 47H04, 47TH10, 47H11, 54C60, 54C65.

Key words and phrases. Set-vlued map, approximation, selection, degree theory, fixed
point.

(1) Speaking of approximations we have also selections in mind.
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1.1. Set-valued maps. From the formal point of view, a set-valued map
is a simple generalization of an ordinary (single-valued) mapping. To support
this statement let us introduce some notation and elementary concepts. Assume
that sets X, Y are nonempty and let ¢ C X x Y be a relation. Then

ol ={(y,2) €Y x X | (z,y) € ¢}
is the inverse relation. If A C X, then
p(A):={ycY[3zcA(r,y) cp}
is the image of A through p; in particular, if B C Y, then
¢ !(B)={zeX|IyeB (z.y) €}

(sometimes we say that =1 (B) is the preimage of B through ). If Z is another
set and a relation ¥ C Y x Z, then

Ypop:={(z,2) EX X Z|JyeY (z,y) €, (y,2) €Y}

is the composition of ¢ and .

Let mx: X XY and my: X XY be projections, i.e. mx(x,y) = z and 7y (x,y) =
y for any (x,y) € X xY. According to the Peano definition, a relation p C X xY
is a function or a map if

(1.1) Tx(p) =X
and
(1.2) pop ' CAy :={(y,¥) €Y xY |y=y}.

Definition 1.1.1. If a relation ¢ C X x Y satisfies condition (1.1), then we
say that ¢ is a set-valued map.

As in the case of functions, given a set-valued map ¢ C X x Y, we write
p: X — Y and say that p(z) = {y € Y | (z,y) € ¢} = ¢({z}) is the value
of p at z € X; in view of (1.1), p(z) # 0 for all z € X (?). It is clear that
any map f: X — Y (we then speak of a single-valued map in order to make it
clear that a map whose values are singletons id considered) is a particular case
of a set-valued map; in this case the value f(x) is identified with the singleton
{f(@)}.

In order to incorporate this, perhaps more intuitive approach, one often
identifies a set valued map p: X —o Y with an ordinary map ¢: X — P(Y)\ {0},

() In what follows we shall usually make some additional assumptions concerning the
values of p: X —o Y intimately connected with an additional structure (linear, topological,
etc.) imposed onto Y.
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where P(Y') stand for the family of all subsets of Y. From this point of view it
is convenient to define the graph

Gr(p) :=={(z,y) € X xY |y € p(z)}

of ¢, although, as we see, the distinction between ¢ and Gr(yp) is only formal.
Given a set-valued map ¢: X — Y and B C Y, apart from the preimage
@ 1(B), it is convenient to define the strict or the small preimage of B

¢ (B) = {x € X | p(zx) C B}.

Clearly ¢t (B) C p~1(B).
If ¢': X’ — Y”, then one defines the Cartesian product ¢ x ¢': X x X' —o
Y xY’ by
o x @ (x,2) = px) x (), (z,2')e X x X'
Apart from some obvious properties of images, preimages and strict preim-
ages of set-valued maps, it is not difficult to establish the following issues.

Proposition 1.1.2. Given a set-valued map p: X — Y let AC X, BCY.
Then:

(a) ™ (Y \B) =X\ @71(3) and ¢~ (Y \ B) = X \ ¢*1(B);

(b) AC¢™H(p(A)) C o™ (p(A));

(c) p(¢™(B)) CBC w(w H(B));

(d) (1) 7H(A) = p(4);

(e) p(A) =7y (Gr(p)NAXY); o 1(B) = mx(Gr(p) N X x B).
If .Y —o Z is another set-valued map and C C Z, then:

() (¥o @) (C) = g™ (v*1(C));
(8) Gr(yop) = (¢ xidz) " (Gr(¥)) = (idx x ¥)(Gr(¢)) ().

To facilitate the notation, in what follows we put
Py = Tx|ar(e)r Qo = Ty |Gr(e)-
Then, for A C X and BCY,
Gr(p)NAXY = p;I(A), Gr(p)N X xY = qgl(B).
Thus, for example, equalities (e) read
p(A) = 4,0, (4)), ¢~ (B) =py(q, ' (B)).

1.2. Continuity of set-valued maps. Assume that X and Y are Hausdorff
topological spaces (only such spaces will be considered below) and let ¢: X — Y’
be a set-valued map.

(3) idy (resp. idx) stands for the identity on Z (resp. X).
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Definition 1.2.1. Let x € X. We say that ¢ is upper (resp. lower) semi-
continuous at x if, for any open set V, if p(z) C V (resp. p(z) NV # (), then
e V) (resp. p~1(V)) is a neighbourhood of z. As usual we say that ¢ is upper
(resp. lower) semicontinuous if so it is at any point z € X. A set-valued map
being simultaneously upper and lower semicontinuous is called continuous.

It is easy to see that in case of a single-valued map, lower and upper semi-
continuity coincide with the ordinary continuity.
By the very definition and in view of Proposition 1.1.2(a) and (f), we have:

Proposition 1.2.2. Let p: X — Y. The following conditions are equiva-

lent:
(a) ¢ is upper semicontinuous;
(b) for any open V. CY, oT1(V) is open;
(c) for any closed C CY, o= (C) is closed.

In a similar manner, the following conditions are equivalent:

(i) @ is lower semicontinuous;
(ii) for any open V. CY, o= Y(V) is open;
(iii) for any closed C C'Y, ¢*1(C) is closed.
The composition of upper (resp. lower) semicontinuous is upper (resp. lower)
semicontinuous.

Example 1.2.3. (a) Let J C R and ¢: R — R be given by

({0} ifzeR\J
ﬂx){[l,l} if z € J.

If J = [a,b], then ¢ upper semicontinuous; if J = (a,b), then ¢ is lower semi-
continuous; if e.g. J = [a, b), then ¢ is neither upper nor lower semicontinuous.
(b) Let f,g9: X — R be lower and upper semicontinuous real functions, re-
spectively, such that f(xz) < g(z) for all z € X. Then a map ¢: X — R, given
by o(x) = [f(z), g(z)] for x € X, is upper semicontinuous. If g(x) < f(z) on X,
then ¢: X — R, given by ¢(x) := [g(x), f(z)] for z € X, is lower semicontinuous.
(c) If pY — X is a surjection, then p: X —o Y given by ¢(z) = p~!(z)
for x € X, is upper (resp. lower) semicontinuous if and only if p is closed (resp.
open). To see this recall that, for any B C Y, p(B) = (p~1)"1(B) = ¢~ 1(B).
(d) Let Z beaset and let p: Z — X, q: Z — Y. If p is a surjection, then a set-
valued map ¢: X —o Y given by o(r) = q(p~(x)), = € X, is upper (resp. lower)
semicontinuous if and only if p is closed (resp. open) with respect to the weakest
topology on Z under which ¢ is continuous. In view of the sufficiency part of (c)
it is enough to show the necessity: we are to prove that p is closed (resp. open)
provided ¢ is upper (resp. lower) semicontinuous. In view of the necessity part
of (c) we shall show that p~1: X —o Z is upper (resp. lower) semicontinuous. Let
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U be open in Z; without loss of generality we may assume that U = ¢~ (V)
where V is open in Y. Thus (p~1)*H(U) = (go p~")*(V) is open.

(e) If in (d) Z is a topological space, ¢ is continuous and p is closed (resp.
open), then ¢ is upper (resp. lower) semicontinuous. This follows from (c¢) and
the last part of Proposition 1.2.2.

Remark 1.2.4. The above example (d) is in a sense universal. Given a set-
valued map ¢: X —o Y, we see that, for each z € X, () = q,(p,'(x)). Hence
if p,, is closed (resp. open), then ¢ is upper (resp. lower) semicontinuous. If ¢ is
upper (resp. lower) semicontinuous, then p, is closed (resp. open) with respect
to the weakest topology on Gr(y) under which g, is continuous (see also [45],
146)).

Let us now collect some other properties of upper (or lower) semicontinuous
maps.

Proposition 1.2.5.

(a) If Y is regular, ¢: X — Y is upper semicontinuous and has closed
values, then its graph Gr(y) is closed (in X x Y) (%).

(b) A set-valued map ¢: X — Y has compact values and is upper semicon-
tinuous if and only if p, is perfect (°).

(¢) If p: X —o Y is upper semicontinuous and has compact values, A C X
is compact, then so is p(A).

(d) If ¢ is as above, ¥: X — Y has closed graph and, for each xz € X,
p(z) N(z) # 0, then o N is upper semicontinuous.

Proof. Condition (a) is easy. We shall prove (b). If p, is perfect, then for
each z € X, p(z) = ¢, (p;l(x)) is compact; moreover p,, is closed, so ¢ is upper
semicontinuous. If ¢ is upper semicontinuous and has compact values, then for
each © € X, p;! = {x} x p(z) is compact. Let B C Gr(p) be closed and let
x & p(B), then {z} x p(z) N B = (). The compactness of ¢(z) implies that there
are open sets U’ C X and V' C Y such that x € U, p(z) C V and U'xVNB = (.
The upper semicontinuity implies that U” := ¢ (V) is open. Let U := U'NU".
Then z € U and U N p(B) = (). This shows that p(B) is closed.

To see (c) observe that ¢(A) = q,(p,*(A)). Since p,, is perfect, it is proper;
hence p'(A) is compact.

(d) Assume that B is closed in Gr(¢ Nv) = Gr(y) N Gr(y). Since Gr(z)) is
closed, B is closed in Gr(y). Hence pyny(B) = po(B) is closed and, thus, ¢ N1
is upper semicontinuous. O

(%) Clearly if the Gr(y) is closed, then so are the values of (.

(5) Recall that a map f: X — Y between topological spaces is perfect if it is closed and,
for each y € Y, the fiber f~1(y) is compact. Each perfect map is proper, i.e. such that, for any
compact K C Y, f~1(K) is compact. If Y is a k-space (i.e. Y is compactly generated), then
f is perfect if and only if it is proper; in particular this holds if Y is a metric space.
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Example 1.2.6. Generally speaking set-valued maps with closed graphs
are not upper semicontinuous. For instance let ¢: R — R? be given by ¢(a) =
{(z,y) € R? | y = az} for a € R. Then Gr(yp) is closed, but for ag = 0 the
inclusion ¢(a) C B(p(0),e) holds for neither a # 0 nor € > 0.

Definition 1.2.7. We say that ¢: X —o Y is compact (resp. locally compact)
if the closure cl p(X) of ¢(X) is compact (resp. each x € X has a neighbourhood
U such that clo(U) is compact).

By Proposition 1.2.5(d), if ¢ is locally compact and has closed graph, then
( is upper semicontinuous.

1.3. Continuity in metric spaces. Suppose now that X, Y are metric
spaces and let ¢p: X — Y. As a simple consequence of Definition 1.2.1 and
Proposition 1.2.5 we get

Corollary 1.3.1.

(a) The map ¢ is lower semicontinuous at xg € X if and only if, for any
Yo € p(xo) and a sequence x,, — xq, there is a sequence y, — yo Such
that yn, € @(xy,) for alln € N.

(b) The map ¢ is upper semicontinuous and has compact values if and only
if, given a sequence (Tn,yn) € Gr(p), if x, — xo, then there is a sub-
sequence (Yn, ) such that y,, — yo € p(xo).

Example 1.3.2. Let [ = [0,7], T > 0. Consider a Carathéodory function
fiI xRN — RN (ie. for almost all ¢t € I, f(¢, -) is continuous and, for all
x € RN, f(-,x) is measurable). Assume that there is ¢ € L'(I,R) such that
lf# 2)| < c(t) for almost all ¢ € I and all z € RY. Tt is well-known that, for
any a € F, the set S(a) of all solutions to the problem =’ = f(¢, x), z(0) = a (i.e.
x € S(zo) if and only if x: I — R¥ is continuous and x(t) = a + fot f(s,x(s))ds
for all t € I) is nonempty. We shall see that the map RY > xy —o S(z0) C
C(I,RY) has compact values and is upper semicontinuous. To this end let
(an,rn) € Gr(S) and suppose that a, — a € RY. Then, for all t € I, z,(t) =
an + fot Yn(8) ds where y,(s) = f(s,zn(s)) for s € I. Clearly the sequence (z,)
is uniformly bounded and equicontinuous. By the Ascoli-Arzela theorem, there
is a subsequence x,, — = € C(I,RY) uniformly. For almost all s € I,

k—oo k—o00

Thus, by the Lebesgue theorem,
t

z(t) = lim z,,(t) = a4+ lim Yne(8)ds = a +/ f(s,z(s)ds
0 0

k— o0 k—oo

and z € S(a).
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Continuity of set valued maps in metric spaces may be studied in terms of
the so-called lower and upper set-limits. Assume that A C X, p: A — Y and
let zyp € cl A. Then, the (topological) lower set-limit Liminf,_,,, ¢(x) and the
upper set-limit Limsup ., o(z) are subsets of Y defined as follows:

Y€ Liminf gp(x) g V(xn)?zo:p Ln i> Zo 3% S @(xn)v Yn — Y

T—T0

and

. A
y € Limsup ¢(z) < I(zn)oly, Tn — To JYn € ©(T0), Yn — ¥,

T—T0

where the notation x,, A, o means that z,, tends to xg staying in A. These
limits admit also the following description

Lglcrgglclolf@ m U m B(p(2),¢),

e>0n>0z€Ba(z0,m)

Limsup ¢(z m m U B(p(z),€) = m cl < U ¢($)>,

r=To e>0n>02€BA(70,m) n>0 x€Ba(zo,m)

where
Ba(xo,n) :={z € A|d(z,20) <n} and B(p(x),¢) :={y € Y [ d(y, p(z)) <e}.
In a particular discrete case: given a sequence (A, )22 ; of subsets in X, then

Liminf A4,, := {x e X

n—oo

lim d(z, A,) = 0},

Limsup 4, = {x € X | liminfd(x, 4,) = O}.

If Liminf, . A, = Limsup,,_,., An, then this set is denoted by Lim ;o0 An
and called the limit of the sequence (A,,).

Remark 1.3.3. One has to be cautious when dealing with set-limits. Our
definitions may differ from those provided elsewhere. Namely, sometimes differ-
ent authors define them as:

Lglcrgglclolfcp m U m B(p(2),¢),

e>0n>0z€Ba(z0,m)\{z0}

Limsup p(z m m U B(p(z),¢)

T—To e>0n>0zeB4(zo,n)\{zo}

- mcl( U )

z€Ba(zo,m)\{zo}
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or, equivalently,

Liminf := {y ey ‘ xllj;lo d(y, p(x)) = 0}»

T—T0

Limsup := {y ey ‘ lim inf d(y, p(z)}.
T—Tg

T—T0

Obviously, if g € cl A but zg € A or in the discrete case, then our definitions
and those above coincide (compare [4]).

It is easy to see that both upper and lower limits are closed,
Liminf o(z) C Liﬁiﬁp o(z)
and, if ¢ € A, then
Liminf ¢(x) C cly(xg) C Limsup ¢(x).

r—xo xr—xg

By the very definition we have
Proposition 1.3.4. Let p: X — Y.

(a) The map ¢ is lower semicontinuous at xo € X if and only if
o(xo) C Liminf ¢(z).
T—Tg
(b) The map ¢ has closed graph if and only if, for each xy € X,

Limsup ¢(z) = ¢(z0).

T—T0

We thus see that lower limits help to study lower semicontinuity, while upper
limits may be used to establish the closeness of the graph.

Finally let us mention the following result (see [4]). Recall that a set A C X
is residual if A =(\,—, A, and, for all n € N, A,, is open and dense in X (i.e.
X \ A, is a nowhere dense). In other words A is residual if its complement is
contained a set of the first Baire category. Countable intersections of residual
sets are residual. In view of the Baire theorem residual subsets of a complete
space are dense. A property that holds along a residual set is called a generic
property.

Proposition 1.3.5 (Generic continuity). Let X, Y be complete metric spa-
ces and let p: X — Y. Then:

(a) If @ is upper (or lower) semicontinuous, then it is continuous on some
residual subset of X.

(b) If ¢ has closed values and is lower semicontinuous, then there is a resid-
ual set R C X such that, for all xg € X,

Limsup ¢(z) = ¢(z0).

T—T0
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Given nonempty sets A, B C X, let

h(A, B) := sup d(a, B) € [0, o0].
acA

It is clear that if A is bounded, then h(A, B) < co. Observe that

h(A,B) = jg)((d(x,B) —d(z, A)).

Let, the Hausdorff distance
dr (A, B) := max{h(4, B),h(B, A)}.
We easily see that

du (A, B) = sup |d(z, A) — d(x, B)| = du (B, A).
zeX

If the sets A, B are bounded, then dp (A, B) < oo (not necessarily conversely); if
A =B, thendy(A,B) =0;ifdy(A, B) =0 and A, B are closed, then A = B. It
is also easy to see that, for any C C X, dy(A, B) <du(A,C)+dg(C, B). Thus
dp is a metric in a (hyper)space BC(X) of all bounded closed subsets of X. It
is also easy to show that BC'(X) together with dj is complete (resp. compact)
provided so is X.

Suppose now that a sequence (A,) of sets in X is given and let A C X.
Suppose that h(A, A,) < oo (resp. h(Anp, A) < oo) for all n € N. The the
following implications hold:

(1) 4f lim,—oo h(A, Ay) =0, then cl A C Liminf,, o Ay ;
(2) if lim, oo A(An, A) =0, then Limsup ,,_, . A, C cl A.

Hence
(3) iflimy—oodu(An, A) =0, then cl A = Lim 00 Ay

Converse implications does not hold in general (it is easy to provide counterexam-
ples). The reason is quite simple: Hausdorff limits are of the ‘uniform’ character,
while set-limit have rather the ‘pointwise’ character. As concerns (1), the con-
verse statement is true provided A is compact (or relatively compact). In order
to have statements converse to (2) (or (3)) one has to assume e.g. that X is
compact. Facts analogous to the above ones are true also if a discrete sequence
is replaced with a ‘continuous’ family, i.e. a set-valued map ¢: B — X defined
on a subset B C Y and respective limits considered when y RN Yo where
Yo € cl B.

The above discussion corresponds well to the notion of Hausdorff continuity
of set-valued maps. Suppose that p: X — Y is a set-valued map and let g € X.

Definition 1.3.6. We say that ¢ is H-upper (resp. lower) semicontinuous
at xo provided, for each € > 0, there is § > 0 such that if € X and d(x, z¢) < 6,
then h(p(x), p(zo)) < € (resp. h(p(zo), ¢(z)) < €). Obviously we say that ¢ is
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H-continuous at xq if it is H-upper and lower semicontinuous at xg, simultane-
ously. The map is H-upper (resp. lower) semicontinuous or H -continuous if so
it is at every xg € X.

It is easy to establish the following fact.

Proposition 1.3.7. If ¢ is upper semicontinuous at xq, then it is H-upper
semicontinuous at xg. If ¢ is H-lower semicontinuous at gy, then it is lower
semicontinuous at xo. The converse implications hold if p(xzg) is compact. In
particular H-continuity in equivalent to the continuity in case of set-valued maps
with compact values.

Finally we say that ¢: X —o Y is Lipschitz (precisely L-Lipschitz, where
L >0)if, forall z,y € X,

du(p(z), ¢(y)) < Ld(z,y).

In a similar manner one may define the local Lipschitz continuity of a set-valued
map. We sat that ¢ is a contraction (precisely k-contraction) if it is k-Lipschitz
with 0 <k < 1.

The notions of upper and lower set-limits may be defined for set-valued
maps defined and/or having values in topological spaces. For that reason sup-
pose that A is a subset of a Hausdorff topological space X, xyp € cl A, and
let ¢: A — Y where Y is another Hausdorff topological space. By definition
y € Liminf, .., ¢(z) (resp. y € Limsup,_, @(z)) if for every (resp. there

is a) generalized sequence (x))xea such that xy A, xg, for each \ € A, there
is yx € ¢(xx) such that yx — y (°). Results similar to described above are the
still true.

In particular, given a metric space X, A C X, zy € cl A, a normed space
E and a set-valued map N: X —o E* (where E* denotes the (topological)
dual of E) one may speak of the weak*-set-limits w*-Liminf,_,,, o(z) and
w*-Limsup ,_,, ©(z), i.e. set-limits in £* when E* is endowed with the weak*-
topology.

In order to illustrate these issues let us discuss the following

Lemma 1.3.8 (Walkup—Wets formula [71]). Let T: X — E be a set-valued
map such that, for each x € X, T(x) is a closed convex cone. Let o € X and
suppose that, for each x € X,

N(z):=T(x)t :=={pec E* | {p,y) <0 for ally € T(x)}.

Then N: X — E* and
1
Liminf T'(z) = [w*—Limsup N(x)

r—xo xr—xg

(6) Clearly, if X, Y are metric spaces, then both notions provided here and above coincide.
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Proof. Let yo € Liminf, .., T'(z) and let po € w*-Limsup , ,, N(x): we
are to show that (pg, yo) < 0. There is a (generalized) sequence x) — xg, A € A,
and py € N(xy) such that py — po weakly*. There also exists a sequence
yx € T(xy) such that yy — yo. Hence (px,yr) < 0 and, therefore, (pg,yo) < 0.

Conversely suppose that yo € [w*-Limsup ,_,, N(z)]* but yo is not con-
tained in Liminf, ,,, T'(x). Hence there is ¢ > 0 and a (generalized) sequence
Tx — To, A € A, such that B(yo,e) N T(zy) = 0 for all A € A. The separation
theorem implies that, for each A € A, there is a form py € E* such that

sup  (p,y) < (px,v0) — €llpall-
y€T (xx)

We may assume that ||py|| = 1; then

sup  (px,y) < (Px, %) — €
y€T (xx)

Since T'(x) is a cone, we infer that supyer(,,)(Pr,y) = 0, i.e. px € N(z,) and
e < (pa, yo). By the Alaoglu theorem, we may assume without loss of generality
that px — po weakly* and ||po|| < 1. Clearly po € w*-Limsup,_,, N(x); thus
(po,yo) < 0. But € < (pg, yo): contradiction. O

Corollary 1.3.9. Under the above assumption T is lower semicontinuous if
and only if Gr(N) is closed in X x E* (where E* is endowed with weak*-topology).

Proof. We show necessity. Let a (generalized) sequence (xy,py) € Gr(N),
A € A, and let ) — = and py — p weakly*. Suppose that p ¢ N(z). Hence
there is y € T'(x) such that (p,y) > 0. Since T is lower semicontinuous, there
is a sequence (y») in E such that yy € T'(xy) and yx — y. It is clear that then
(Pr,ya) <0 and (px,yr) — (p,y) in R: contradiction.
To see sufficiency, observe that the closeness of Gr(N) implies that, for each
o € X, w*-Limsup , ., N(x) C N(zo). Therefore, by the Walkup-Wets for-
mula
T(x9) = N(zo)t C [w*— Limsup N(z) . Liminf T'(x). O
T—Tg T—To
Remark 1.3.10. An immediate application of Corollary 1.3.9 concerns reg-
ularity of the so-called tangent cones (see [3], [4] and [64] where the finite-
dimensional situation has been discussed). Suppose that K C E, where FE is
a normed space, is closed and let x € K. By the Bouligand tangent cone to K

at r we mean the set
K—=x

Tk (z) := Lihm illp

In other words v € Tk (z) if and only if there are sequences h,, — 0" and v,, — v
such that v, € (K —x)/hyp, i.e. x + hpv, € K, for all n > 1. By the Clarke
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tangent cone to K at x we mean the set

K —
Ck(zr) :== Liminf i

y =5 2, h0+
Hence v € Ck (z) if and only if, for any sequences ¥, — 2 and h, — 0%, there
is a sequence v, — v such that v, € (K —yp)/hn, i.€. yp + hpv, € K, for all
n>1.
It is easy to see that, for each x € K, Tk () and Ck (z) are closed cones (i.e.
given v € Tk (x) and A > 0, v € Tk (x) and the same for Ck (x)). Additionally,
Ck(z) is convex. Moreover, Ck(x) C Tk (). An important result states that

Liminf Tk (y) C Ck(x)

Yy — T

with equality in case dim E' < oo.
By the normal cone to K at x we mean the set

Ng(x) := Cx(z)t :={p € E* | (p,v) <0 for allv € Ck(x)}.

Suppose that K C E is closed convex. It is an easy exercise to show that in
this case

() (o) = Cclo) = Sica) =t (U 22

h>0

By (%), Nr(z) = {p € E* | sup,cg(p,y — ) < 0}. It is easy to see that the
graph Gr(Ng) of the set-valued map K > & — Ng(z) is closed in K x E*
where E* has the weak*-topology. Indeed, assume that a (generalized) sequence
(zx,pn) € Gr(Ng), A € A, is given and (z),px) — (x,p), i.e. xx — z and
px — p weakly*. Hence, for each y € K, (y — xx,px) < 0 and, therefore,
(y — z,p) = limyex(y — 2x,pr) <0, e p € Ng(2).

In view of Corollary 1.3.9, the cone map K 3 x —o Tk (z) is lower semicon-
tinuous (see also [64]).

Apart from the above notion of the normal cone Nk (z), the notion of the
proximal normal cone is sometimes studied. Let, as above, K C E be closed.
The map 7 assigning to each y € E the (possibly empty) set mx(y) := {z €
K | |ly — z|| = di(y)}, called the metric projection, has closed graph. If F is
a Hilbert space and K is closed convex, then 7k (y) is a singleton for any y € E,
but, in general, even if dim F < oo, T (y) is a set. If z € K, then the set 75" ()
is always nonempty (since 7 (z) = x). Let

PNk (z) := | Mg (z) — o)
A>0

be the prozimal normal cone. Observe that if E is a Hilbert space with the
inner product (-, -) (K is arbitrary), then (v,u) < 0 for any v € PNg(x)
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and u € clconv Tk (), i.e. cleconv Tk () C PNg(x)t (see also [64]); moreover,
Ck(x) = N(z, K)* where

N(z, K) = Limsup PNgk(y).

K
Yy — T
For a general discussion of similar problems — see [58].

Below we shall establish the lower semicontinuity of Tk () as a byproduct
of some approximation issues.

2. Approximations and selections

As mentioned above, from a formal point of view, single-valued maps are
particular cases of set-valued ones. But the significance of single-valued maps
is evidently more essential in the theory of set-valued maps. A lot of set-valued
constructions and issues may be reduced to analogous facts for suitably chosen
single valued single-valued maps or sequences of such maps.

Remark 2.0.1. Let us make here a general remark. In what follows we
shall often make use of partitions of unity. Recall that if X is a paracompact
space, then any open cover 2 of X admits a partition of unity subordinated to .
This means that there is a family {As }ses of continuous functions As: X — [0, 1]
such that {supp As}ses, where supp A :=cl{x € X | As # 0}, is a locally-finite
refinement of 2, i.e. it is a (closed) covering of X, for each s € S, there is Us € 2
such that supp A\s; C Us and each point z € X has a neighbourhood V such that
#{se€ S |suppAs NV # D} < co.

It is well-known that any metric space is paracompact. In particular open
coverings of a metric space admit partitions of unity. However in this case one
can do better. Namely it is easy to show that if X is a metric space, then
there are partitions of unity {\s}ses such that, for each s € S, A is a Lipschitz
function. Given a Lipschitz partition of unity {A\s}ses, a point ys € E, s € S,
where FE is a metric vector space, the function

f@) =) As(@)ys, wEX,
seSs
is well-defined continuous (this is evident) and locally Lipschitz. The reader is
kindly asked to take this observation into account always when partition of unity
arguments for maps between metric spaces are used.

It is also worthwhile to recall that given a paracompact space and an open
cover 2 of X, there exists an open point-star-refinement 8 of 2, i.e. an open
cover B of X such that, for each x € X, there is U, € 2, such that the star
st (x,B) :=J{V € B |z € V} C U,. Similarly there is an open star-refinement
B of A, i.e. an open cover B of X such that the stars st (V,B) := J{W € B |
WNV #Q}, Ve B, refine A (see [37]).
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2.1. Selections. Suppose that ¢: X — Y is set-valued map between two
sets X and Y. By a section or a selection of ¢ we understand a single-valued map
f: X — Y such that f(z) € p(x) forall z € X. Obviously we are interested in the
existence of selections satisfying additional properties (continuity, measurability
etc.) for the very existence is guaranteed by the axiom of choice. The best know
result in this direction is the celebrated Michael theorem (compare [68]).

Theorem 2.1.1 (Michael, [62]). Suppose that X is a paracompact space, E
is a Fréchet space (a completely metrizable locally convex linear topological space)
and let p: X —o E be lower semicontinuous with closed convex values. Then there
s a continuous selection f: X — E of .

Proof. Choose a translation invariant metric d on E such that balls are con-
vex.

Step 1. Assume that ¢: X —o E' is lower semicontinuous with convex values.
Let € > 0. Then there is a continuous f: X — E such that f(z) € B(¥(z),¢) :=
P(x) + B(0,¢) for all z € X. To this end, for any y € E, let U, := 1y~ (B(y, ¢)).
Then 2 := {Uy}ycr is an open covering of X. Let {As}scs be a partition
of unity subordinated to A, i.e. for each s € S, there is y; € E such that
supp As C ¥~ (B(ys,€)). We define

fz) = Z)\S(x)ys, reX.
ses
Then f is continuous and, for z € X, let S(z) := {s € S| A\s(z) # 0}. For any
s € S(z), there is y, € ¥(x) N B(ys,€); hence d(y), — ys,0) = d(v},ys) < €, i.e.
Yo —ys € B(0,e). Let y := > g As(x)y;. The convexity of B(0,¢) implies

that y — f() = uesim M@, — 5) € B(,e), ie. d(f(z),y) < = The
convexity of ¢(x) implies that y € 1(x). Therefore

d(f(z),y¥(x)) <d(f(x),y) <e.

Step 2. We shall construct a sequence (f,: X — E)52; of continuous maps
such that

(1) d(frs1(z), fo(z)) <2771
(2) fo(x) € B(e(x),27™) for allz € X and n € N.
The existence of f; follows from Step 1 with e = 271, Suppose that fi, ..., fn
are already constructed. Let ¢(z) := ¢(z) N B(fn(z),27™) for € X. Then ¢
has convex values and, by (2), ¥(z) # (. It is easy to prove that 1 is lower

semicontinuous. Again by Step 1, there is f,4+1: X — FE such that f,1(x) €
B((x), 2-D). Then fos1(2) € Blg(x), 2~ ") and

d(fas1(@), falz)) <270 42704 <2707,
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This inductively establishes the construction. Condition (1), together with the
completeness of E shows that f,, — f uniformly on X. Clearly f is continuous.
By (2), f(z) € p(z) for all z € X. O

The Michael theorem is very strict: if we abandon any of its assumptions,
the existence of continuous sections may not occur (see [62] and [12]).

Remark 2.1.2. In the context of the Michael theorem it is also worthwhile
to observe that it may be shown that if X is a Hausdorff space X, such that any
lower semicontinuous map ¢: X —o E (where F is a Banach space) with closed
convex values possesses a continuous section, then X is paracompact.

The next result also seems to be interesting.

Theorem 2.1.3 (Browder, [16]). Assume that X is a paracompact space,
Y is a topological vector space and let p: X —o Y. If, for each x € X, p(x) is
convex and, for each y € Y, o~ 1(y) is open, then ¢ has a continuous selection.

Proof. Clearly {¢ ! (y)}yey is an open covering of X. Let {\;}ses be a par-
tition of unity subordinated to this cover (i.e. for s € S, there is ys; € Y such
that supp A\s C ¢~ *(ys)) and define

f@):=> A(@)ys, z€X.

ses

Then f is continuous. Let z € X. If A\s(x) # 0, then x € o~ (ys), i.e. ys € ¢(x);
the convexity of p(x) shows that f(z) € p(x). O

The question of the existence of Lipschitz continuous selections is more com-
plicated. Perhaps the best-known result is this direction is the following result
(see [52] and strict references therein).

Proposition 2.1.4. If X is a metric space, p: X —o R™ is L-Lipschitz with
compact convexr values, then it admits a Lipschitz continuous selection (with
a constant L' depending on L and n: precisely L' = (n!!/(n — DML if n is odd
and L' = (n!!/(w(n — D)) L if n is even).

The constructive proof involves the so-called Steiner points. Let us mention
that this results has no infinite-dimensional counterpart: Lipschitz selections to
Lipschitz set-valued maps ¢: X —o Y with values in a Banach space Y exist if
and only dimY < oo.

Finally we mention an important result due to Fryszkowski (compare [14] for
some generalizations).

Theorem 2.1.5 (Fryszkowski, [40]). Suppose that X is a separable metric
space, ¢: X —o LY(T, E), where (T,9M, i) is a complete o-finite non-atomic mea-
sure space, E is a Banach space and L'(T, E) stands for the space of (Bochner)
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integrable functions T — E, such that, for each x € X, o(x) is a decomposable
set (7). Then ¢ admits a continuous selection f: X — LY(T, E).

2.2. e-selections. Let X be a topological space and let Y be a metric
space. Given € > 0, we say that f: X — Y is an e-selection of a set-valued
map ¢: X —o E if, for each z € X, d(f(x), ¢(z)) < e. It is also adequate to say
that f is an e-uniform approximation of ¢.

It is possible to characterize set-valued maps that have e-selections for each
€ > 0. To this end let us pose the following definition.

Definition 2.2.1 (comp. [34]). We say that ¢: X — Y is sub-lower semi-
continuous at x € X, if for every € > 0, there is y, € p(z) and a neighbourhood
U, of x such that y, € B(p(z'),¢) for all ' € U,. The map ¢ is sub-lower
semicontinuous if so it is at any x € X.

It is clear that any lower semicontinuous map is sub-lower semicontinuous,
but not conversely.

Example 2.2.2. A map ¢:R — R given by
1 if x #£1,
ple) = { 1,2] ifz=1,
is sub-lower semicontinuous but not lower semicontinuous.

Proposition 2.2.3. Suppose that a map ¢: X — Y has a continuous e-
selections for any € > 0. Then ¢ is sub-lower semicontinuous.

Proof. Let ¢ > 0 and = € X. There is a continuous ¢/3-selection f: X — Y
of ¢. Hence, there is y; € ¢(x) such that d(f(x),y,) < €/3 and a neighbourhood
U, of  such that d(f(z), f(z")) <e/3 if ' € U,. Hence, for y € Uy,

d(yz, p(2')) < d(ya, f(2)) + d(f(2), f(z")) + d(f(2"), p(2")) <e. U

As for the existence we have a result similar to the Michael theorem.

Proposition 2.2.4 (see [34], [72]). If X is paracompact, p: X — E, where
FE is a normed space, is sub-lower semicontinuous and has convexr values, then,
for each € > 0, there is a continuous e-selection f: X — E such that f(x) €
conv p(X) for each x € X.

Proof. Let € > 0. For any « € X, choose y, € p(z) and a neighbourhood U,
as in the above definition. Let {As}ses be a partition of unity subordinated to
the covering {U, }.ecx, i.e. for all s € S there is x5 € X such that supp As C U,,.
Let ys :==y,, and

f(z) = Z)\S(x)ys, e X.

ses

(") A set K ¢ LY(T, E) is decomposable if, for each u,v € K and A € 9, XAU+ X7\ AV €
K, where x 4 is a characteristic function of A.
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Then f is continuous. If z € X and As(z) # 0, then © € U,_; hence y; €
B(¢(x),¢e). Choose ¥, € p(x) such that ||ys — y.|| < e. Then

d(f(), plz)) < chr) S M@,

ses

SZ)\S(x)Hys*y;H <E. 0
seS

The concept of sub-lower semicontinuity may be easily generalized. If Y is
a uniform space with the uniform structure V, then we say that ¢: X — Y is
sub-lower semicontinuous if, for any x € X and any V € V), there is y, € p(z)
and a neighbourhood U, of x such that y, € V(p(2')) := {y € Y | 3y €
o(@') (y,y) € V} for any 2’ € U,. At the same time, given V € V, we say
that f: X — Y is a V-selection of a set-valued map ¢: X — Y if, for each
x € X, f(x) € V(e(x)). Propositions 2.2.3 and 2.2.4 are still valid (in case of
Proposition 2.2.4 one has to assume that F is a locally convex space). We leave
the easy proofs to the reader (one has to use the properties of uniform spaces
corresponding to the triangle inequality).

The notion of e-selection (or, more generally, V-selection where V' € V) may
not be sufficient on many occasions. For that reason assume that X, Y are
topological spaces and let W be a neighbourhood (in Y x Y') of the diagonal
Ay :={(y,v/) €Y xY |y =y'}. Wesay that f: X — Y is a W-selection of ¢,
if f(z) € W(p(z)) :={y € Y | there exists 3/ € p(z) such that (y,y’) € W} for
any x € X.

We say that ¢ is nearly selectionable if, for any neighbourhood W O Ay,
there is a continuous W-selection of ¢.

It is clear that if Y is a uniform space and a map ¢ is nearly selectionable,
then it has V-selections for any vicinity V from the uniform structure V in Y.
Hence we have

Proposition 2.2.5. If E is a linear topological space, then a sub-lower semi-
continuous map @: X —o E with convex values is nearly selectionable.

To see the main reason to consider W-selections we state

Proposition 2.2.6. Let X, Y, Z be topological spaces, p: X — Y and let
g:Y — Z be continuous. If ¢ is nearly selectionable, then so is the composition

gop.

Proof. Let U be an arbitrary neighbourhood of the diagonal Az. Consider
amap G:Y xY — Z x Z given by G(y,y') = (9(y),9(y')) for y,y’ € Y. The
continuity of G implies that W := G~1(U) is a neighbourhood of Ay. Thus if
f: X — Y is a continuous W-selection of ¢, then go f is a U-selection of go ¢.0J

Remark 2.2.7. (a) If the spaces Y, Z are uniform and g above is uniformly
continuous, then g o ¢ has V-selections for any vicinity V' from the uniform
structure in Z.
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(b) It is easy to show that if Z is a uniform space with the uniform structure
W, Y —o Z has continuous W-selections for any W € W, then the composition
1o is nearly selectionable provided so is . To see this take W € Wand V € W
such that VoV C W. There is a continuous ¢g: Y — Z such that g(y) € V(¥ (y))
for any y € Y. Hence gop(z) C V(pop(x)) for all z € X. By Proposition 2.2.6,
there is f: X — Y such that go f(x) € V(go p(z)) C W(¢ o ¢(z)).

2.3. Graph-approximations. As we saw above, selections or ‘near’-sele-
ctions are available for maps satisfying some sorts of lower semicontinuity as-
sumptions. In case of upper semicontinuous maps, it may appear that neither
continuous selections nor e-selections exist. Hence we shall discuss a different
appropriate concept of a single-valued approximation (see survey [57]).

Definition 2.3.1. Let X, Y be topological spaces, ¢: X — Y, U be a neigh-
bourhood of Gr(y) (in X x Y) and A C X. We say that f:A — Y is a U-
approzimation (or U-graph-approzimation) of ¢ over A if Gr(f) C U (¥). We say
that ¢ is approzimable over A (resp. approzimable) if, for each neighbourhood U
of Gr(yp), there are U-approximations of ¢ over A (resp. over X).

Note that approximablity of ¢ over A is not the same as approximablity of
the restriction |4 of ¢ to A: it is easy to provide counterexamples.

Some relations between graph-approximations and e-selections are show in
the following result (?).

Proposition 2.3.2. Suppose that X is a topological space, A C X, Y is
a metric space and p: X — Y.

(a) If X is paracompact, ¢ is upper semicontinuous with compact values,
then for any neighbourhood U of Gr(yp), there is a function e: X —
(0,00) such that any e(-)-selection (i.e a map f:A — Y such that
f(z) € B(p(z),e(x)) for x € A) is a U-approzimation.

(b) If ¢ is H-lower semicontinuous, the for any continuous €: X — (0, 00),
there is a neighbourhood U of Gr(p) such that any U-approzimation
frA—=Y is ane(-)-selection.

Proof. (a) Fix x € X and a neighbourhood U of Gr(y¢). Then ¢(x) C U(x).
There is €, > 0 and a neighbourhood U, of x such that U, x B(¢(x),2¢,) CU
since ¢(x) is compact. In particular, for any y € U,, B(p(x),2e,) C U(y). By
the upper semicontinuity, we may assume without loss of generality that, for
y € Ug, o(y) C B(p(x),e,). Consider a partition of unity {\;};cs subordinated
to the covering {Uy }zex, i.e. for each j € J, there is z; € X such that supp A\; C

(®) Observe that if Gr(f) C U is and only if f(z) € U(z) := {y € Y | (z,y) € U} for any
zeX.

(°) Some of results given below are new (or at least they are new in the provided general
context); others are taken mainly from [56].
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Uj :=U,,. For j € J, let g; := e, and define

(@)= XN(r)gy, zeX

It is clear that ¢ is continuous and e(x) > 0 for all z € X.
Let € X. There is j € J such that A\j(z) > 0 (i.e. z € U;) and e(x) < ¢;.
Hence B(p(z;),2¢;) C U(x) and p(x) C B(p(xj),e;). Therefore

B(p(x),e(x)) € B(p(x;),e(x) + ;) C Blp(w;), 2¢;) CU().

If ft A — Y is an (- )-selection, then f(z) € B(p(x),e(z)) C U(zx) for any
xz € A
(b) For any (z,y) € Gr(yp), let

U(z,y) = [e7"(e(2)/2,00) N U.] x By, e(2)/4)

where U, is a neighbourhood of z such that h(e(2),¢(z)) < e(z)/4 for any
x € U, (U, exists in view of H-lower semicontinuity of ¢). Clearly U(z,y) is
open neighbourhood of (z,y). Put

U = U U(z,y).

(2,9)€Gr(p)

Then U is a neighbourhood of Gr(y). Suppose that f: A — Y is a U-approxi-
mation of ¢ and let x € A. Then (z, f(x)) € U, i.e. there is (z,y) € Gr(p) such
that (z, f(z)) € U(z,y). This means that £(z)/2 < e(x), h(p(2), p(z)) < e(2)/4
and f(x) € B(y,e(z)/4). Hence y € p(z) C B(p(x),e(z)/4) and

d(f(x), p(x)) < d(f(x),y) + d(y, p(x)) < 2e(2)/4 < e(x). U

The last result implies that any approximable H-lower semicontinuous map
(or lower semicontinuous with compact values) has (- )-selections (resp. e-se-
lections) for any continuous function e: X — (0,00) (resp. any € > 0). This
also means that in case of continuous maps with compact values the concepts
e-selections and U-approximations coincide in a sense.

Apart from U-approximations (they may be studied in case of maps acting
between topological spaces), it makes sense to consider ¢( - )-approximations.

Definition 2.3.3. Suppose X, Y are metric spaces, A C X and ¢: X — Y.
We say that f: A — Y is an (- )-approzimation of ¢ over A if, for each x € A,

f(x) C B(p(B(z,e(x))), e(x)).

In particular, if € > 0, then f: A — Y is an e-approximation if, for each x € A,
f(z) € B(p(B(x,¢€)),e). One says that ¢ is weakly approzimable over A if, for
each € > 0, ¢ admits continuous e-approximations.

Its is clear that if ¢ is approximable, then it is weakly approximable.
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To see the immediate connection of (- )-approximations and U-approxima-
tions, let e: X — (0, 00) be continuous. We define a particular neighbourhood U
of Gr(y), namely put

ue)= |J  Blay.e@)

(z,y)€Gr(p)

where on X X Y we consider the max-metric, i.e. B((x,y),e(x)) := {(z',y') €
X xY | max{dx(x,x’),dy(y, y/)} < €($)}

Proposition 2.3.4.

(a) If f:A—=Y is ane(-)-approzimation of ¢ over A C X if and only if f
is a U(e)-approxzimation over A.

(b) If ¢ is upper semicontinuous with compact values, then for any neigh-
bourhood U of Gr(p), there is a continuous function €: X — (0,00)
such that if f: A — Y is an e(-)-approzimation over A, the f is a U-
approximation of @ over A.

Proof. Fix a neighbourhood U of Gr(y). The compactness of values and the
upper semicontinuity of ¢ implies that, for each x € X, there is r,, > 0 such that

B(z,7:) X B(p(B(z,2ry)),7:) C U.

Let {A;};es be a partition of unity subordinated to the covering {B(x,rz)}zex,
i.e. for any j € J, there is 2; € X such that supp A\; C B(z;,r;) where r; :=ry,.
We put
e(z) = Z)\j(x)rj, r e X.
jed

Suppose that f: A — Y be an &(-)-approximation of ¢. For & € X, there is
j € J such that A\; > 0 (thus # € B(zj,r;) and e(x) < r;. Since Gr(f) C
O(Gr(p), ), there is a point (z',y’) € Gr(p) such that d(z,z') < e(x) and
d(y, f(z)) < e(x). Thus 2’ € B(xj,2rj), v € o(z') C ¢(B(zj,2r;)) and f(z) €
B(¢(B(xj,2r;)),r;). This implies that

(z, f(z)) € B(zj,7;) x B(p(B(xj,2r5)),m5) CU. O

Remark 2.3.5. (a) If a neighbourhood U of Gr(y) is such that, for each
x € A, there is §, > 0such that B(z, d,)x B(¢(x), d,) C U, then the compactness
of values is not necessary to obtain the existence of a continuous (- ) such that
(- )-approximations are U-approximations.

(b) If X is a compact metric space, A C X is closed, then to each neigh-
bourhood U of Gr(p) there corresponds a number 6 > 0 such that any J-
approximation of ¢ over A is a U-approximation over A. Indeed, if e: X — (0, 00)
is a continuous function that exists in view of the above proposition, then putting
0 :=infzec 4 e(x) satisfies the requirements.
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In spite of that fact that U-approximations may be studied in the context of
topological spaces (not necessarily metric ones), the use of this sort of approx-
imations also in metric spaces (in opposition to the use of e-approximations or
(- )-approximations) stems e.g. from the following facts (comp. [56], [57]).

Proposition 2.3.6. If Let X, Y are topological spaces, ¢o: X — Y is approz-
imable over A C X and g:Y — Z, where Z is a topological space, is continuous,
then the composition g o ¢ is approximable over A.

Proof. Let U be an arbitrary neighbourhood of Gr(go ¢). Let G: X XY —
X x Z be given by G(z,y) := (z,9(y)) for x € X and y € Y. It is easy to see that
W := G7YU) is open and Gr(p) C W. Therefore, given a W-approximation
fiA—=Y of p, go f is a U-approximation of g o . ]

Theorem 2.3.7. Suppose that set-valued maps p: X — Y, .Y —o Z are
approzimable. If Y is paracompact, 1 is upper semicontinuous with compact
values and ¢ is perfect in the sense that, for each y € Y, ¢~ (y) is compact
and ¢(B) is closed whenever B C X is closed (1°), then v o ¢ is approzimable.
Precisely: if A C X, then, for any neighbourhood U of Gr(y o ¢), there are
neighbourhoods W of Gr(y) and V of Gr(v) such that V oW C U; hence go f
is a U-approzimation of ¥ o @ over A provided f: A —'Y is a W-approximation
over A of ¢ and g:Y — Z is a V-approzimation of 1.

Proof. Let U be a neighbourhood of Gr(¢ o ). For each y € Y, the set
¢ (y) x ¥(y) is closed and

o Hy) x Y(y) C Gr(Yop) CU.

Since ¢~!(y) and 9 (y) are compact, there are neighbourhoods M, of ¢~!(y)
(in X) and Ny of ¥(y) (in Z) such that

M, x N, CU.

Observe now that ¢! is upper semicontinuous in the sense that given a clo-

sed B C X, (¢71)7Y(B) = ¢(B) is closed; this, together with the upper semi-
continuity of ¥ and the paracompactness of Y, implies that there is a locally
finite open covering {L,},cy of Y such that

¢ ' (cdL,) C My, t(clL,)C N,.
We define relations Y CY x X and V C Y x Z by specifying, for y € Y,
W(y) = m{Mw |weY andy € clLy,},
V(y) = m{Nw |weY and y € cl Ly, }.

(10) This terminology agrees with the usual one.
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Let y € Y. Then W(L,) C M,. Indeed: if z € L,, then W(z) C M,. Analo-
gously V(L,) C N,. Moreover, ¢~ (y) C W(y) and 9 (y) C V(y). Indeed, for
example, if w € Y and y € cl Ly, then ¢~1(y) C ¢~ !(cl L) C M, (analogously
for 1)). Therefore =1 C W and Gr(¢)) C V.

We shall see that W and V are open (in Y x X and Y X Z, respectively).
The local finitness of {L.,, }wey implies that, for each y € Y, W(y) is open in
Xand Hy ;=Y\ U{clLy | w e Yandy & clL,} is an open neighbourhood
of y (in Y). We claim that Hy, x W(y) C W. The definition of H, implies
that, for any v € Hy: if w € Y and v € cl Ly, then y € clL,,. It follows that
W(y) € W(v) for each v € H,. This establishes our claim and implies that
W =U,ey Hy x W(y), i.e. W is open. Similarly we show that V' is open.

We have an open covering { Ly }ycy of Y, opensets W C Y xX andV C Y xZ
such that ¢! € W and Gr(¢)) € V; W(L,) C M, and V(L,) C N, forally € Y.
Thus, for each y € Y, there is w € Y such that y € L,,; then

W(y) x V(y) C W(Ly) x V(Ly) C My, X Ny CU.

Hence VoWt c U.

Clearly Gr(p) € W1 (obviously W~ is open in X xY') and, again, Gr(¢) C
V. If f: X — Y is a W™ l-approximation of ¢ and g: Y — Z is a V-approximation
of ¥, then Gr(go f) CV oW ClU,i.e. go fis a U-approximation of 1o ¢. (]

Remark 2.3.8. (a) If X, Y, Z and ¢ are as above and g: X — Y is perfect,
then v o g is approximable. Moreover, for any neighbourhood U of Gr(y o g),
there is a neighbourhood V of Gr(v)) such that {(x,2) € X xZ | (¢9(x), 2) € V} =
VogCU.

(b) Sometimes we would like to consider a composition o, where v is upper
semicontinuous with merely closed values. The fact analogous to Theorem 2.3.7
holds true provided the initial neighbourhood U of Gr(v o @) is thick. Generally
speaking we say that a neighbourhood U of the graph Gr(y) of some set-valued
map ¢: X — Y between Hausdorff spaces X and Y is thick if, for each z € X
there are neighbourhoods U, of x and V. of ¢(z) such that U, x V,, C U. Let us
show the assertion. By inspection of the proof of Theorem 2.3.7, we see that the
only instance when compactness of values of ¢ was used was the moment when
we establish the existence of neighbourhoods M, and N, of o~ and ¢(y), y € Y,
respectively, such that M, x N, C U. Let us make it under the assumption that
U is a thick neighbourhood of Gr(y) o ¢). Take y € Y and x € ¢~ !(y). Then
there are neighbourhoods U, of x and V,, of ¢ o ¢(x) such that U, x V,, C U.
Since y € p(z), ¥(y) C ¥ o¢(z) C V,. The compactness of ¢ ~1(y) implies that
there are points x1,...,x, € ¢~ '(y) such that M, := J_, Uz, D ¢ '(y). Let
Ny :=(;—; Va;. Then ¥(y) C N, and M, x N, C U.
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Example 2.3.9. Let X, Y be metric spaces, ¢: X — Y and let e: X —
(0,00). Then
ue) = |J  Blay.e@)
(z,y)€Gr(p)
is a thick neighbourhood of Gr(y). Indeed, for each x € X,

B(z,e(x)) x B(p(x),e(x)) C U(e).

This example sheds new light onto Proposition 2.3.4 and Remark 2.3.5(a). Ob-
serve that if ¢ has compact values, then each neighbourhood of Gr(yp) is thick.

Corollary 2.3.10. If X is compact, Y is paracompact, p: X — Y, .Y —o
Z are approzimable and upper semicontinuous with compact values, then ¥ oy is
approzimable. If, additionally, X, Y, Z are metric spaces, then for each € > 0,
there is 6 > 0 such that given d-approximations f: X — Y, g:Y — Z of ¢ and 1,
respectively, g o f is an e-approzimation of 1 o .

I is upper semicontin-

This follows immediately from Theorem 2.3.7 since ¢~
uous in the above sense.

The reader will easily formulate and prove a corresponding result concerning
the existence of U-approximations of ¥ o ¢ when ) is upper semicontinuous with
closed values and U is a thick neighbourhood of Gr(y o ).

As for the existence of U-approximations, we have the following fundamental

result.

Theorem 2.3.11 (Cellina, [18]). Suppose that X is a paracompact space,
A C X is closed, E is a locally convex space and p: X — FE is upper semicon-
tinuous. If U is an open neighbourhood of Gr(p) such that, for any x € A, there
are a neighbourhood U, of x and a convex neighbourhood V, of ¢(x) such that
Uy x Vi CU (ML), then ¢ admits a U-approzimation over A.

Proof. For any z € A, take U, and V as above. Diminishing U, if necessary,
we may assume that U, is open and o(U,) C V.. Let B be an open star-
refinement of the cover 2 := {U,},ca of A. Now let {)\s}ses be a partition of
unity subordinated to B, i.e. for each s € S, supp A; C W, for some W, € B.
Choose ys € ©(Ws) and define

f@) = A(z)ys, z €A
ses

Clearly f is well-defined and continuous. We shall show that f is a U-approxi-
mation of ¢ over A. Take z € A and let S(z) := {s € S| As(z) # 0}, then
(@) =X ses(a) As(@)ys. 1f s € S(), then z € supp A; C W, C st (W, B) C Uy
for some y € A; thus ys € (W) C ¢(Uy) C V,. Therefore f(z) C V, because
Vy is convex, i.e. (z, f(z)) e Uy, x V,, C U. O

(1) So again we have a thickness of U of sorts here.
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Theorem 2.3.11 does not hold true for an arbitrary neighbourhood U of Gr(p)
even if values of ¢ are convex and closed. For instance, if ¢: [0,00) — R is given
by ¢(z) = {1/z} for x > 0 and ¢(0) = [0, 00), then ¢ has closed convex values
and is upper semicontinuous, but it has no continuous U-approximations when
U = {(z,y) € 0,00) xR | 1/2 < 2y < 2o0r 3zy < 1}. Observe that the
constructed neighbourhood is not thick.

However, if ¢: X — FE is upper semicontinuous with compact convex values,
the ¢ is approximable over A. Indeed, let & be an arbitrary neighbourhood
of Gr(y); then U is thick, i.e. for any x € A, there are open neighbourhoods U,
of  and V] of op(x) such that U, x V] C U. Since ¢(z) is compact, there is
a convex neighbourhood V' of the origin in E such that V := ¢(z) +V C V.
Obviously U, x V, C U and V,, is convex. Therefore Theorem 2.3.11 applies.

In the same spirit we have

Corollary 2.3.12. If X is a metric space and E is a locally convex metric
space (e.g. a normed space), @: A — E is upper semicontinuous with convex
values, then for each e: X — (0,00), there exist an (- )-approzimation of ¢
over A.

Proof. In E we choose a translation invariant metric such that balls are
convex. Let again U(€) := U, y)ear(p) B((#,9),e(z)). If z € A, then U, x V, C
U where U, = B(z,e(x)) and V, := B(p(x),e(z)). The convexity of ¢(z)
implies that V;, is a convex neighbourhood of ¢(x). The assertion follows from
Proposition 2.3.4(a) O

Remark 2.3.13. Observe that in course of the proofs of our existence results
2.2.4, 2.3.11 and 2.3.12, the existing ‘almost’ selections and graph-approxima-
tions of a map ¢: X — E take values in conv p(X). Therefore, if F is complete
and ¢ is compact, then so are these single-valued approximations.

Let us end this section mentioning that there are some other concepts of
graph-approximations (see e.g. [66]). For instance, suppose that 2 and 9B are
open coverings of Hausdorff spaces X and Y, respectively. Wesay that f: X — Y
is 2 x B-approximation of p: X —o Y if, for each p € Gr(f), there is ¢ € Gr(p)
such that p and ¢ lie in same element of the cover A x B := {UxV | U €
A, VeB}of X xY. Itis clear that if U := [ J{W € A x B | W N Gr(p) # 0},
then U is a neighbourhood of Gr(p) and each 2 x B-approximation of ¢ ia a U-
approximation. Observe that the constructed neighbourhood U is thick. Indeed,
for each z € X, U, x V,, C U, where U, := st (z,) and Vs := st (¢(x),B) :=
UV € B | VNg) # 0}

As indicated in Remark 2.3.8(a), applications of this less general concept
of a graph-approximation being valid for not necessarily metrizable space may
prove useful when dealing with set-valued maps having noncompact values. In
metrizable spaces the use of e( - )-approximations seems to be totally satisfactory.
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2.4. Relative selections an approximations. Let A C X, p: X —o Y be
a set-valued map and suppose that f: X — Y is a partial selection f: A — 'Y
of p, i.e. f(x) € p(x) for x € A. The problem is whether there is an extension
F: X —Y of f|a such that F(z) € p(z) for z € X.

Corollary 2.4.1. If A is closed in a paracompact space X, Y is a complete
metric locally convex space, then any continuous partial selection f: A —'Y of
a lower semicontinuous set-valued map ¢: X —o Y with closed convex values
admits a continuous extension F: X —'Y such that F' is a selection of ¢.

Proof. Consider a set-valued map ®: X —o Y given by
T ifx € A,
ooy { 0
o(x) ifx & A.
It is easy to see that ® is lower semicontinuous with closed convex values; hence

— in view of the Michael theorem — its admits a continuous selection F: X — Y.
Evidently F|4 = f. O

As it is easy to see a similar result for e-selections of sub-lower semicontinuous
maps does not hold true. However:

Proposition 2.4.2. If X is a metric space, A C X is closed, p: X — Y,
where Y is a normed space, is sub-lower semicontinuous, has convex values and
@ is H-lower semicontinuous at each point a € A, then for any € > 0 and
0 < 0 < € any continuous partial §-selection f: A —'Y of ¢ admits a continuous
extension F: X —'Y being an e-selection of .

Proof. Fix e > 0 and 6 € (0,¢). Let h: X — Y be a continuous extension of
a d-selection f: A — Y of ¢|4 (existing in view of the Dugundji theorem). The
H-lower semicontinuity of (|4 implies that, for each a € A, there is §(a) > 0 such
that ¢(a) C B(p(x), p), where p := (¢ — J)/2, provided d(z,a) < d(a). On the
other hand, for each a € A, there is 0 < n(a) < §(a) such that |h(z) — f(a)|| < p
for z € B(a,n(a)). Let

V= Bla,n(a)).
acA

Then V is an open neighbourhood of A. Let x € V' there is a € A such
that d(z,a) < n(a) and, hence, p(a) C B(p(x),p), [|h(x) — f(a)]] < p and
f(a) € B(y(a),d). Therefore

g9(x) € B(f(a),p) C Blp(a), p+06) C B(e(x),2p +6) = B(p(x),€).

In other words, h|y is an e-selection of ¢|y.

In view of the sub-lower semicontinuity, there is an e-selection g: X — Y
of p. Take a partition of unity {A1, A2} subordinated to the cover {V, X \ A}
of X, i.e. supp A1 C V and supp Ay C X \ A. Define

F(x) = A(z)h(z) + Xo(2)g(x), 2 € X.
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Then F' is continuous, F|4 = h|A = f and, for z € X, h(z), g(z) € B(p(x),¢).
The convexity of B(¢(x),e) implies that F(z) € B(¢(x),€). O

It is clear that this result stays true if we replace a normed space Y by
an arbitrary locally convex space and e-selections by V-selections, where V' is
a neighbourhood of the origin in Y.

Let us now state a general result concerning e-approximations (we restrict
ourselves to e( - )-approximations and leave to the reader generalizations to non-
metrizable case).

Theorem 2.4.3. Let X be a metric space, A C X be closed, E a normed
space and suppose that ¢: X —o E is upper semicontinuous with conver values.
Let a function e: X — (0,00) be continuous. Then:

(a) For any continuous function 6: X — (0,00) such that < e, any contin-
uous partial (- )-selection f: A — E may be extended to a continuous
(- )-approzimation F: X — E of ¢.

(b) There exists a continuous function p: X — (0,00) such that any contin-
uous p( - )-selection f: A — E of ¢ over A may be extended to a contin-
uous £( - )-approzimation F: X — E.

Proof. Choose an arbitrary continuous function 6: X — (0,00) such that
d(z) <e(z) on X.

Step 1. There exists a continuous function 7n: X — (0, co) such that, for each
x € X, there is 2’ € X such that d(2/, z) < e(z) and

B(p(B(x,n(x))), d(x)) C B(p(a'), ().

To see this take a continuous function p: X — (0, 00) such that 2u(x)+d(z) <
e(z) on X and, for x € X, choose 1, € (0,2u(x) + 6(x)) such that

@(B(x,2rz)) C B(e(x), p(x))

and
Bz,rs) € 671((0, pl@) +8(2))) N e~ ((2u(@) + (), 00)).

Let {\s}ses be a partition of unity subordinated to the cover {B(x, ;) }zex, i.e.
for each s € S, there is x5 € X such that supp Ay C B(xs,7s) where rg := 1.
Put

n(x) == Z)\S(x)rs, e X.

ses

Then 7 is well-defined and continuous. Let x € X. There exists s € S such
that A\s(z) # 0 and n(x) < rs. Clearly x € B(zs,7s); hence d(x, ) < ry <
2u(zs) + 0(zs) < e(z). If y € B(z,n(x)), then d(y,x) < n(zr) < rs and, hence,
d(y, zs) < d(y, ) + d(z, zs) < 2rs. Therefore B(x,n(z)) C B(xs,2rs) and

p(B(x,n(x))) C p(B(zs,2rs)) C Bp(ws), ples)).
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Hence

B(p(B(z,1(x))),0(x)) € B(p(xs), p(ws) + () € B(p(zs),e(x))

because z € B(zs,7s) and, thus, §(x) < p(zs) + d(xs) and p(zs) + d(z) <
2u(zs) + d(xs) < e(z). Putting 2’ := x5 we end the proof of Step 1.
Step 2. For any (z,y) € X x E, let

Ulz,y) = [0~ ((n(x)/2, 00)) N Bz, n(x)/2)] x D(y,d())
and
U= U U(z,y).
(z,y)€Gr(p)

Then U is a neighbourhood of Gr(y).

(i) Observe that if f: A — E is a 6(- )-selection of ¢, then Gr(f) C U, i.e. f
is a U-approximation of ¢ over A.

(ii) It is easy to see that if, for some set W C X, fiW — E is a U-
approximation of ¢ over W, then, for each z € W,

f(x) € B(p(B(z,n(x))), 6(x))-

(iii) By Proposition 2.3.4(b), there exists a continuous function p: X — (0, 00)
such that if f: A — E is a p(-)-approximation of ¢ over A, then f is a U-
approximation of ¢ over A.

Step 3. Now let f: A — E be an arbitrary continuous 0( - )-selection (resp.
p( - )-approximation) of ¢|4 (resp. of ¢ over A). By condition (i) (resp. (iii)), f is
a U-approximation of ¢ over A. By the Dugundji theorem, there is a continuous
extension g: X — F of f (i.e. gla = f). Since U is open in X x E, there
exists a neighbourhood W of A such that, for x € W, (z,g(z)) € U. Hence, by
condition (ii), for x € W, g(x) € B(eo(B(z,n(x))), d(zx)).

Let V' be an open neighbourhood of A such that A C V C ¢lV C W and
consider a partition of unity {«, 5} subordinated to the cover {W, X \ clV}, i.e.
a,3: X — [0,1] are continuous function with suppa C W, suppff C X \ clV
and a(x) + B(z) = 1 for all z € X. Finally let h: X — FE be a continuous U-
approximation of ¢ (existing in view of Theorem 2.3.11. By (ii), for each z € X
h(z) € B(p(B(x,n(z))),d(x)). Let F: X — E be given by

F(z) = a(x)g(z) + f(x)h(x), =€ X.
Then F|4 = f. If z € X and a(z) # 0, then z € W and
g(x) € B(p(B(z,n(x))), (x))-

Hence, for such x, by Step 1, g(z),h(xz) € B(e(x'),e(z)) for some z’ with
d(z',x) < e(x). Thus, by convexity

F(x) € B(p(a'),e(x)) C B(p(B(x,e(x))), e(x)).
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If a(x) = 0, then F(z) = h(z) € B(o(B(z,e(x))),e(z)), too. This completes the
proof. O

The importance of Theorem 2.4.3 is reflected by the following corollary.

Corollary 2.4.4. Let X be a metric space, E a normed space and p: X — E
an upper semicontinuous map with conver values. To any continuous function
e: X — (0,00), there corresponds a continuous function p: X — (0, 00) such that
any two continuous 0(-)-approximations f,g: X — E are homotopic through
a continuous homotopy h: X x[0, 1] — E such that, for eacht € [0,1], h(-,t): X —
E is an (- )-approzimation of ¢.

Proof. Let X' := X x[0, 1] and let m: X’ — X be the projection. Define ¢’ :=
pom X' —o E. It is clear that ¢ is upper semicontinuous with convex values.
The set A’ := X x {0,1} is closed in X’. Given a continuous e: X — (0, c0),
define ¢’: X’ — (0, 00) putting ' (x, t) := e(z) for any x € X and ¢ € [0, 1]. There
is a function 0": X’ — (0, 00) such that any continuous ¢’( - )-approximation of ¢’
over A’ extends to a continuous €’( - )-approximation of ¢’ (over X’). Let

§(x) :==min{d'(z,0),d'(z,1)}, =z € X,

consider two continuous §( - )-approximations f,g: X — Fofpandleth: A’ — E
be given for by
W 1) = { f(x) fo eX, t=0,
glz) fzeX, t=1.
Then A’ is a §’( - )-approximation of ¢’ over A’. There is a continuous extension
h: X x[0,1] — E of b’ such that h is an €'( - )-approximation of ¢'. It is easy to
see that, for each t € [0, 1], h(-,t) is an (- )-approximation of . O

Remark 2.4.5. (a) One says that a map ¢: X — Y, where X, Y are met-
ric spaces, is weakly homotopy approrimable over A if, for any ¢ > 0, there
is a continuous function §: X — (0,4o00) such that any two continuous J(-)-
approximations f,g: A — Y of ¢ over A may be joined by a continuous homo-
topy h: A x [0,1] — Y such that h(-,t) is a e-approximation of ¢ over A (12).
Corollary 2.4.4 states actually that an upper semicontinuous map ¢: X — F,
where X is a metric space and F is a normed space, with convex values is weakly
homotopy approximable.

(b) By inspection of the proof of Theorem 2.4.3, we see that if ¢ is compact,
then for any continuous £(-), the constructed p(-) is such that any compact
continuous p( - )-approximation f: A — FE of ¢ over A extends to a continuous
compact e( - )-approximation provided F is a Banach space. This follows from the

(12) Analogously a map ¢: X —o Y, between topological spaces, is homotopy approzimable
over A if, for any neighbourhood U of Gr(yp), there is a neighbourhood V of Gr(y) such that
any two V-approximations of ¢ over A may be joined by a continuous homotopy whose fibres
are U-approximations over A.
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fact that if f is a continuous compact p( - )-approximation of ¢ over A (such ap-
proximations exist in view of Remark 2.3.13 and f(A) C K, where K is compact
convex, then there is a continuous extension g: X — F of f such that ¢g(X) C K.
On the other hand, again in view of Theorem 2.3.11 and Remark 2.3.13, there is
a compact continuous U-approximation of ¢. Hence F', as a convex combination
of compact maps is compact. In particular, if in Corollary 2.4.4 ¢ is compact,
then one may produce a compact homotopy.

2.5. Strict approximations. For simplicity assume now that X,Y are
metric spaces. Given € > 0 we have considered the existence of continuous e-
approximations f: X — Y of p: X — Y, i.e. such that Gr(f) C B(Gr(p),¢e). It
is clear that in this case the Hausdorff distance

h(Gr(f), Gr(p)) < €.

Apart from his first result concerning the existence of e-approximations of an
upper semicontinuous map ¢: X — FE with convex values in a normed space
E, Cellina has shown that if X has no isolated points, then ¢ admits the strict
e-approzimations, i.e. continuous maps f: X — E such that

dr(Gr(f), Gr(p)) <e

provided values of ¢ are additionally compact. This very interesting result has
the following generalization due to Brodsky and Semenov.

Theorem 2.5.1 (Cellina, [19]). Let p: X —o Y be an upper semicontinuous
map such that, for x € X, ¢(x) is compact and convex. If X has no isolated
points (or isolated points of X are sent to singletons) andY is locally contractible,
then for each € > 0 there is a strict e-approximation of ¢.

The proof is fairly complicated and will not be reproduced here.

2.6. Approximations without convexity. Existence results provided in
the above sections concern set-valued maps with convezr values. From the view-
point of applications this level of generality is not sufficient. Several results
weakening the usual convexity assumption rely on various notions of generalized
convexity or relaxed convexity (see e.g. [65] and references therein). We shall
not dwell upon these results since they have mostly theoretic interest. Here we
shall discuss rather some aspect of the approximation theory for set-valued maps
whose values satisfy some purely geometric and topological assumptions.

Let Y be a Hausdorff topological space. We say that a closed set A C Y has
UV™-property inY (see e.g. [59]), where n > 0 is an integer, if any neighbourhood
U of A (inY) contains a neighbourhood V of A such that the inclusion V «— U
is homotopy k-trivial for 0 < k < n, i.e. any continuous map f:S*¥ — V has
a continuous extension F: D*1 — U (13).

(13) Here and in what follows, for k > 0, B**! := {2 € R* | ||z|| < 1} is the unit closed
ball in R¥*t! and S* := D**1 is the unit sphere in R*+1.
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For instance A has UV -property in Y if and only if, for each neighbourhood
U of A, there is a neighbourhood V' C U of A such that any two points form V
are joined by a path in U. A point y has UV™-property in Y if and only if YV is
locally k-connected at y for all 0 < k < n.

A closed set A C Y has a UV¥-property in Y if it has UV ™-property in Y
for all integers n > 0.

Finally, we say that A C Y has UV > -property in Y if any neighbourhood
U of A contains a neighbourhood V' of A such that V' is contractible in U (i.e.
there is a continuous map h: V' x [0, 1] — U such that, for all z € V', h(x,0) =«
and h(x,1) = xg where zg € U is a constant).

It is clear that UV *°-property implies UV “-property which, in turn, implies
UV ™-property for each integer n > 0 (). It is also clear that properties defined
above are properties of the embedding of a given set in the ambient space Y
rather than of the set A itself. For instance a point y € Y has UV *°-property
in Y if and only if Y is locally contractible at y; if y is considered as a point of
a different space, then it may loose this property. Therefore it makes sense to
consider corresponding absolute properties. Namely we say that a space A has
UV™-property (where n > 0 is an integer, n = w or n = o0), written A € UV™ if
there is a closed embedding of A into an absolute neighbourhood retract Y (1),
i.e. there is a homeomorphism e: A — B where B C Y is closed, such that B has
UV™-property in Y.

It is easy to prove that A € UV™ if and only if A has UV™-property in any
Z € ANR in which A is closed. Moreover, the UV ™-property is a homotopy type
invariant, i.e. if spaces A and B have the same homotopy type and A € UV™,
then B € UV™, too.

In what follows we shall often speak of the so-called Rs-sets (see [53]). We
say that a compact metric space A is an Rgs-set, written A € Ry, if there is a
decreasing sequence {A4,}52, of compact contractible metric spaces such that
A = ()2, 4,. One shows that a space A € Rs if and only if A is compact
metrizable and A € UV >°. At this point let us also mention that if A is a closed
subset of Y € ANR, then A € UV if and only if A is contractible in any of its
neighbourhoods (in Y).

The class of Rs-sets (and henceforth of sets having UV *°-property) is quite
reach: for instance any compact convex subset a normed space and, more gen-
erally, a compact contractible metric space belongs to the class of Rs-sets.

(') There is an intermediate property: we say that A C Y is prozimally co-connected in
Y (or A € PCY) if each neighbourhood U of A contains a neighbourhood V' of A such that
the inclusion V' — U is homotopy k-trivial for any integer k > 0. It is clear that if A € PCS®,
then it has UV“-property in Y, but — in general — not conversely.

('5) A metric space Y is an ANR if given a metric space Z and a closed subset A C Z, any
continuous map f: A — Y admits a continuous extension f*: U — Y onto a neighbourhood U
of Ain Z. We write Y € ANR. For details on theory of retracts — see [13] and [46].
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We say that a set-valued map ¢: X — Y, where X, Y are topological spaces,
is a UV™-valued map, n > 0 is an integer, or n = w, oo, if, for each x € X, the
set p(x) is closed and has UV™-property in Y. If, additionally, p(z) is compact
for any z € X, then we say that ¢ is UV"™-compact-valued map.

We start our discussion of the approximation results for UV™-valued maps
with the following result which slightly generalizes a result due to Grniewicz,
Granas and Kryszewski [47] and [56].

Theorem 2.6.1. Suppose that X is a finite dimensional polyhedron and
dimX = N =n+ 1, where n > 0 is an integer. Let Xy be a subpolyhedron
of X, dim Xy = Ny. Suppose that p: X — Y is an upper semicontinuous UV™-
compact-valued map. Then, for any neighbourhood U of Gr(p) there is a neigh-
bourhood V of Gr(p) such that any continuous V-approzimation fo: X9 — Y
of ¢ over Xy extends to a continuous U-approzimation of . In particular ¢ is
approzimable and weakly approzimable (1°).

Proof. First we shall prove the following lemmata:

LEMMA 1. Let p: X — Y be an upper semicontinuous set-valued map and
let X be paracompact. Suppose that, for each x € X, N, is a neighbourhood
of p(x) in'Y and let {Uz}zex be an open cover of X such that x € U, for each
x € X. Then there are an open cover {Ly}.ex of X and a neighbourhood U of
Gr(y) such that Ly C Uy for all x € X and U(L,) C N.

Proof. By upper semicontinuity, for each x € X, there is a neighbourhood
x € V, C U, such that ¢(V;) C N,. Paracompactness of X implies that
there is a locally finite open covering {L.},ex such that cl L, C V, C U,, i.e.
p(cl L) C N,. We define Y C X x Y by saying that, for z € X,

U(x) = {Nw |w e X and z € cl L, }.

Let x € X. If z € Ly, then U(z) C N,: thus U(Ly) C N,. Observe that if w € X
and z € cl L, then p(x) C ¢(clL,) C Ny. Thus ¢(z) C U(x). This proves
that Gr(p) C Y. Finally it is not difficult to show that ¢ is open (in X x Y).O

LEMMA 2. Let X be a paracompact space, p: X — Y be an upper semicontin-
wous UV™-compact-valued map (n > 0 is an integer) and letU be a neighbourhood
of Gr(p). Then there is a sequence {(U;, ;) }i>o such that:

(a) Uir1 CU;, © >0, are (open) neighbourhoods of Gr(yp) in X xY;
(b) i, i >0, are open covers of X;

(¢) for eachi>1 and each U € ;, there is U? € A;—1 such that st (U, 2;)
C U% (i.e. A, is a star-refinement of A;—1) and, for any 0 < k < n, the
inclusion U; (st (U, 2;)) — U;—1(U?) is homotopy k-trivial;

(d) for any U € Ay and x € U, Uy(U) C U(x).

(*6) Observe that X (being considered with the CW-topology, i.e. Whitehead topology),
as a finite-dimensional polyhedron, is paracompact (even metrizable).
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Proof. Since Gr(p oidx oidx) = Gr(y), by Theorem 2.37, there are neigh-
bourhoods Uy of Gr(e) and M of Ax = Gr(id,) in X x X such that Uy o M o
ML cU. Let Ao := {M(z) | z € X}. Then 2y is an open cover of X and if
x € M(2') for some 2/ € X, then 2’ € M~!(z). Hence

Up(M(z")) CUyo Mo M Y (z) CU(x).

This shows property (d).

Now let ¢ > 1 and suppose that a neighbourhood U;_;1 of Gr(¢) and an open
cover A;_1 of X have been constructed. Let z € X. Choose U, € ;_1 such
that « € Uy. Then o(x) C U;—1(U,). Since p(x) has the UV™-property in
Y, there is a neighbourhood N, of ¢(x) in Y such that N, C U;_1(U,) and the
inclusion N, — U;_1(U,) is homotopy k-trivial for any 0 < k < n. By Lemma 1,
there is an open cover {L,} of X and a neighbourhood U; of Gr(y) such that
U; C U;—1 and, for each z € X, L, C U, and U;(L,) C N,. Finally, let 2; be
the star-refinement of {L,} It is easy to see that this completes the proof. O

We may pass to the proof of the theorem. Fix a neighbourhood U of Gr(yp)
and take a sequence {(U;,2;)}i>0 as in Lemma 2. Let V = Uy and take a V-
approximation fo: Xo — Y of ¢ over Xj.

Suppose that (T,7Tp) is a triangulation of (X, Xo) finer than the covering
An+1, i.e. the bodies |T| = X, |To| = Xo, To is a subcomplex of T' and given
a simplex o in X (i.e. 0 € T), there is V € An4; such that ¢ C V. For any
0 < k < N, let T* be the k-dimensional skeleton of T' (in particular TV = T)
and let X* := |T*|. Then XV = X.

Assume that, for any k-simplex in X, an element U, € 2An_j41 has been
selected such that o C U,. Then if 7 is a face of o, then U, N U, # 0.

Let 0 € Ty be a k-simplex in Xy, 0 < k < N. Then

folo) CUn(o) CUN(Us) CUN-1(UF).

We shall show now that there exists a continuous extension f: X — Y of fy
such that, for any k-simplex o (i.e. o € T¥), f(o) C Un_r(U?). We define f
inductively on skeleta of increasing dimension. Let &k > 0 and assume that f has
been defined on the (k — 1)-dimensional skeleton of X (recall that, by definition
T = ()). Let o be an arbitrary k-simplex. Thus f is already defined on do. If
o C Xo, then we set f|, = fo|o- Assume that o is not a simplex in Xy. If k = 0,
i.e. 0 = {v} is a vertex, then we choose f(v) € Un(U¥). Suppose that k& > 1.
Then 0 = 9Um U...UT, where dim7; = k—1 and 7; is a face of o; hence U, N
Uy, # 0 foralli=0,... k. Forall 0 <i <k, we have U, € An_g42 and U,, C
U:_f S QlekJrl (QlN,kJrQ refines Q[N,kJrl). Hence Uf:O U:_f C st (UJ,QlN,kJrl).
By inductive hypothesis, f(7;) C Un_r4+1(U¥) for all 0 < i < k. Therefore
f(0o) CUN—k+1(st (Uy,AN_k+1) and f has a continuous extension onto o such
that f(a) C Z/[ka(U;f).
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This ends the proof. Indeed, for any x € X, there is a k-simplex in X such
that x € 0 C U, C U?. Hence f(x) € Un_(Uf). There is U € 2y such that
xeUf CU. Thus f(z) € Un—(U) CUy(U) CU(z). O

If we do not control the dimension of the finite dimensional polyhedron X,
then under the assumption that ¢: X — Y is an upper semicontinuous UV“-
valued map we get the same conclusion as concerns the existence of graph-
approximations. It is also worthwhile to note that Theorem 2.6.1 stays true if X
is merely a locally finite-dimensional polyhedron (with the CW-topology); the
proof is similar although much more complicated.

Our next results show how approximation of UV'-set-valued maps defined on
polyhedra may be ‘lifted’ to more general spaces. First we formulate the simplest
fact; then we shall discuss ways to generalize it.

Theorem 2.6.2 (see [56]). Let (X, A) be a compact ANR-pair (i.e. X and A
are compact ANRs and A C X) and let Y be a topological space. If p: X — Y is
an upper semicontinuous UV -compact-valued map, then for each neighbourhood
U of Gr(y), there is a neighbourhood V of Gr(p) such that any continuous V-
approximation f: A —'Y of ¢ over A extends to a continuous U-approximation
of p. In particular ¢ is approximable and weakly approzimable.

Proof. We shall need the following lemma which may be of interest on its
own. ]

Lemma 2.6.3. Let (X, A) be an ANR-pair and let p: X — Y, where Y
is topological space, be an upper semicontinuous map with compact values. Let
M :=X x{0}UA x[0,1]. For any neighbourhood U of Gr(p), there is a neigh-
bourhood Uy of Gr(p) with the following property: for every continuous map
g M —'Y such that (z,g(z,t)) € Uy for all (x,t) € M, there is a continuous
extension G: X x [0,1] — Y of g such that (z,G(x,t)) € U for all x € X and
te[0,1].

Proof. Let U := {(z,t,y) € X x [0,1] xY | (z,y) € U}. It is clear that U’ is
a neighbourhood of Gr(¢') where ¢’ := pom and m: X x [0,1] — X. In view of
Theorem 2.3.7, there are a neighbourhood U} of Gr(y’) and a neighbourhood N
of the diagonal in (X x [0, 1])? (being the graph of identity X x [0, 1] — X x[0,1])
such that Uyo N C U'.

Obviously M is a neighbourhood retract of X x [0, 1]; hence there is a re-
traction r: U — M where U is a neighbourhood of M in X x [0, 1]. It is easy to
see that there is a neighbourhood V of M (in X x [0, 1]) such that V' C U and
r(z,t) € N(z,t) for all (z,t) € V.

Again by Theorem 2.3.7 (or rather Remark 2.3.8(a)), and since 7 is perfect,
there is a neighbourhood Uy of Gr(p) such that {(z,t,y) € X x[0,1]xY | (z,y) €
Uy} C Uf. Take g: M — Y such that(z, g(z,t)) € Up) for (z,t) € M and define
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g =gor|y:V =Y. Then, for all (z,t) € V, (z,t,¢'(z,t)) € Uyo N C U’; hence
(z,9'(2,)) €U.

Take any neighbourhood N of A such that N x [0,1] C V, an Urysohn function
A: X — [0,1] such that A[4 = 1 and A x\y = 0 and define G: X x [0,1] — Y
putting G(z,t) := ¢'(z, AM(x)t) for x € X and ¢t € [0, 1]. For all (z,t) € X x [0, 1],
(x,G(z,t)) €U and G|y = g. O

Let us pass to the proof of Theorem 2.6.2. Take a neighbourhood U of Gr(p)
and a neighbourhood Uy of Gr(p) as indicated in the lemma. Since p = @ oidx
and (obviously) id, is perfect, by Theorem 2.3.7, there are neighbourhoods W
of Gr(p) (in X xY) and NV of the diagonal X such that WoN C Uy. Moreover,
let 2 be an open cover of X such that, for each U € 2 and z € U, U C N(x)
(i.e. 2 is a refinement of the cover {N(z)}sex).

Key Step. Since (X, A) is a compact ANR-pair, there are continuous maps
p: (X, A) — (P,Q) and 7: (P,Q) — (X, A), where (P,Q) is a finite polyhedral
pair, such that rop and idx are joined by a homotopy h: (X, A) x [0,1] — (P, Q)
such that the family {h({z} x [0, 1]) }sex refines 2. Moreover, since P is compact
r is perfect (or, equivalently, proper).

The map por: P — Y is an upper semicontinuous UV“-valued map and
Gr(por)cU :={(z,y) € PxY | (r(2),y) € W}. One sees easily that U’ is a
neighbourhood of Gr(por). In view of Theorem 2.6.1, there is a neighbourhood
V' of Gr(p or) such that any continuous V'-approximation f:@Q — Y of por
over @ extends to a continuous U’-approximation F’: P — Y of p or.

Again by Remark 2.3.8, there is a neighbourhood V of Gr(y) such that V ¢ W
and {(z,y) e PxY | (r(2),y) € V} C V.

Take any continuous V-approximation f: A — Y of ¢ over A and let [/ :=
for. Then f:Q — Y is a continuous V'-approximation of ¢ or. Hence there is
a U'-approximation F': P — Y of ¢ or extending f’. Define g: M := X x {0} U
Ax[0,1] =Y by

Flop(z) ifzeX, t=0,
g(x,t) == .
foh(z,t) ifzeA tel0l].

Then g is well-defined and continuous. Moreover, for any(x,t) € M, (z, g(z,t)) €
Upy. In view of Lemma 2.6.3, and due to the choice of Uy, we gather that there is
a continuous extension G: X x [0,1] — Y of g such that (z,G(z,t)) € U for all
(z,t) € X x [0,1].

Finally let F: = G(-,1). Then F|4 = f and Gr(F) € U. O

Remark 2.6.4. The most important ingredient of the proof is contained in
the Key Step above: the compactness of X implies that:

(a) for any open cover A of X, X as a compact ANR is A-dominated by
a finite polyhedron (in the sense that there is a finite polyhedron P and
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continuous maps p: X — P and r: P — X such that rop is >-homotopic
to idx ), and
(b) the existing map r is proper.
It is known that any separable or a locally compact X € ANR, is dominated in the
same sense by a locally finite (hence, locally finite dimensional) polyhedron P.
Therefore if (X, A) is a separable or locally compact ANR-pair, then in view of
the remark given after the proof of Theorem 2.6.1, the assertion of Theorem 2.6.2
stays true.
Analogously to Corollary 2.4.4 we get

Corollary 2.6.5. If X is a compact ANR, p: X — Y i a UV¥-compact-
valued upper semicontinuous map, then for each neighbourhood U of Gr(yp), there
exists a neighbourhood V of Gr(p) such that if f,g: X — Y are continuous V-
approzimations of ¢, then there is a continuous homotopy h: X x [0,1] = Y such
that h(-,0) = f, h(-,1) = g and, for eacht € [0,1], h(-,t) is a U-approzimation
of p. In other words ¢ is homotopy approximable.

Remark 2.6.6. The reader will easily show the analogues of Theorems 2.6.1,
Theorem 2.6.2 and Corollary 2.6.5 for UV“-valued maps (i.e. with values being
(closed) sets having the UV “-property) provided the initial neighbourhoods U
are thick. In particular for such maps ¢( - )-approximations always exist; hence
they are weakly approximable and weakly homotopy approximable.

Let us finally mention the following:

Theorem 2.6.7 (see [56]). Let X be an ANR and ¢: X — Y, where Y
is a metric space, be a UV*“-valued upper semicontinuous set-valued map with
compact values. Then, for any continuous e: X — (0,00), there is an (- )-
approzimation of .

The proof involves different techniques and will not be reproduced here.

2.7. Other types of approximations. So far we have approximated set-
valued maps by single-valued ones. Sometimes it is also convenient to approxi-
mate, in a sense, set-valued maps by more regular set-valued ones.

We shall start by a slight generalization of the result attributed to de Blasi
and Deimling [32] saying that upper semicontinuous maps may be approximated
from above by continuous maps.

Theorem 2.7.1. Let X be a metric space, E a normed space and £ > 0.
Suppose that ¢: X — E is H-upper semicontinuous with closed convexr values.
For any integer n > 1, there is a H-continuous set-valued map p,: X — E with
closed convex values such that:

(a) pn(x) C cleonv p(X) for everyn >1 and x € X;
(b) for alln > 1, () C wnt1(x) C n(x) C B(p(x),e) for every x € X;
(¢) limy,—oo du(on(x), @(x)) =0 for any z € X.
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Proof. Take a sequence (r,,) such that 3r,41 <r, forn > 1. For each n > 1
and z € X, let U? := B(x,ry); clearly © € U, Let ™y, := {Ul }zex. It is easy
to see that 2,41 is a star-refinement of 2,,. More precisely st (U?T1 2, 1) C UP
forallm > 1 and z € X.

Let {\I'}ses, be a partition of unity subordinated to 2, i.e. for each s € S,
there is U]} € 2, such that supp A7 C U. Let F}' := clconv (st (U, Ay)).

Define

on(z) ==l < > A;}@)@) for z € X
sES,
It is clear that ¢, is H-continuous and has closed convex values. We will show
that the sequence {y,}n>1 has properties enlisted above.

(a) For each x € X, F* C clconv p(X); hence ¢, (x) C clconv¢(X) for any
reX.

(b) Let n > 1 and x € X. If s € S,, and A7 (x) # 0, then x € U. Hence
p(x) C F? and p(z) C ¢p(r). Now we shall show that @,11(x) C @n(x). Let
Y € Dees,,, MTH@)FHL I s € Sppq and APT(z) # 0, then € UM and
there is V € 2, such that z € U C st (UP™1,2,41) C V. Suppose that
t € S, and AP(z) # 0, ie. x € Up. Thus V C st (U, 2,,). This implies that
Frtl c FP and that o,41(2) C on(2).

(¢) Let z € X; it is clear that h(p(z), on(x)) = 0 for all n > 1. Suppose
to the contrary that there is € > 0 such that h(pn, (z),¢(x)) > € for some
subsequence (ng). Then, for each k > 1 there must exists y € ¢, () such that
d(y,p(z)) > €. Recall that, without loss of generality, y = > _gn, As(x)FI*.
Hence there is s € Sy, such that A\;(x) # 0 and y € F2** such that d(yx, ¢(x)) >
¢ (since otherwise, if for all s € S,,, Fi** C D(p(z),¢), then y € D(p(z),¢)).
Again without loss of generality we may assume that yr € (st (U2, 2,,.))
where s is such that x € supp As C UP*. This means that y, € ¢(zx) where
zi € st (UM, Ay,,). There is z, € X such that U = B(xs,7y,). However it
means that z € B(z,ry, 1), i.e. 2z — 2 as k — oo. This is a contradiction since

h(e(zk), o(x)) — 0 as k — oo. O

Remark 2.7.2. An interesting observation is that if X is a metric space, F
is a normed space and ¢: X — F is an upper semicontinuous with convex values
if and only if there exists a sequence ¢,: X — E of maps satisfying conditions
(a)—(c) from the above theorem. Moreover, it is clear that taking the Lipschitz
partitions of unity subordinated to coverings 2(,, we get that ¢, is a locally
Lipschitz map (see Remark 2.0.1.

The next result can be traced back to Michael. It says that upper semicon-
tinuous maps may be sometimes graph-approximated by upper semicontinuous
ones with compact values.

Theorem 2.7.3. Let X be a paracompact space, Y be a Hausdorff space and
let : X — E be upper semicontinuous and have closed values. For any thick
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neighbourhood U of Gr(®) there are an upper semicontinuous map p: X —o Y
and a lower semicontinuous map : X —o Y, both with compact values, such that

P(x) C (x) for all x € X and Gr(p) CU.

Proof. Let U be a thick open neighbourhood of Gr(®). By Remark 2.3.8(b),
there are a neighbourhood W of Gr(®) and a neighbourhood N of the diagonal
in X x X such that Wo N C U. For each z € X, ®(z) C W(z). The upper
semicontinuity of ® implies the existence, for each x € X, of a neighbourhood
U, of x such that ®(clU,) C W(z). Let B := {V;}scs be a locally finite star-
refinement of A := {U, NN ~1(z)},ex. For each s € S, choose ys € ®(V;) and
define ¢(z) := {ys | * € V5} and ¢(x) := {ys | * € cl V5} for x € X. Then clearly
P(z) C (x) on X. Observe moreover, that for each x € X, #(z), #p(z) < oo;
hence both these sets are compact. We shall show that Gr(yp) C Y. To this end
take x € X and y € ¢(x), i.e. y = ys where s € S and = € cl V. Thus

x €clV, Cst(clVs,B)=st(V,,B) C U, "N (xs)
for some x5 € X. Therefore
y=ys € ®(Vs) C ®(Us,) C W(xs)

and x5 € N(z). Hence (z,y) € WoN CU.
For BCY,let S(B) :={s eS|y, € B}. Observe that

e 'B)= |J dv., v'B= {J V.

s€S(B) s€S(B)

Therefore ¢~!(B) is open and, since the cover {cl V;} is locally finite, =1 (B) is
closed. This completes the proof. O

Remark 2.7.4. If Y is a locally convex space and U is a neighbourhood
of Gr(®) such that, for each x € X, U(x) is convex, then we may take ¢(x) =
conv{ys | = € clV;} and ¥(xz) = conv{ys | = € Vi}. Then ¢ and v have
compact convex values, ¥(z) C ¢p(x) C U(z) for all z € X since, as above,
{ys | * € clV5} C U(x) and U(x) is convex. This shows that when studying
upper semicontinuous map ¢ with closed values in a locally convex space, we may
restrict our attention to compact convex valued upper semicontinuous maps. The
problem is that graphs of these ‘approximations’ lie in special neighbourhoods
of the graph of ®, which — in general — is too large.

2.8. Approximations with constraints. The problem is as follows: given
spaces X,Y , set-valued maps p,v: X — Y, find a continuous e-approzimation
[ X =Y of p such that f(x) € Y(x) for allxz € X.

First we shall prove a result stating the existence of a simultaneous approx-
imation and an almost selection for upper and lower semicontinuous maps.
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Theorem 2.8.1 (see [8]). Let X be a metric space and E a normed space.
Lety: X —o E be a lower semicontinuous map with convezr values and p: X —o E
an upper semicontinuous map with convexr values such that p(x) NY(z) # O for
all z € X. Then for each € > 0, there is a continuous function f: X — E such
that f is an e-selection of v and an -approzimation of ¢.

Proof. Let, for z € X, U(z) := B(z,g) N o™ (B(p(z),€)) and let an open
covering A be a star-refinement of {U(x)}yex. For any z € X, choose z, €
o(x) Np(x) and consider the open covering B := {By (z)}ven zev of X, where
By(z) :={y € V | ¥(y) N B(zyz,e) # 0}. Let {A}ses be a partition of unity
subordinated to B, i.e. for each s € S, there are V; € A, x5 € V; such that
supp As C Bs := By, (xs). The map

f@) = Y A(@)z, @€ X,

ses

where zg := 2., is well-defined and continuous. If z € X and As(z) # 0, then
x € Bs, i.e. there is 2, € ¢(z) such that ||z; — 2| < e. Thus, by convexity

of (), y := ), cqg As(x)zg € Y(x). Moreover,

1£(x) =yl <D As(@)lzs — 2]l <&
ses
On the other hand, given € X and s € S, A\;(z) # 0, then = € By C V; and
xs € V5. Since 2 is a star refinement of {U(z)}.ex, zs € st(x,A) C U(z) for
some z € X. Therefore z; € ¢(x5) C B(p(z),e) and ||z — z|| < e. The convexity
of ¢(z) implies that

f(x) € B(p(2),e) C B(p(B(x,¢)), ). U

Remark 2.8.2. The reader will easily get a similar result concerning the
existence of an e(-)-approximation of ¢ being an (- )-selection of 1, where
e: X — (0, 00) is a continuous function as well as its version valid for nonmetriz-
able spaces.

Corollary 2.8.3. In addition to assumptions of the Theorem 2.8.1, suppose
that v has closed values and E is complete. Then, for each € > 0, there is
a continuous selection of 1 being an e-approximation of ¢.

Proof. Fix ¢ > 0. By the above theorem there exists a continuous map
9: X — E such that g(z) € B(¥(z),e/4) and g(z) € B(p(B(x,¢)),e/2). We
shall construct a sequence {fy}n>1 of continuous maps f,: X — FE such that,
forx € X and n > 1:

(1) d(fal@),¥(@)) < 27" e
2) [farr(@) = falx)]| <277 te.



APPROXIMATION METHODS 105

Let f1 := g. Suppose that continuous functions f;: X — E,i=1,... n has
been constructed. In order to define f,, 11, let

Pn(x) :=(x) N B(fa(x),27" %), weX.

Then 1, is lower semicontinuous and has convex values. Exactly as in the
proof of the Michael theorem we show that there is a continuous f,411: X — FE
such that f,11(x) € B(¥n(x),27 " 2%). Then d(fni1(z),¥(z)) < 27" 2¢ and
| frs1(z) — fu(z)]| < 27" le for all z € X. Since E is complete (f,,) converges
uniformly to a continuous selection f: X — E of 1. At the same time, for all
zeX,

€

lg@) = F@)l = lim /1) = fra@)l] < Tim ST fe) = fe @) < 5
k=1

Thus f(z) € B(o(B(z,¢)),€). O

Note that while in Theorem 2.8.1 the existing map f may be proven to be
locally Lipschitz (see Remark 2.0.1), in Corollary 2.8.3 the resulting f, as the
uniform limit of locally Lipschitz map, is not locally Lipschitz in general.

Our next result is similar, but now v is specified; however, we need no
completeness.

Theorem 2.8.4 (see [6]). Let K be a closed subset of a normed space E
Suppose that p: X — E is an upper semicontinuous map with closed convex
values. If ¢ is weakly tangent to K, i.e. for each x € K, p(x) N Tk(x) # 0,
then, for any € > 0, there exists a locally Lipschitz map f: K — E being an
e-approximation of ¢ and, for allx € K, f(x) € Tk(x).

Obviously if E is complete, then the existence of a continuous map f: K — E
follows from Corollary 2.8.3 since the map K 3 & — Tk (z) is lower semicontin-
uous and has convex closed values (see Remark 1.3.10).

Proof. Take ¢ > 0 and « € K. There is v(z) € E such that
v(z) € B(p(x),€/4) N Sk (),
since, by Remark 1.3.10,
Ck(z) =Tk (x) = cl Sk (x)

where

K—=z
Sk(z) = U .
h>0
Hence, there is a(z) > 0 such that

z + alz)v(z) € K.

By the upper semicontinuity choose a number v(z), 0 < () < £/4 such that
o(B(x,2v(x))) C B(p(z),e/2) and a number 0 < §(z) < min{~y(z),v(z)/a(z)}.
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Let {A\s}ses be alocally finite locally Lipschitzian partition of unity refining
the open cover {B(z,d(x)a(z))}zerx. For any s € S, there is x5y € K such
that supp As C B(xs,dsas) where we have put ds := §(zs) and ay := a(xs).
Additionally let us set vs := v(xs) and 5 := y(xs).

For any s € S, we define a map fs: K — E by the formula

f(@) = (s — )+ s, wEK.

g

Observe, that for s € S, x € X,
4 asfs(z) = x5 + asvs € K.

Hence, for all z € X,
fs(x) € Sk (x) C Tk (x).
It is clear that fs, s € S, is Lipschitz continuous (with the Lipschitz constant
-1

a;t).

Now we define f: K — E by the formula
fl@)=> A(2)fs(z), zeK.
seS

Observe that f is locally Lipschitz because so are all functions \g, fs for s € S,
and the covering {supp As}ses is locally finite.

Moreover, since, for z € K, f(x) is a (finite) convex combination of vectors
fs(x) € Tk(x) and since Tx(x) is convex, we see that f(x) € Tk(z) for all
r € K.

Take z € K and let S(z) = {s € S | z € supp As}. It is clear that S(x) is
a finite set and

fl@)= Y A(@)fs(@).
seS(x)
For any s € S(x), we have & € supp Ay C B(zs, dsas), i.€.
|z — zs]] < dsas <75 and || fs(x) — vs|| < s < s-
There is so € S(x) such that s, = max,eg(q)vs. If s € S(x), then
lzs — Zsoll < llzs — 2l + (|75 — 2| < V5 + V50 < 27s0-

Therefore, for any s € S(x),

fs(x) € B(vs,7s,) C B(p(ws),€/4+ Vso) C Blp(B(¥s4,27s0)),€/4 + Vso)
C B(p(xs,),€/4+€/2+7s,) C Blep(2s,),€)-

Hence, by convexity of B(¢(xs,),€),

f(x) € B(o(zs,),€) € B(p(B(x,750)),€) C Blp(B(x,€)), €).

This concludes the proof. O
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Note that in the course of the proof we have not used the lower semicon-
tinuity of Tk (-). Instead we have applied the following, astonishingly simple,
observation: if K is a convex closed set in a normed space E, then for every
xo € K, vg € Sk(xg) and ag > 0 such that o + agvg € K (existing in view
of the very definition of Sk (x0)), an affine mapping g(x) = O%D(xg — ) + vo,
x € K, provides a selection of Sk (x). This proves the lower semicontinuity of
both Sx( . ) and Tx( . )

In the similar spirit we have the next result. In order to state it and under-
stand the assumption we need some more concepts.

Let E be a normed space. Given an open set U C E, a locally Lipschitz
continuous function ¢g:U — R, by ¢°(z;u) we denote the Clarke generalized
directional derivative of g at x € U in the direction v € E

g(y + hu) — g(y)
- .

¢°(z;u) := limsup
Yy—x, h~>0Jr
It is well-known that, for each x € E, the function F 3 u — ¢°(z;u) is Lipschitz,

subadditive and positively homogeneous. The generalized gradient of g at x € U
is defined by

0g(z) :={p € E*| (p,u) < g°(x;u) for all u € E}.
Hence g°(z; - ) is the support function dg(z):

9°(w5u) = 0gg(x)(u) := sup (p,u), u€FE,
p€dg(x)

and, the (negative) polar cone
g(x)* = {u € E| g°(;u) < 0}.

Hence, for all x € U, the set dg(x) is convex and weak*-compact. The function
UXE 3 (z,u) — ¢°(x;u) is upper semicontinuous; in other words the set-valued
map U > x +— Jf(x) C E* is upper hemicontinuous and upper demicontinuous
(see Subsection 2.9).

If K C E is closed, z € K, then — by the very definition — Ck(z) =
Odr (r)*+ and Nk (z) = ddg(x)~~ where dg(z) := d(z, K) := infyek |z — 9|
for x € E. Proofs for all facts mentioned above and other details can be found
in e.g. [21], [3].

Let K C E be closed. We say that K is an epi-Lipschitz set (see [67]) if there
exists a locally Lipschitz function g: U — R (the so-called representing function),
where U is an open neighbourhood of K such that

K={reUlyg(z) <0}

and, for all z € bd K,
0 & dg(z).
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It is easy to show that if K is epi-Lipschitz, then dg(z)t C Ck(x) for all €
bd K. Hence the normal cone

Nk (x) C0f(x)~ = | Adg(x)

A>0
because 0 ¢ dg(x).

Theorem 2.8.5 (see [6]). Assume that K is an epi-Lipschitz subset of
a normed space E represented by a locally Lipschitz function g:U — R, ¢:T x
K — E, where (T,MM, u) is a complete measurable space, is a set-valued map
such that, for each * € bd K, ¢(-,x) N dg(x)* has a (strongly) measurable se-
lection and, for each x € K, the set p(T x {x}) is relatively compact. If, for
almost all t € T, p(t, -): K — E is upper semicontinuous with closed convex
values, then for each € > 0, there is a continuous map f: T x K — E such that,
for almost allt € T, f(t, -) is locally Lipschitz, for allx € K, f(-,x) is strongly
measurable, f(t,z) € dg(z)t and f(t,x) € conv(t, B(z,¢€)) + B(0,¢) for all
teT andx € X.

Proof. Let x € bd K. There is a strongly measurable function vy: T — E
such that v, (t) € p(t,z) N dg(z)t on T. Hence, for all t € T, ¢°(x;v.(t)) < 0.
Since 0 & Of(x),

? < st 1P sy 2 T e

in view of the von Neumann-Sion minimax equality (7). Next, we know that,
for all u € E, ¢°(z;u) = SuPpepg(z) (p;u). Thus infy, <1 9°(z;u) < 0. Hence
there is uy € E, ||uz|| = /2 such that ¢°(z;uz) < 0. The set v, (T) is relatively
compact; thus there is a simple (i.e. measurable and having finite number of
values) function v/: T — E such that v/ (T) C v,(T") and |Jvg(t) — v.(¢)|| < €/2
on T. Hence ¢°(z;v.,(t)) <0 for all t € T. Let wy(t) = vl (t) + uy, t € T. Then
w, is a simple function and, for all t € T,

9° (w;wa (1)) <0

because ¢°(z; -) is subadditive. Since w, admits a finite number of values and,
for each w € E, the function ¢g°( - ; w) is upper semicontinuous, there is 0 < r, < &
such that, for all y € B(z,r,) and t € T,

9° (y; wa(t)) < 0.

(17) See [69]; it states that given a convez subset X of a topological vector space, a convex
compact subset Y of a topological vector space, a function F: X XY — R such that F(-,y)
is concave and upper semicontinuous for ally € Y and F(x, -) is conver and lower semicon-
tinuous for all x € X, the min-mazx equality sup,¢ x infycy F(z,y) = infycy sup,cx F(z,y)
holds true. This theorem applies in our case since dg(z) is convex and weakly*-compact,
D :={u € E | ||u|| < 1} is convex and the function F' x dg(z) 5 (u,p) — (p,u) € R is linear,
weakly*-continuous with respect to p and continuous with respect to .
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If x € int K, then we choose 0 < r, < e such that B(x,r;) C int K and let
w,: T — E be ab arbitrary strongly measurable selection of ¢( -, x).

We have constructed an open covering { B(z,rz) tzerx of K; let {As}ses be
a locally Lipschitz partition of unity subordinated to this cover. Hence, for each
s € S, there is x5 € K such that supp\s C B(xs,7s) where ry := 7, . Let
W := Wy, and define

flt.2) = A(@)ws(t), z€K, teTl.

ses

It is easy to check that f has all the required properties. O

Both results 2.8.4, 2.8.5 have immediate applications concerning the existence
and the structure of solutions of differential inclusions — see [5], [6].

2.9. Acute-angled approximations. Finally we discuss the existence of
approximations under conditions weaker than upper semicontinuity.

Let X be a topological space and let E be a normed space. We say that
a set-valued map ¢: X —o E (resp. ¢: X — E*) is upper hemicontinuous if, for
each p € E* (resp. y € X), the real (extended) function

X 32 0p)(p) = sup (p,y) € RU{oc}
yEp(x)

(resp. X3z 0pwm)(y) == sup (p,y) €RU {oo})
pEp(x)
is upper semicontinuous (as a real-valued function). It is clear that if ¢: X — E
(resp. ¢: X — E*) is upper semicontinuous or upper demicontinuous (in the
sense that it is upper semicontinuous when E (resp. E*) is endowed with the
weak (resp. weak*) topology), then ¢ is upper hemicontinuous. The converse
result is not valid in general.

Example 2.9.1. Let ¢: R — R? be given by ¢(z) := {(y1,42) € R? | yo =
2y }, then is neither upper semicontinuous nor H-upper semicontinuous, but it
is upper hemicontinuous.

However if ¢ has convex and weakly (resp. weak*) compact values, then any
upper hemicontinuous map is upper demicontinuous. It is easy to show that if
 is upper hemicontinuous with bounded values and X is compact, then o(X)
is bounded in E (resp. in E*). The graph Gr(y) of a hemicontinuous set-valued
map with closed (resp. weak*-closed) convex values is closed in X x E (resp.
X x E*) provided E (resp. E*) has weak (resp. weak*) topology (for other
results on upper hemicontinuous maps — see [3]).

Our aim is to study the existence of continuous (in the original topology of F
or E*) approximations of a given upper hemicontinuous map. Since the question
concerning the existence of the usual graph-approximations is not clear we shall
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establish the availability of other types of ‘approximations’, the so-called acute
angled approximations.

Theorem 2.9.2 (see [55]). Suppose that X is paracompact and p: X — E
(resp. X — E*) is upper hemicontinuous with convex closed (resp. weakly”-
closed) values and such that 0 & (x) for x € X. Then there are continu-
ous maps f: X — E (resp. X — E*) and ¢: X — E* (resp X — FE) such
that f(X) C conve(X) and, for any x € X, 0 ¢ clconv ({f(z)} U p(z)) and
inf.cp)(9(), 2) > 0 (resp. inf.cy, (2 (2, g(x)) > 0).

Proof. For any y € E* (resp. y € E), let

inf (y,z) >0 (resp. inf (z,y) >0)¢.
nf (,2) >0 (resp.inf (2,3) > 0) }

U ::{xGX

Since ¢ is upper hemicontinuous, U, is open for any y € E* (resp. y € E).
Moreover, B := {Uy }ycp~ (resp. B := {Uy }ycr) is a covering of X: forifz € X,
then 0 € ¢(x) and there is y € E* (resp. y € E) such that sup,c,,)(y,2) <0
(resp. Sup, ey (1) (2,y) < 0). Let 2 be an open point-star-refinement of . Take
a partition of unity {\;}ses subordinated to 2, i.e. for each s € S there is V; € 2
such that supp As C V;. Take any zs € ¢(x5) where x5 € V5 and let

f(z) = Z)\S(x)zs, r e X.
ses

Then f is continuous and, for x € X, if As(x) # 0, then x € V; and there is
Yz € E* (resp. y, € E) such that zs € st (z,2) C Uy,. Therefore, for some ¢ > 0,
(Yz, 2s) > € (resp. (zs,yz) > €) for s from (a finite set) S(z) :={s € S| As(x) >
0} and inf.cy(2) (Yo, 2) > € (vesp. inf.cy(2) (2, Ye) > €). Hence inf{(y., z) | z €
conv ({£(2)} Up(2))} > = (resp. nf{(z, ya) | = € conv ({f(x)} Usp(e))} > o).

Similarly, let {A\s}ses be a partition of unity subordinated to the cover 9B,
i.e. for any s € S, there is ys € E* (resp. ys € E) such that supp A\; C Uy, . Let

g(@) ==Y A(@)ys, z€X.

ses

Then it is easy to see that inf.c ) (g9(),2) > 0 (resp. inf,cp ) (2, g(x)) > 0)
for each z € X. g

The constructed map f may have nothing to do with ¢ (i.e. the distance
of f(x) from ¢(x) may be large). However it is easy to see that given two
continuous maps fi, fo: X — E (resp. X — E*) satisfying properties described
above, then they are homotopic through 0-avoiding homotopy. Hence, as we
shall see later, they reflect homotopical properties of ¢. The map ¢g: X — E*
(resp. X — FE) is called an acute-angled approximation of ¢; it seems that the
origin of this terminology is clear.

Finally let us make the following observation.
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Lemma 2.9.3 (see [28]). Let X be a metric space, E a normed space and
e X — (0,00). If p: X —o E be a set-valued map with convex values, then
f: X — R is an e(-)-approximation of ¢ if and only if, for any x € X, there is
' € X such that ||z — 2’| < e(z) and

sup — ((p, f(2)) — 0@ () < ().
peE", |Ip[I<1

Proof. A map f: X — F is an ¢(-)-approximation of ¢ if and only if, for
each x € X, there is ' € X such that || — 2’| < e(z) and || f(z) —¢/|| < e(z) for
some y' € @(a'), i.e. by the von Neumann—Sion min-max equality (recall that
{p € E* | ||p|| < 1} is weakly*-compact in view of the Banach—Alaoglu theorem),

e(@) > [If(x) =yl = o (@) =yl

Ep(z’)
= inf  sup (p, f(z) —y) = sup ({p, f(z)) — Op@) (D))
y€e(a') pe B, |Ip|I<1 lIpll<1
This completes the proof. O

It is doubtful whether Lemma 2.9.3 may be a source of a proof of the ex-
istence of graph-approximations for upper-hemicontinuous set-valued maps (or
a different proof of the Cellina theorem). It is, however, a starting point for
the following important fact being a generalization of the celebrated Whitney
theorem.

Theorem 2.9.4 (see [28]). Let U C R™ and let f:U — R be a locally
Lipschitz function. For any continuous €: U — (0, 400), there is a C*°-function
g:U — R such that || f(x) — g(z)|| < e(x) for all x € U and the gradient Vg is
an (- )-approximation the generalized gradient df (19).

The proof of this results is fairly complicated and will not be reproduced
here.

3. Selections, approximations and fixed points of set-valued maps

As mentioned in the introduction approximation methods may be useful in
the study of the existence of fixed points of set-valued maps. Here we shall study
only global results; local theories (such as the availability different homotopy
invariants monitoring the existence of fixed points) will not be discussed.

The idea of the approximation approach is simple: given a set-valued map
©: X — X acting in a space X having the fixed point property (for a certain
class F of single-valued maps), if ¢ admits arbitrarily close approximations by
maps from F, then one may expect to derive fixed points of ¢ (i.e. points x €
X such that x € p(z)) as limits of appropriate sequences of fixed points of

(*8) Recall that 0f:U — (R™)* = R™; df is upper semicontinuous with compact convex
values.
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approximations. The idea is simple, but in concrete situations, it requires some
care.

The simplest (and, therefore, in general not interesting) is the case when ¢
admits selections. For if ¢ admits a selection f: X — X, f € F, then there is
xo € X such that zo = f(x0) € ¢(z¢). In the same spirit one can get fixed point
results for maps admitting e-selections.

For example let us prove the Browder—Fan fixed point theorem.

Theorem 3.0.1 (Browder, [16], [38]). Let K be a compact convex subset of
a topological vector space E and let p: K —o K has convez values and open fibres
(i.e. for each y € K, ¢~(y) is open in K). Then ¢ has a fived point.

Proof. In view of Theorem 2.1.3, ¢ admits a selection which is produced via
partition of unity subordinated to an open covering of the form {¢ ™! (y)}yek-
Since K is compact, one can choose a finite partition of unity which gives a con-
tinuous finite-dimensional selection f: K — K of ¢ (i.e. f(K) C K' := KNE'
where E’ is a finite dimensional subspace of E) Thus f: K’ — K’ and, by the
Brouwer fixed point theorem f, f and, therefore, ¢ has a fixed point. O

Theorem of Browder—Fan gives a nice bonus. Namely it allows the following
simple proof of the Tikhonov fixed point theorem: if K is a compact convex
subset of a locally convex space E and f: K — K is continuous, then Fix (f) :=
{r € K|z = f(x)} # 0. Indeed, for any convex open neighbourhood V of
the origin in E, let gy (z) := f(z) +V, x € K. Then ¢, (y) = f~1(y—V) is
open. Since values ofpy are convex, we infer that there is xy € K such that
zy € py(zy), i.e. zy — f(zy) € V. The continuity of f and the compactness
of K, implies the existence of a fixed point of f.

In what follows we shall provide some other applications of the Browder—Fan
theorem.

3.1. Fixed points via graph-approximations. Graph approximations
play a similar role as selections; however the general remark is that when dealing
with graph-approximations of approximable maps one has to be careful. To
illustrate the situation consider the following general results.

Theorem 3.1.1. Let X be a compact absolute retract (X € AR — see [13])
and let p: X — X be a weakly approximable set-valued map with closed graph
(i.e. upper semicontinuous). Then it has fixed points.

Proof. For any integer n > 1, there is a continuous n~!-approximation
fn: X — X of ¢. By the (generalized) Schauder theorem, there is z,, € X
such that =, = f(z,). Since z, = f(z,) € B(p(B(xn,n"t)),n"1), there is

2, € X, d(xn,2)) < n ! and y, € p(a)) such that d(y,,x,) < n~'. Passing

n
to a subsequence if necessary we may assume that x, — zo € X. Therefore

(2!, yn) — (0, x0). Since the graph Gr(yp) is closed we see that z¢ € p(xg). O

The situation is a bit more difficult if we X is not compact.
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Theorem 3.1.2. Suppose that X € AR and @: X — X is a weakly approz-
imable compact map with closed graph. Then ¢ has fixed points.

Proof. Without loss of generality we may assume that X is a retract of
a normed space E. Let m E — X be a retraction. Let K := clp(X); K is
compact. For any integer n > 1, there is a continuous map (a so-called Schauder
projection) m,: U — E,, where U is an open neighbourhood of K (in E) and E,
is a linear subspace of E, dim F,, < oo, such that |7, (z)—z| <n~!forallz € U.
Let f,: X — X be a continuous n~!-approximation of . For large n (for n > N
say), fn(X) CU. Forn > N, let g, ;=m0 fpor: E — E,. Then g, is well-
defined and compact (as a bounded finite-dimensional map). By the Schauder
theorem, for each n > N, there is z,, € E such that x,, = g,,(2,,). Then r(x,) =
rom, o fn(r(zy,)), ie. y, :=r(x,) is a fixed point of r o, o f,,: X — X. There
isy, € X, d(yn,y,) <n ! and z, € p(y,) C K such that d(zp, fn(yn)) < n~ L
The compactness of K implies that (for a subsequence), z, — 2o € K C X. Then
fa(yn) = 20. Since [|7n(fn(yn)) = falyn)ll < n~", we see that mn(fn(yn)) — 20
Thus y, = r(mn(fr(yn))) — 7(20) = 20. Therefore y,, — zo and zp € p(zp). O

Remark 3.1.3. The above proof may be simplified. To this end let us
proceed as follows (the assumptions and notation are sustained). Since K is
compact, we may assume that i: K < [°°, where I* is the Hilbert cube (and,
henceforth, a compact AR), is the continuous embedding. Since X € AR, the
inclusion j': K < X extends to a continuous map j:1*° — X. Therefore we
have a map ¢ := i 0 ¢’ 0 j:I*® —o I*° where ¢’: X — K is given by ¢'(z) =
p(z) € K for z € X. Now the point is that ¢ is approximable: is that true
that i o ¢’ is approximable? In general this might not be true. However if we
assume, for instance, that, for each z € X, ¢(x) has (the absolute) UV“-property
(or, in particular, is convex), then so does i o ¢/(x) and, since i o ¢ is upper
semicontinuous, it is approximable in view of Theorem 2.6.2. Next, since I*° is
compact, we see that v is approximable. Thus, in view of Theorem 3.1.1, there
is zg € I°° such that zg € ¥(x). It is clear that zy € K, hence 9(z¢) = ¢(z0).

It is also worthwhile to note that the approach presented in Theorem 3.1.2
is quite general. For instance, in place of ¢ we may take the composition ¢ =
go ® where ®: X — Y, Y is a topological space, is approximable and upper
semicontinuous with compact values and ¢: Y — X is continuous. Then ¢ is
upper semicontinuous with compact values (hence its graph is closed) and weakly
approximable and in view of Proposition 2.3.6.

Taking the above into account we have the following general result that
follows immediately from Theorem 2.6.2.

Theorem 3.1.4. Let X € AR and let p: X — X be compact upper semi-
continuous and let p(x) € UVY for all x € X. Then ¢ has fized points.
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Of course the same proof (with almost immediate changes) applies to the
case of the following result that generalizes the Tikhonov fixed point theorem
(the so-called Fan-Glicksberg [42] or Bohnenblust—Karlin theorem [11]).

Theorem 3.1.5. Let K be a closed conver subset of a locally convex space
E and let p: K — E be an upper semicontinuous compact set-valued with closed
(i.e. a posteriori compact) convex values. Then ¢ admits fized points.

Theorem 3.1.5 may be generalized to the case of upper semicontinuous maps
with closed convex values. The only difference is that the usual compactness
(which, in the context of Theorem 3.1.5, says that cl¢(K) is compact) should
be replaced with some less restrictive assumption.

Corollary 3.1.6. Under the hypotheses of Theorem 3.1.5, assume that there
is a compact convezr set L C K such that o(x) N L # 0, where p: K — K 1is
upper semicontinuous with closed convexr values. Then ¢ has fized points.

Proof. Consider ¢': K — K given by ¢'(x) = ¢(x) N L for x € K. Then ¢’
satisfies assumptions of Theorem 3.1.5 and, therefore, has fixed points. Clearly
Fix (¢') C Fix (). O

3.2. Homotopy invariants via approximations. There is a variety of
homotopy invariants detecting zeros of fixed points of set-valued maps that may
be defined and studied by means of approximations. We shall provide a number
of sketches of such constructions in order to illustrate the relevance of different
approximations techniques. The presented approach i modelled mainly after [20],
[47] and in the most general case [7].

A. The finite-dimensional degree theory. Suppose U is an open set in
the Euclidean space R™ and let p: U — R™ be a set-valued map such that:

(A1) ¢ is weakly approximable and weakly homotopy approximable over any
compact polyhedron K C U;

(A2) Z(p) ={z €U |0 € ¢(z)} is compact;

(A3) ¢ has closed graph.

Example 3.2.1. (a) If ¢ is upper semicontinuous, has convex values (resp.
@ is UV™-valued with m > n — 1), then ¢ is weakly approximable and weakly
homotopy approximable over any subset of U (resp. over any compact polyhedron
K C U) in view of Corollary 2.3.12, Corollary 2.4.4 and Remark 2.4.5 (resp.
Theorem 2.6.1, Corollary 2.6.5 and Remark 2.6.6).

(b) If ¢ = go ®, where ®: X — Y| Y is a topological space, is approximable
and homotopy approximable, then ¢ is weakly approximable in view of Proposi-
tion 2.3.6. Moreover, we see easily that ¢ is ‘weakly homotopy approximable’ in
the following sense: given € > 0, there is a neighbourhood U of the graph Gr(®)
such that, for any two continuous U-approximations f, f': X — Y of ®, the maps
there is a homotopy h: X x [0,1] — Y such that goh(-,t) is an e-approximation
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of ¢ for any t € [0,1]. We shall see that this sort of ‘weak homotopy approx-
imability’ is sufficient for our aims. Using Theorem 2.3.7 we consider even more
complicated compositions.

() If ¢ is upper semicontinuous, then always Z(p) = ¢~1(0) is closed in U.
Hence, Z(p) is compact if and only if there is an open bounded V such that
Z(p) cV CclV CU. In particular, if U is bounded, an upper semicontinuous
¢ is defined on clU and ¢ has no zeros on bd U, then (A2) is satisfied.

(d) If ¢ is upper semicontinuous with closed values, then Gr(y) is closed.

Thus we see that the class of maps satisfying assumptions (A1)—(A3) is rich.

By (A2) (see also Example 3.2.1(b), it is easy to see that there is an open
set V' such that clV is a compact polyhedron and Z(¢) C V C 1V C U.
There is € > 0 such that, if f:clV — R™ is an e-approximation of ¢ over
K, then Z(f) NbdV = (), where here Z(f) := {z € clV | f(z) = 0}. For
otherwise, for each n € N, there is x,, € bdV, 2], € U and ¥, € ¢(z},) such
that ||z, — 2| < n~%, ||y,l| < n~'. By the compactness of bd V (and passing
to a subsequences if necessary), we may assume that z,, — x € bdV; thus
(!, yh) — (2,0), i.e. 0 € () in view of (A3): a contradiction. By (A1), there
is a continuous function §: U — (0, 00) (recall that IV is compact; thus we may
assume without loss of generality that § > 0 is a constant and § < €) such that
any two d-approximations f, g:clV — R"™ of ¢ over clV are homotopic through
a continuous homotopy h:clV x [0,1] with the property that h(-,t) is an e-
approximation of ¢ over cl V. In particular {x € clV | 0 € h(x,t) for some ¢ €
[0,1]}NbdV = 0.

Let f:clV — R™ be an arbitrary §-approximation of ¢ over clV. Then
Z(f)NbdV = 0 and, thus, the Brouwer degree degg(f,V,0) is well-defined (see
e.g. [36]).

Let us define

Deg(@a U, O) :=degp (f7 V, O)

The above argument show that this definition does not depend on the choice of f.
Let us show that it is independent of the choice of V', as well. To see this take
another open set V' such that ¢l V’ is a compact polyhedron and Z(yp) C V' C
cl V' C U. Obviously we may assume that ¥V’ C V. Without loss of generality
(arguing as above) we may assume that given a J-approximation f:clV — R"
of g over 1V, Z(f) N (clV \ V') = (. Thus, by the additivity property of the
Brouwer degree, deg(f,V,0) = deg(f,V"’,0).

The reader will easily check that the defined degree Deg satisfies all the usual
properties of the topological degree.

Now we shall outline the construction of the topological degree for upper
hemicontinuous set-valued maps with closed convex values. Suppose that U C
R™ is open bounded, ¢:clU — R" is upper hemicontinuous with closed convex
values and ¢~!'(0) NbdU = (. By Theorem 2.9.2, there is a continuous map
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f:bdU — R™ such that, for any x € bdU, 0 ¢ clconv ({f(x)} U ¢(x)). In
particular 0 & f(bd U). Let f*:clU — R™ be an arbitrary continuous extension
of f onto clU. We define

Deg(cp, U7 0) = degB (f7 U7 0)

This definition is correct since it does not depend on the choice of f and f*. To
see this suppose that a continuous g: bd U — R™ is such that 0 ¢ cl conv ({g(x) }U
p(x)) for z € bdU and let g*:clU — R™ be a continuous extension of g onto
clU. It is easy to see that set-valued maps 11, 992: bdU X [0, 1] — R™ given by
Y1z, t) := (1 =) f(z) +te(x), Ya(z,t) = tg(x) + (1 — t)p(x). Tt is clear that ;,
1 = 1,2, has closed convex values, is upper hemicontinuous and 0 & ;(x,t) for
x € bdU and t € [0,1]. Define ¢:bd U x [0,1] — R™ by

U1 (z, 2t) for t € [0,1/2],

U, t) = { Po(x,2t — 1) fort € [1/2,1],

for x € bdU. Then again 1 has convex closed values, is upper hemicontinuous
and 0 € ¢¥(x,t) for x € bdU and t € [0,1]. Therefore, again by Theorem 2.9.2,
there is a continuous h: bd U x [0, 1] — R™ such that h(z,t) # 0 on bd U x [0, 1].
Let h*:clU x [0,1] — R™ be a continuous extension of a map h':clU x {0,1} U
bd U x [0,1] — R™ given by

f*(x) forzecl, t=0,
W(x,t)={ h(z,t) forzebdl, tel0,1],
g*(x) forzecl t=1.

Therefore h* provides a homotopy joining f* to ¢g* such that h*(z,t) # 0 on
bd U x [0, 1]. Hence

degB(f*v U7 0) = degB(g*v U7 0)

Again it is not difficult to show that the defined degree has all the usual proper-
ties. For instance, if Deg(y, U,0) # 0, then 0 € ¢(z) for some z € U. Indeed if
it is not the case, then there is a continuous f:clU — R™ such that 0 ¢ f(clU)
is view of Theorem 2.9.1; hence Deg(y, U, 0) = degg(f,U,0) = 0 in virtue of the
existence property of the Brouwer degree.

Both defined degrees have the infinite-dimensional versions, too.

B. The Leray—Schauder fixed point index. Suppose E is a normed
space, U C F is open, p:U — E and let W C U be open. Assume that

(A1) ¢ is weakly approximable and weakly homotopy approximable over any
compact ANR contained in U;

(A2) Gr(yp) is closed,;

(A3) The set clp(U) is compact and contained in U’

(A4) Fix () NbdW = (.
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As before one sees easily that, for instance, conditions (Al) and (A2) are
satisfied if ¢ is upper semicontinuous with closed convex values or ¢ is an upper
semicontinuous UV%-valued map (see Example 3.2.1).

Let K :=clp(U). By (A3), K C U. By a theorem due to J. Girolo [41], there
is a compact absolute neighbourhood retract X such that K C X C U. Since X
is an ANR in FE, there is an open neighbourhood V of X in E and a retraction
r:V — X. Since X is compact, there is € > 0 such that B(X,e) C V. It is clear
that (diminishing ¢ if necessary) that if f: X — FE is an e-approximation of ¢
over X, then

f(z) e B(K,e) Cc B(X,e) CV

and, moreover, neither f nor r o f (being well-defined) have fixed points in
bdW N X. Indeed: otherwise, for each sufficiently large n € N, say n > N,
take an arbitrary n~!-approximation f,: X — E of ¢ over X and suppose that
fn (or ro f,) has a fixed point z, € bd W N X; for each n > N, there are
z, € U, ||z, — 2| < n~! and ¢, € p(z},) (hence 3y, € K C X) such that
| fr(xn) — yhll < n~t. Since d(fn(zs),X) < n~! and X is compact, we gather
(passing to a subsequence if necessary) that f,(x,) — 2z € X and =, — = €
bd W N X. Therefore x}, — x and y,, — z. Hence z € p(z). But remember that
Tn = fn(zn), 1e. . = z (or &, = r(fu(zn)) — 7(2) = 2, i.e. again & = z); this
means that x € p(x): a contradiction.

Next there is 0 < p < € such that, for y € B(X, p), ||r(y) — vl < e/2.

By (A1), there is 0 < 6 < min{y, €} such that given continuous J-approxima-
tions f, f': X — E of ¢ over X, there is a continuous homotopy h: X x[0,1] — E
joining f to f’' and such that, for any ¢ € [0,1], h(-,t) is an e-approximation
of ¢ over X.

Let f: X — E be a d-approximation of ¢ over X. Then, for each z € X,
f(z) C B(K,§) C B(X,e) C V. Let us consider the composition g := ro f: X —
X. Our construction shows that g has no fixed points on bd W N X.

We may define

Ind (¢, W) :=ind(X, g, W N X)

where ind(X, g, WNX) stands for the fixed point index of a continuous g: X — X
over an open subset W N X of a compact ANR X (see [36]).

We shall check that this definition is correct, i.e. does not depend on auxiliary
objects: compact ANR X, a retraction : V' — X and a continuous (sufficiently
close) approximation f of ¢ over X. First regarding X and r being fixed, suppose
that f': X — F is a different continuous d-approximation of ¢ over X. Due to
our choice of §, there is a continuous homotopy h: X x [0,1] — E, joining f to
/', such that, for any ¢ € [0,1], h(-,t) is an e-approximation. Thus 7 o h: X X
[0,1] — X is well-defined and the set {x € bdW N X |z € z = h(z,t) or z =
r o h(x,t) for some t € [0, 1]} is empty. The homotopy invariance of ind implies
that ind(X,ro f,IWNX) =ind(X,ro f/, WNX).



118 ‘Wo0JCIECH KRYSZEWSKI

Let X’ be a compact ANR such that K C X’ C U. Choose a neighbourhood
V' of X' in E, a retraction r’: V' — X’ and numbers &', i/, 0’ > 0 having the
same properties as ¢, 4 and 0 constructed above. We are to show that ind(X,r o
LFWNX) =indX', 7o f/,WnNX) where f: X — E and f: X' — E are
continuous 0- and §’-approximations ¢ over X and X', respectively. Without
loss of generality we may suppose that X' C X, ¢/ < ¢, ¢/ < pand § < §.
Let f: X — FE be a continuous ¢’-approximation f: X — F of ¢ over X; then
/= flx is §’-approximation of ¢ over X’. For each z € X, f(z) € B(K, ') C
B(X',p') C B(X, u); hence | (f())— f(@)l| < &' < & and [[r(f())— f()]| < =.
Consider a map h: X x [0,1] — E given by h(z,t) = r((1 —t)r(f(x)) +tr'(f(z)))
for x € X and t € [0, 1]. This map is well-defined for if z € X, then

d((1 = t)r(f(2)) +tr'(f(2)), X) < t[r(f(z)) = r'(f(=)]
< r(f(@) = f@I+ 17 (f(2) = f@)] <e.

Observe that h(-,0) =7 o f and h(-) =" o f. Moreover it is easy to see that,
for each ¢ € [0, 1], h(-,t) has no fixed points in bd W N X. Thus, in view of the
homotopy invariance of ind, ind(X,r o f, W N X) =ind(X, 7’ o f, W N X). But,
for x € X, r'(f(x)) € X'. Thus, by the restriction property of ind,

ind(X,r" o f,WNX)=ind(X',r" o flx,WNX")=ind(X',7" o f/, WNX").

Remark 3.2.2. (a) The part of assumption (A3) stating that clo(U) C U
may be avoided. However this involves much more tedious technical arguments,
at least in case of ¢ with UV* values. If E is a Banach space, ¢: U — E has
closed convex values, is upper semicontinuous compact, Fix () :={z € U |z €
o(x)} is compact, then one may argue as follows. Let X := clconvp(U). Then
X is compact convex and, therefore, X is a compact ANR. Take an arbitrary
open V' C U such that Fix(¢) C V C clV C U. For each ¢ > 0 there is an
e-approximation f:U N X — X of ¢ over W N X. If ¢ is sufficiently small,
then Fix (f) NbdV = @ and the index ind(X, f, V) is defined. Hence one may
put Ind (¢, U) := ind(X, f,V). It is not difficult to show that this definition is
correct since it does not depend on the choice of f and V. It is also clear that
if ¢ is not compact, but there is a compact convex L such that ¢(z) N L # ( for
all x € U, then replacing ¢ by ¢ N L we may also define the respective index,
whose nontriviality implies the existence of fixed points of .

(b) Suppose that ¢: U — E is compact upper hemicontinuous with closed
(a posteriori compact) values. Hence ¢ is upper demicontinuous and the above
construction does not apply. The definition of the fixed-point index in this case
is provided in [55]; it involves some modification of Theorem 2.9.2.

C. Fixed point index on arbitrary ANRs. Suppose that X is an arbi-
trary ANR and let ¢: X — X be a compact upper semicontinuous UV*“-valued
map. If W C X is open and Fix (p) N bdU = (, then the fixed point index
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Ind (X, ¢, U) is defined. The idea is simple. There is an embedding s: X — E,
where F is a normed space, onto a closed set s(X). By the very definition of ANR,
there is an open neighbourhood U C E of s(X) and a retraction r': U — s(X).
Consider 7 = s o7":U — X. Then ros = idx. Hence ¥ :=sopor:U —o U,
cly(U) C U and Fix () N bdr~1(W) = (). Using the constructions from para-
graph B. we are in a position to define

Ind (X, ¢,U) = Ind (¢, r 1 (W)).

The justification of this definition is technically involved; the reader should con-
sult [7] (for this and much more general approach).

3.3. Fixed points and equilibria under constraints. The best known
equilibrium (or fixed point) under constraints result is the following pioneering
result of Browder (with some modification due to Halpern [48], [50]).

Theorem 3.3.1 (Browder, [16]). Assume that K is a compact convex subset
of a normed space E and p: K — E s upper semicontinuous with closed convex

values. If o satisfies the weak tangency condition with respect to K (12), i.e. for
allz € K,

p(z) N Tk (z) # 0,
then @ has an equilibrium: there is xo € K such that 0 € p(xg).

In particular, we get the following corollary yielding a generalization of the
Kakutani, Bohnenblust and Karlin theorems [11].

Corollary 3.3.2. Given a convexr compact set K C E and an upper semi-
continuous map vp: K — E with closed convex values, if ¢ is weakly inward, i.e.
forallx € K,

(p(x) —2) N Tk (x) # 0,
or weakly outward
(z = @(x)) N Tk (x) # 0,
then ¢ has a fized point. (|

Observe that weak tangency (inwardness or outwardness) conditions are in
fact boundary conditions: if z € int K, then Tk (z) = E and they hold automat-
ically. It is also clear that if, for z € K, ¢(z) C K (i.e. p: K —o K), then the ¢
is weakly inward since then, for each z € K, ¢(z) C K —z C Tx ().

Theorem 3.3.1 and Corollary 3.3.2 were generalized many times: Ky Fan
proved that Browder’s result remains true under weaker assumptions concerning
regularity of ¢. Finally Cornet [24] has shown that the weak tangency condi-
tion may be substantially relaxed. Below we present the result of Cornet with
a different proof using the Browder—Fan fixed point theorem.

We start with a next result essentially due to Browder.

(*?) The terminology given here and below may differ from the one used elsewhere.
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Theorem 3.3.3. If an upper hemicontinuous map p: K — E* has weak™-
compact conver values, then it admits a generalized equilibrium, i.e. there is

xo € K such that o(z0) N Nk (z0) # 0.

Proof. Observe that o € K is a generalized equilibrium of ¢ if and only if

sup inf (p,y— xz0) <O0.
yeK pEp(zo)

Indeed, the necessity of the above condition is clear; if this condition holds, then
by the von Neumann-Sion min-max theorem,

0> inf sup(p,y—xo) = sup(po,y — o)
pEP(T0) ye K yeEK

for some py € ¢(z0), since the function E* 3 p — sup,cp(p,y — 7o) is weak”
lower semicontinuous and (zg) is weak*-compact. Since Nk (zg) = {p € E* |
for ally € K (p,y — xo) < 0}, we see that pg € Nk ().

Suppose to the contrary that ¢ has no generalized equilibria, i.e. by for any
x € K, there is y € K such that inf,c ) (p,y — ) > 0, i.e.

S@)i={y e K | 0@ —y) = suwp (pz—y) <0} #0.
pEp(x)

It is clear that, for each z € K, S(z) is convex and, for any y € K, S~(y)
is open in view of the upper hemicontinuity of ¢. Hence, by the Browder—Fan
Theorem 3.0.1, there is 29 € K such that z¢ € S(xg): a contradiction. [l

A similar result holds for proximal normal cones (see the lecture by Plaskacz
[64] and Remark 1.3.10).

Proposition 3.3.4. Let K C E be compact conver and let p: K — E be
upper semicontinuous with compact convexr values. Then there is xqg € K such
that (o) N (T (z0) — o) # 0; in particular (o) N N (xg, K) # 0.

Proof. Tt is clear that, for each y € E, mx(y) is nonempty compact convex
and 7x: E — K is upper semicontinuous. The map ¢: K x F — K x E, given
by ¥(z,y) = 7 (y) X (p(x) + ) for z € K and y € E, is upper semicontinuous,
compact and has compact convex values. Hence, by the Bohnenblust-Karlin (or
Fan-Glicksberg) fixed point theorem (see Theorem 3.1.5, there is (zg, y0) € KX FE
such that (xo,y0) € ¥(xo,y0). Hence zg € 7k (yo) and yo € @(x0) + xo, i.e.
p(w0) N (w5 (w0) — o) # 0. .

Application of the above proposition to the map ¢ —idg yields immediately
the next result of Ky Fan [39].
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Theorem 3.3.5. For any upper semicontinuous map p: K —o E with com-
pact convex values, where K C FE is convexr compact, there are points xg € K
and yo € p(xo) such that ||yo — zol| = dx (yo).

Our next result, being a modification of a result essentially due to Cornet,
provides the above mentioned direct generalization of the Browder—Fan Theo-
rem 3.3.1.

Theorem 3.3.6 (Cornet, [24]). Suppose that K is a convex compact subset
of a Banach space E, F is a Banach space, A € L(E,F) (i.e. A:E — F is
a bounded linear operator) and let M := A(K). If an upper hemicontinuous map
p: K — E with closed convex values satisfies the normality condition, i.e. for all
rzeK,

sup lnf <p7 y) S 07
pEN M (A(z)) YEP(2)

then there is xo € K such that 0 € p(z0).

Before we give a proof let us discuss the normality condition and its relation
to the usual (weak) tangency condition. First observe that, for all z € K,

A* NNk (z)) = Nax)(A(z)) and dA(Tk(z)) = Tacx)(Al2)).
Lemma 3.3.7. Let K, A and M = A(K) be as above. Consider the follow-

ing conditions:

(a) for allz € K, p(x) NTa(A(x)) £ 0;

(b) for allz € K, o(x)Ncl A(Tk(x)) # 0;

(c) for allz € K, SUppe a1 (N (2)) Infyep@) (P, y) < 0;

(d) for allz € K, SUp,eca+—1(9dy (2)) Myep@) (0, ¥) < 0;

(e) forallzxe K, SUPpcady (Az) Dyep() (p,y) <0;

(f) for allx € K, inf e,y d3 (A(z);y) < 0.
Then (a) < (b) = (normality) < (c) = (d), (normality condition) = (e) <
(f). If values of ¢ are bounded, then (d) = (c) and (e) = (normality condition).
All these conditions are equivalent if ¢ has weakly compact values.

In particular if F = F and A = I is the identity, then (normality) is weaker
than the weak tangency condition. Hence the Cornet theorem may indeed be
considered as an extension of the Browder theorem.

Proof of Theorem 3.3.6. Suppose to the contrary that ¢ has no equilibria, i.e.
for each x € K, 0 & p(z). Theorem 2.9.2 implies the existence of a continuous
map p: K — F* is continuous such that, for each = € K,

inf (p(z),y) > 0.
yEp(x)
By Theorem 3.3.3, there is zy € K such that A*p(xo) € Nk (z¢). Hence, by
Lemma 3.3.7(c),

inf (p(z0),y) <0,
yEp(zo)
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a contradiction. O

Remark 3.3.8. (a) It would be interesting to prove the Cornet theorem
under assumption (f) (from Lemma 3.3.7) replacing the normality. In view of
Lemma 3.3.7, it holds when values of ¢ are additionally bounded. If £ = F' and
A =1, then condition (f) reads
(3.1) inf dy(x;y) <0 forallz e K

yEp(x)
and is weaker than the normality and the usual weak tangency conditions. Below
we shall see that (3.1) is sufficient for the existence of equilibria.

(b) Note that in the course of the above proof we have used the upper hemi-
continuity of ¢ only in a very restrictive manner. It is sufficient that given p € F*,
the set {z € K | infyc ) (p,y) > 0} is open; the “full” upper hemicontinuity is
not necessary.

Theorem 3.3.6 yields some consequences in the theory of the constrained
coincidences. Replacing ¢ by ¢ — A we get

Corollary 3.3.9. If K, M, A and ¢ are as in Theorem 3.3.6, for allx € K
and p € Np(A(x)),

inf (p,y) < (p, A(2)),
yEp(x)

then there is T € K such that A(T) € o(T).

Now we shall try to discuss the possibilities to relax the assumption of com-
pactness in the above results. As we shall see this requires a more delicate
treatment. Perhaps the first result in this direction is that of Aubin.

Proposition 3.3.10 (Aubin, [3]). Suppose that K C R™ is closed and con-
vez, an upper hemicontinuous ¢: K —o R"™ has closed convex values, satisfies the
weak tangency condition and is coercive in the following sense:

(3.2) limsup  o40)(z) <O0.

z€K, ||z|]|—o0

The ¢ has an equilibrium in K.
Proof. By (3.2), there is 7 > 0 such that B(0,r) N K # () and

sup oy (z) <0.
z€K, ||z||>r

Hence, for all z € K, ||z|| = r and all y € p(x), (z,y) <0, i.e. p(z) C Tp(z)
where D := D(0,r) is the closed ball of radius r around 0. Observe that, for all
x € KND, p(x) NTrnp(z) since, as it is easy to see,

(33) TKQD(.’,E) = TD(.’,E) n TK(.’,E)
Thus, by Theorem 2.1.3, there is zo € K N D such that 0 € ¢(zo). O

A general principle implying this result is the following:
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Lemma 3.3.11 (see [4]). Given a continuous operator A:E — F, closed
conver sets K C E, C C F, if the transversality condition holds, i.e. 0 €
int (A(K) — C), then

Txna-1(0)(@) = Ti () VA (Te (A(2)))
for each z € KN A~Y(C).
It immediately gives the next result.

Proposition 3.3.12 (see [58]). Suppose that K C E is closed conver and
int K # (. If an upper hemicontinuous ¢: K — E with compact convexr values
is compact (i.e. cl(K) is compact) weakly inward, i.e. for each x € K, o(x) N
(x 4+ Tk (z)) # 0, then ¢ has a fized point.

Proof. Suppose, without loss of generality, that 0 € int K. There is a com-
pact convex set C' C FE such that 0 € C and o(K) C C. Hence, for any z € KNC,
o(x) C &+ Te(x). Since CNint K # (), we see by Lemma 3.3.11 (with A = 1)
that, for each x € KNC, Tk (z)NTe(2) = Tkne(x) and (p(z)—2)NTrnc(z) # 0.
By Theorem 2.1.3 we conclude the proof. (|

The above results motivate the following definition: we say that a bounded
linear operator A: E — F and a closed convex set C' C F control directions
admitted by p: K —o F if, for each x € KNA™Y(C), we have (z)NTc(A(z)) # 0.

For instance, if K C E, C C F are closed convex, p: K — F' and, for each
z €K, p(xr)NC #0, then C and A control directions admitted by & = ¢ — A.

This allows the following non-compact generalization of the results of Cornet
and Browder-Fan 3.3.1, 3.3.6

Theorem 3.3.13. Suppose that K C E is closed convexr, F is a Banach
space, A: E — F is a linear bounded operator which, together with a compact
set C C F, controls directions admitted by an upper hemicontinuous ¢: K — F
having closed convez values. If the restriction Al is proper (2°), 0 € int (A(K)—
C) and, for allz € KN A™YC) and all p € A* Y (Nk(x)),

inf ,y) <0,
y€<P(r)ﬁTc(A(r))<p v

then ¢ has an equilibrium.
Proof. By Lemma 3.3.11, for any x € K N A~1(0),

Ngna-1(c)(@) = Trna—1(c)(x)"
= Tk(x)N AilTC(A(x)))J‘ = Nk (x) + A" (Nc(A(z)).

(2%) This holds for instance if A is a semi-Fredholm operator and K is bounded. Recall
that A € L(E, F) is semi-Fredholm if the range Im (A) is closed and dim Ker (A4) < co.
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Let z € KNA™Y(C) and A*(p) € Ngna-1(c)(x). Then, there are p; € Nk (z)
and ¢ € No(A(x)) such that A*(p) = p1 + A*(q). Hence p — g € A* "} (Nk(x))
and, for any y € ¢(z) NTc(A(x)),

inf (p,

< inf 1Y) <
e LAl U SN

inf —q,y) <0.
- yew(r)ﬂTc(A(r))@ a:9)

The properness of A implies that A=1(C) is compact; this, by Theorem 3.3.6,
ends the proof. O

The result stated above, although sufficient on many occasions, in practice
requires to know that int K # (). From that reason stems the necessity to
establish a result which relaxes this assumption, too. To discuss and explain an
approach due to Deimling, let us make the following observations.

Let, as usual, K C E be a closed set of a Banach space F and let =z € K.
If e > 0 and w: [0,e] — K is a continuous function such that «(0) = x and the
right derivative v = w/_(0) exists, then it is easy to see that v € Tk (). Given
an upper semicontinuous map ¢: K —o E with compact convex values such that
there exists a solution wu: [0,e] — K of the Cauchy problem:

{ u'(t) € p(u(t)),

(3.4) 0o

i.e. there is an (Bochner) integrable function w:[0,e] — K such that w(t) €
o(u(t)) and u(t) =z + fot w(s)ds on [0,¢], then p(x) N Tk (z) # 0. Indeed, for
an arbitrary sequence h, — 0% and any n € N, u(h,) = x + h,v, € K where

I
Up = E/o w(s)ds.

It is clear that v,, € cleconv{w(s) | s € [0, hy]} C clconvp({u(s) | s € [0, hn]}).
The upper semicontinuity of ¢ and the compactness of its values implies that,
passing to subsequences if necessary, v, — v € p(x). Hence v € p(z) N Tk (x).

This means that in order to verify the weak tangency condition for ¢ it is
sufficient to show that, for each z € K, problem (3.4) admits a solution. The
converse implication does hold under some additional assumptions. In particular
one has the following result.

Proposition 3.3.14 (see [32]). Suppose that K is closed, bounded in E, an
upper semicontinuous @: K —o E with conver compact values is k-set-contractive
(k > 0) with respect to the Kuratowski or Hausdorff measure of noncompact-
ness . If ¢ is weakly tangent to K, then problem (3.4) admits a solution.

Theorem 3.3.15 (Deimling, [31]). Let K be a closed bounded convex subset
of a Banach space E and let an upper semicontinuous map ¢: K —o E with
compact convez values be condensing with respect to the Kuratowski or Hausdorff
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measure of noncompactness v (*1). If ¢ is weakly inward, i.e. for each x € K,
plx) Nz + Tk(x) #0, then ¢ has a fized point.

Proof. We may assume that 0 € K since a translation does not destroy any
of the assumptions. Moreover, we may suppose that ¢ is a set-contraction. For
if we take k € (0,1), then it easy to see that k¢ is a set-contraction which also
satisfies the weak inwardness condition. Assuming that the result holds for set-
contractions and taking a sequence k,, — 1+, for each n € N we get =, € K
such that z,, € knp(x,). For any € > 0 there is N € N such that k,;1 —1 < ¢
for n > N. For such n, z,, € B(k; 'z, e) C B(p(xy),€). Hence

Y{zn}nle) =v({zn [n 2 N}) <e+y(p({zn | n > N})) <e+v(p({zatnl).

This show that the set cl{x,}32; is compact. Passing to a subsequence if nec-
essary, we may assume that z,, — zo and z¢ € p(zo).

Suppose that, for a bounded set B C K, y(¢(B)) < ky(B), where 0 < k < 1.
Let e, =27™ and

Ky=K, K,=C,NK,_1 where C, :=clconv|[B(p(K,—1),e,) U B(0,¢&,)]
for n € N. It is clear that, foralln > 0,0 € K,,, K41 C K,, C K and
Y(HKn) < (Cn) < Y(p(Kn-1)) + 285 < ky(Ky-1) + 2€5.

Thus, by induction

Y(Kn) < By (Ko) + 2> K" e.

i=1
This shows that (XK, ) — 0; hence, by the Kuratowski theorem, the set
C .= m K,
n=0

is nonempty and compact convex. The map ¢ is weakly inward to K = Kp;
suppose that so it does with respect to K,—1 (n > 1). We shall show that
@ is weakly inward to K, as well. Let z € K, and take y € ¢(x) such that
y—x € Tk, ,(x). Since 0 € intC, N K,_1 and ¢(z) C Cp, we have that
y—x € Tg, (x) and, by Lemma 3.3.11,

y—x€To, (2)NTk,_, () =Tk, (x).
Having this we shall prove that ¢ is weakly inward to C'. To see this take z € C'
and observe that the Cauchy problem
{ u'(t) € p(u(t)) — u(t),

(35) ul0) =,

(?1) Measures of noncompactness are treated e.g. in [1].
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has a solution uy,:[0,1] — K, in view of Proposition 3.3.14. It is easy to see
that the family {u,}3%, is equicontinuous and, for each t € [0,1], the orbit
{un(t)}52, is relatively compact. Hence, by the Ascoli-Arzela theorem, we may
assume that u, — u € C([0, 1], C) uniformly on [0, 1]. Obviously u(0) = z. It is
also standard (see e.g. [6, Appendix] for an argument in a more general situation)
to see that, for almost all ¢ € [0, 1], the orbit {u/ (¢)}22, is relatively compact.
By a result due to Diestel [35], passing to a subsequence if necessary, we infer
that u, — w € LY([0,1], E) weakly in L'. Hence u(t) = x + fotw(s) ds, i.e.
u’ = w almost everywhere on [0, 1]. The application of the so-called convergence
theorem [3] (or [4]) shows that w(s) € ¢(u(s))—wu(s) almost everywhere on [0, 1],
i.e. u is a solution to (3.5). By the remarks preceding Proposition 3.3.14, this
implies that (¢(z) — z) N Te(x) # 0. In virtue of Theorem 3.3.1, ¢ has a fixed

point. O

Theorem of Deimling gives sufficient conditions for the so-called essential-
ity of set-valued maps which generalizes the so-called Leray—Schauder nonlinear
alternative of Granas and a result due to Aubin (see [3], [58]).

Proposition 3.3.16. Suppose that K C E is closed convex and int K # ().
If a compact map p: K — E has compact convex values and is weakly inward to
K, then it is essential with respect to the boundary bd K, i.e. any compact map
V: K — E with compact conver values such that ¥|pa k = @lbax has a fixed
point. In particular, if a compact map ®: K x [0,1] — E with compact convex
values is such that ®(-,0) = ¢, for allz € bd K and t € [0,1], z & ®(x,t), then
®(-,1) has a fized point.

Proof. The first part is obvious. For each x € K, ¥(z) N (z + Tk (z)) # O
for z € bd K it follows by assumption; if z € int K, then Tk (x) = E.

As concerns the second assertion, the proof uses the method of Borsuk. Let
B={r € K|z € ®(z,t) for some t € [0,1]}. The upper semicontinuity of &
implies that B is closed; moreover bd K N B = (). Take an Urysohn function
t: K — [0, 1] separating bd K from A, i.e. ¢ is continuous and t|pa x =1, t|p = 1.
It is easy to see that (x) = ®(z,t(z)) defines a compact map ¢: K — F with
compact convex values and ¥nq k = ¢|bd k- Therefore there is zy € K such that
xo € P(x0) = P(0,t(x0)). Hence g € B, t(xg) = 1 and g € P(z0, 1). O

The next result follows in the same spirit.

Theorem 3.3.17 (see [58]). Suppose K is convex closed, U C K is open,
a set-valued p: K — E is compact, for all x € K, o(z) N (z 4+ Tk (z)) # 0 and
the fized point set {x € K |z € p(x)} C U. If:cl kU —o E is compact (*?), for

(22) In what follows cl U, bd g U denotes the closure and the boundary of U relative
to K.
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each x € U, Y(z)N(x+Tk(x)) # 0, then at least one of the following properties
is satisfied:
(a) there isx € bd kU and t € (0,1) such that x € (1 —t)p(x) + tip(x);
(b) there is xog € cl kU such that x¢ € ¥(xo).

Proof. Suppose that (a) does not hold and = ¢ ¢(x) for x € bd xU. The
homotopy ®:clxU x [0,1] — E given by ®(x,t) = (1 — t)e(x) + ty(z) is
compact and has compact convex values. The set B = {x € clgU | z €
®(z,t) for some t € [0,1]} is clearly closed and BN (K \ U) = (). Take an
Urysohn function ¢: K — [0, 1] such that ¢|x\y = 0 and t[p = 1. The map
®(-,t(-)) is actually defined on K, has compact convex values, is compact
and satisfies the weak tangential inwardness condition, i.e. for each z € K,
D(z,t(x)) N (x + T (z)) # 0. Indeed, for z € K\ U, ®(z,t(x)) = p(x); for
x € U, there are y1 € (z) and y2 € () such that y; €  + Tk (z), hence
y=(1—tx)y +t@)y: € z+Tk(z) and y € ®(z,t(x)). By Theorem 3.3.15
there is g € K such that zg € ®(zg,t(x)). Thus o € B, t(z¢) = 1 and
xo € Y(zo). O

Remark 3.3.18. A much more involved arguments lead to the definition of
the constrained fixed-point index. In [30] the following situation was studied:
let K C E be closed convex, U C E be open and let ®: U — E be a compact
upper semicontinuous map with compact convex values such that, for all x € U,
D(z)N(x+Tk (z)) # 0 (i.e D is weakly inward to K). Then the index Ind (@, U)
detecting fixed points of ® is defined provided Fix (@) :={z € U | x € ®(x)} is
compact. As usual this index has all the standard properties. If U = K, then
Ind (@, K) = 1. This, together with the existence property of the index implies
the ‘compact’ version of Theorem 3.3.15.

3.4. Beyond convexity. Let us consider the following examples showing
that the weak tangency or weak inwardness is not sufficient for the existence of
equilibria or fixed points om maps defined on nonconvex sets.

Example 3.4.1. Let

K = {x = (21,72, 73) €R? | |2| < V2 and /22 4 22 > xg},
S:={zxc K|z} +x3=1and 23 =1},
Z:={xcR®| 2?4+ 22 <1landux3=1}.
It is easy to see that K is a compact retract. Next, for z € K, put
zZ forz € D\ S,
pe) =
conv{Z U {(—xz2,z1,0}} forxeS.

Clearly p: K — FE is upper semicontinuous with compact convex values and
o(x) NTg(x) # 0 on D. But is easy to see that ¢ has no equilibria. Observe
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also that, for x = 0, the set S(x) of all solutions to the Cauchy problem (3.4)
is homeomorphic to the unit sphere S*; hence it is not an Rs-set (this will be
explained later on). Notice that, for all z € K, x # 0, the Bouligand and the
Clarke tangent cones Tk (x) and Ck(z) coincide; however Tk (0) # Ck(0) and
¢(0) N Ck(0) = 0.

Below we shall see that if, in the above example, should we take another map
o that satisfies the weak tangency condition with the Bouligand cones replaced
by the Clarke cones, then ¢ would possess equilibria. However, it is not true
that such a procedure would be a general remedy.

Example 3.4.2. Let K := S; U S_; where S; := {z = (z,y) € R? | (z —
i)?2 +y? = 1}. Tt is readily seen that K is a neighbourhood retract in R? and
X(K) # 0. Let

(yv]‘ix) for (xvy)gslv

floy) = { (—y,1+2) for (z,y) € 1.

For all z € K, f(z) € Tk(z) = Ck(z) but f has no zeros. At the same time
the set of all solutions to (3.4) (with ¢ replaced by f and xz = (0,0)) is even not
connected.

We shall see that apart form the necessity to consider Clarke cones (instead of
Bouligand ones), one should impose certain topological conditions on the set K.

Let (X, d) be a metric space. We say that a set K C X is an L-retract (of X)
if there is a neighbourhood retraction r: U — K and a constant L > 1 such that,
for all x € U,

(3.6) d(r(z),z) < Ldg(x).

Clearly any L-retract is a neighbourhood retract and is closed. The class of £-
retracts has been introduced and studied in [8]. It is clear that an L-retract
K is an ANR; hence if K is compact, then the Euler characteristic x(K) is
well-defined (see [17]).

Before we study the existence of equilibria on L-retracts, let us provide some
examples of such sets.

Example 3.4.3. (a) Suppose that K C X is closed and bi-Lipschitz homeo-
morphic with a closed convex set A C F (i.e. there is a Lipschitz homeomorphism
h: K — A with Lipschitz inverse g = h™1: A — K). Then K is an L-retract.

To see this let f: X — A be an extension of h given by the Arens-Dugundji
formula (see [10]) and put r(xz) = go f(z) for x € X. In [8] it is shown that
(3.6) holds for all z € X and L = 3Ly Ly, + 1 where Lj, and Ly are the Lipschitz
constants of h and g, respectively.

(b) If K C E is closed and convex, then for each € > 0, there is ' E — K
such that ||r(z) — z|| < (1 +¢)dk(x).
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To see this, for z € E, let Y(z) :=={y € K | |ly—z|| < (1 +¢e)dx(z)}. It is
easy to see that 1) has closed convex values and is lower semicontinuous and, for
x € K, (x) = {z}. In view of the Michael selection theorem, 1) has a continuous
selection m F — K.

(c) Following [63] (where the finite-dimensional case was presented) we say
that K C E is a proximate retract if there are a neighbourhood U of K and
a retraction r: U — K such that ||r(z) — z|| = dx(z) (we say that r is a met-
ric retraction or projection). Proximate retracts in a Hilbert space (under the
name @-conver sets) have been studied in detail in [23] (see also the exten-
sive bibliography therein) and some equivalent conditions were formulated. In
particular, proximate retracts are tangentially regular. For instance, sets with
CY 1 boundary are proximate retracts. Obviously each proximate retract is an
L-retract.

(d) If K C FE is a neighbourhood retract with Lipschitz continuous neigh-
bourhood retraction r: U — K. Then (3.6) holds with L = ¢ + 1 where ¢ is the
Lipschitz constant of r. In particular, if K is a compact neighbourhood with
a locally Lipschitz retraction r: U — K, then K is an L-retract.

(e) Above after Rockafellar [67] we have introduced the class; each epi-
Lipschitz set is an L-retract.

As we see the class of L-retracts is pretty large and, as it appears, it behaves
well as concerns the constrained equilibrium theory.

The first result in this direction is due to Plaskacz [63] who proved that
if K C R™ is a compact proximate retract with nontrivial Euler characteristic,
p: K — R™ is upper semicontinuous with compact convex values satisfying the
weak tangency condition (involving Bouligand or Clarke cones: it is equivalent
in view of the tangential reqularity of K), then ¢ has an equilibrium.

The next step was done by Clarke, Ledyaev and Stern [22] (see also [70])
who proved that given K C E such that either

(i) K is bi-Lipschitz homeomorphic with a compact convez set, or

(i) E=R" and K is epi-Lipschitz and homeomorphic with a compact con-
vex set, an upper semicontinuous ¢: K —o E with closed convex values
satisfying the weak tangency condition (i.e. o(x) N Ck(x) # 0 for each

x € K), then o has an equilibrium (*3).

Observe that above, the set K is a compact L-retract and x(K) = 1. The
decisive contribution to the problem was done by Ben-El-Mechaiekh and the
present author in [8] and the following result was obtained.

Theorem 3.4.4 (see [8]). Let K C E be a compact L-retract with x(K) # 0.
If p: K — E is upper semicontinuous with closed conver values and weakly

(?3) Epi-Lipschitz in R® having nontrivial Euler characteristic have been studied in [25]
in the context of generalized equilibria.
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tangent to K, i.e.
(3.7) () NCk(z) #0, foralzeK
then ¢ has an equilibrium.

This result constitutes a direct generalization of the Browder, Plaskacz,
Clarke, Ledyaev and Stern and others. We shall prove a result even more gen-
eral due to Cwiszewski and the author [27]. We start with a generalization of
Theorem 3.3.3.

Theorem 3.4.5 (see [27]). Suppose K C E is a compact L-retract with
the nontrivial Fuler characteristic. Any upper hemicontinuous set-valued map
p: K — E* with convexr weak™ compact values admits a generalized equilibrium
i.e. a point xg € K such that ¢(xo) N Nk (xo) # 0.

In fact in [27] the following fact was established.
(GE) There is zp € K and § > 0 such that, for all y € E, if d%(z0;y) < 4,
then inf,cy(20) (0, y) < 1.
It is not difficult to see that (GE) implies

sup inf (p,y) <0
y€ECK (z) PEP(T)

being equivalent to the existence of a generalized equilibrium.
Now we ready for an extension of Theorem 3.4.4.

Theorem 3.4.6 (see [27], [58]). Suppose that K C is a compact L-retract
with x(K) # 0.

(a) Let F be a Banach space, A € L(E,F) and let o: K — F be an up-
per hemicontinuous mapping with closed convex wvalues satisfying the
normality condition, i.e. infyc ) (p,y) < 0 for allx € K and p €
ANk (2)).

(b) Let an upper hemicontinuous map p: K — E have closed convex values

and, for allxz € K,

inf d%(z;y) <0.
yEp(x)

Then, in both cases (a) and (b), ¢ admits an equilibrium.

Proof. The proof of the first part is identical to that of Theorem 3.3.6 (instead
of Theorem 3.3.3 one applies Theorem 3.4.5).

When (b) holds, then again suppose to the contrary that 0 ¢ ¢(z) on K.
The separation theorem implies the existence of a bounded linear form (of a suf-
ficiently large norm) p, € E* such that infyc ;) (pz,y) > 1. As in the proof of
Theorem 3.3.6, one constructs a continuous p: K — E* such that, for all z € K,

(3.8) yeigfx)@(x),y) > 1
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Condition (GE) (with p replacing ) is satisfied for some 2y € K and § > 0. By
the assumption, there is y € ¢(z) such that d%(zo; y) < J; hence (p(zo),y) < IL:
a contradiction with (3.8). O

In both Theorems 3.4.5 and 3.4.4 the nontriviality of x(K) is crucial. In
[25] the authors show that this topological assumption is, in a sense, necessary
for the existence of equilibria. Namely, they prove that if K is a compact epi-
Lipschitz subset of R™ (hence a compact L-retract), then there exists a nonzero
single-valued continuous map tangent to K. The corresponding result for general
L-retracts in E (or even in R™) is not known; however we conjecture it to be
true.

Unfortunately there is still no way to proceed with the constrained fixed
problem of set-valued maps defined on arbitrary (noncompact) L-retracts. The
method proposed above strongly relies on the compactness. That is why criteria
for the existence of equilibria of maps defined on sets of a slightly less general
nature than L-retracts have been established in [27], [58], [26]. The authors were
able to relax the compactness assumption which was yet unavoidable in above
theorems.

3.5. Homotopy invariants in the constrained case. Let K C E be
a locally compact L-retract, let U C K be open and suppose that p: U — E be
an upper hemicontinuous map with closed convex values such that, for all z € U,
o(2)NCk(x) # 0 and (i.e. ¢ is weakly tangent) ¢ ~1(0) is compact. Under these
assumptions the integer-valued degree deg(y,U) has been defined in [29]. The
construction is provided in three steps.

At first one assumes that ¢ has compact values and is upper semicontinuous.
For any € > 0, let C.: K — E be given by

Ce(x) = {u )

lim sup M < 5}, z e K.
Yy X, z, h—07t h
It is quite simple to show that C. is lower semicontinuous and has convex values.
Moreover, for each x € U,p(z) NCe(x) # (. Therefore, in view of Theorem 2.8.1,
there is a continuous map f.: U — E being and e-approximation of ¢ and an e-
selection of C¢. It may be shown that if € and ¢t > 0 are sufficiently small, then

the map g.: U — K given by
ge(x) =r(z+tfe(x)), xe€U,

where 7: Q — K is the L-retraction (defined on an open neighbourhood € of K)
is well-defined; moreover the fixed-point index ind(K, g., U) is well-defined and
does not depend on €, t and r. Hence one may put

Deg(p,U) == _lim ind(K, g.,U).
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In the second step one considers an upper hemicontinuous set-valued map
®: U — E* with weak*-compact convex values such that the set Z*(®) :=cl{z €
U | ®(z) N Ng(z) # 0} (i-e. the closure of the set of all generalized equilibria)
is compact. In this case [29] defines the so-called co-degree *deg(®,U) which
detects the existence of points in Z*(®).

Finally, having all these we consider the general situation: ¢: U — E is upper
hemicontinuous with closed convex values. Using approximation constructions
similar to those from Theorems 2.1.3 and 2.9.2, the existence of a continuous map
q:U — E* such that, for € U\ ¢~ 1(0), infyep(z)(q(x),y) > 0and Z*(q) C ¢~ .
Therefore, one may put

Deg(p,U) := deg(q, U).

This definition is correct since, as it is shown in [29], it does not depend on
the choice of ¢q. The whole construction relies heavily on various approximation
techniques (graph-approximations, constrained graph-approximations as well as
acute-angled approximations). The constructed degree (considered for weakly
inward maps instead of weakly tangent ones) can be easily converted to a well-
defined constrained fixed-point index.
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SET-VALUED ANALYSIS IN OPTIMAL CONTROL PROBLEMS

SEAWOMIR PLASKACZ

ABSTRACT. In the lecture differential techniques in set-valued analysis are
presented. Several applications to the control theory are given.

One of the main problems in optimal control theory is to describe the value
function as a solution to the corresponding Hamilton-Jacobi-Bellman (H-J-B)
equation. The value function is, in general, not differentiable. So, the value func-
tion is not a classical solution to the H-J-B equation. The crucial role is played
by the notion of viscosity solutions introduced by Crandall and Lions in [8]. In
the definition of viscosity solution the gradient is replaced by subgradient and
supergradient — two basic notions of nonsmooth analysis. The subdifferential is
the set of subgradients. In this way we obtain the set valued map that associates
to any element in the domain of the value function its subdifferential (superdif-
ferential). Methods of set valued analysis are deeply used in the differential
inclusion approach initiated by Frankowska [11]. Our aim is to present the self
contained series of three lectures that start with some elements of convex and
nonsmooth analysis and through differential inclusion finish with weak solutions
of H-J-B equations corresponding to the Mayer problem.

In the first section we introduce some basic notions of convex and nonsmooth
analysis. We compare normal and tangent cones to convex sets. In the nonconvex
case we study the Bouligand tangent cone, the Clarke tangent cone and the
proximal normal cone. We show that the lower limit of Bouligand’s cones is
a subset of the Clarke cone. We study the subdifferential to a convex function
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and show the connections with normals to the epigraph. A similar connection
we obtain also for noncovex functions.

In the second section we consider differential inclusions. We consider the
problem of the existence of a solution to the Cauchy problem, we characterize the
set of solutions to the Cauchy problem and study the invariance and the viability
problems. First we consider differential inclusions with Lipschitz continuous right
hand side. Then we pass to differential inclusions with upper semicontinuous
(u.s.c.) right hand side using the approximation theorem of u.s.c. maps.

In the last section we consider the value function in the Mayer problem. We
follow the Frankowska viability approach. We show that if a lower semicontinu-
ous function is a weak solution to the H-J-B equation and satisfies the terminal
condition then it is equal to the value function. We show that the epigraph of the
function is forward viable and backward invariant to a corresponding differential
inclusion. It follows the desired conclusion.

1. Elements of convex and nonsmooth analysis
1.1. Proximal projection. Suppose that X C R? is a closed set. The
proximal projection IIx from R? onto the set K is defined by
g (y) = {z € K : dist(y, K) = [y — =[}.
If z € K and n € R\ {0} then
(1.1) x€llg(z+n)e Blx+n,|n))NK =10

where B(z,r) denote a ball with the center at the point z € R? and a radius
> 0.
If v € lIg(x +n) and o € (0,1) then x € g (x + an).

We have B(z + an,|an|) C B(z + n,|n|). Thus, if B(z + n,|n|)N K = () then
B(x + ay, |ay|) N K = 0.

In general, the proximal projection is a set-valued map. We easy see that if
K is a sphere and x is the center then Il (x) is the whole sphere. If K is convex
then the proximal projection is single-valued and posses more regular properties.

Proposition 1.1. Suppose that K C R¢ is convex and closed. Then I : R
— K is a single-valued nonexpansive map

Mk (y1) = M (y2)] < [y1 — 2.
Moreover,

(1.2) ze€llg(x+n)eVze K, (z—z,n)<0.

Proof. If 1,29 € Ik (y) and x1 # x5 then |y — (21 + x2)/2| < |y —21]. Thus
IIx is a single-valued map.
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Suppose that « € IIx(z +n) and z € K. Then

|z = (@ +n)* > [nf.

z—x 1
—— n)y< —|z—x|.
|z — x| 2
For h > 0 we set z, = x + h(z — x)/|z — z|. For sufficiently small h we have
zp € K. Thus
zZ—x Zn — T 1
— N = —,n §—|Zh7$|.
|z — x| |z — x| 2

Taking the limit with h — 0 we obtain (z — x,n) <0.
To obtain the reverse implication in (1.2) let us take an arbitrary z € K.
Then

Thus

|z — (x4+n))* = |2z — 2| +2(z — z,n) + |n|* > |n|%.
Thus x € g (x + n).
Now, we show that the proximal projection is a nonexpansive map. Let
y1,y2 € R® and x; = Mg (y;), i = 1,2. By (1.2),we have

(1 —xo,y2 —x2) <0 and (ra—x1,11 —21) <0.

Thus
<£U1 — X2,Y2 7$2+$1 *y1> S 0
By the Cauchy inequality

|21 — @2|® < |o1 — 22|y — w2l O
1.2. Normal and tangent cones to a convex set. We assume that K C
R? is a closed convex nonempty set. We say that a n € R? is a normal vector to

the set K at the point z € K if IIx(z +n) = . The set of normal vectors we
denote by Nk (x). That is

n € Ng(z) © lg(x+n) =x.

Proposition 1.2. The set Nk () is a closed convex cone. The set-valued
map Ng: K —o R? has a closed graph.

Proof. By (1.2), n is a normal vector to K at x if and only if
(1.3) (z—x,n) <0 forall ze K.

It follows that Nk (z) is a closed convex cone.
Suppose that n,, € Ng(x,) and n, = n, im0 ¢, = . Thus z =
limy,— 00 T = limyy— oo i (T, + 1) = Ui (x 4 n). O

The polar cone S+ to a set S C R? is given by

veSteVseS (s,v) <O0.
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It is easy to see that S+ = (c1S)% and S* is a closed convex cone. If S; C S,
then Sy C St

Lemma 1.3 (Fenchel). If S C R? is a closed convex cone then (S+)+ = S.

Proof. Tt is obvious that S C (S+)*.

To show the reverse inclusion assume to the contrary that there exists v €
(S+)1 such that v ¢ S. By the separation theorem, there exists p € R%\ {0}
such that

(p,v) > sup{(p,w) : w € S}.
Thus sup{(p,w) : w € S} = 0 and p € S*. But v € (S1)*, so (p,v) < 0. A
contradiction. g

By Walkup—Wets formulaa (see Lemma 1.3.7 in [16]) we obtain:

Lemma 1.4. If a set valued map N: K — R? has closed graph then the set
valued map S: K —o R given by S(z) = (N(z))* is lower semicontinuous.

We define the tangent cone Sk (z) to the set at € K by

SK(x)cl< U Khx)

h>0

Theorem 1.5. If K C R? is a closed convex set then for x € K
Sk(z) = Nk (2)*, Ng(z) = Sk(x)".
The set valued map Sk : —o R is lower semicontinuous.

Proof. We have

(1.4) ( U Khx>l = Ng(z).

Indeed,

K—a2\" z—x
i <
p€<U - ) & Vze K Yh >0, < - ,p>_0
sVze K, (z—uz,p) <0& p€ Nkg(x).

We have
K-z .
U ——— is a convex cone.
h>0
Ifv=(z—z)/h and a > 0 then av = (z — 2)/(h/a) € (K —z)/(h/).
If z; € K and v; = (2, — x)/h; , i = 1,2, then

7hQZl/(h1+h2)+h122/(h1+h2)7.’,E K—=x
V1 + v = Torha) (b + ha) € U .
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By (1.4) and (1.4), we obtain Nx(z) = Sk (z)*. By Fenchel Lemma 1.3, we
have Sk () = Nk (z)1. By Proposition 1.2 and Lemma 1.4, the set valued map
Sk is lower semicontinuous. O

1.3. A subdifferential to a convex function. The condition (1.3) char-
acterising a normal vector n # 0 to a convex set K at a point x € K can be
formulating as

sup (n, z) = (n,z) (=: ¢).
z€K

It can be geometrically interpreted as follows: the set K is located on one side
of the hyperplane {y € R? : (n,y) = c}. This hyperplane is a supporting
hyperplane the set K at the point x. The same geometrical idea is used to
define the subdifferential to a convex function.

A function f:RY — RU {oc} is convex if its epigraph

Epi(f) = {(z,y) : x € R? and y > f(z)}

is a convex subset of R? xR. The domain of the extended function f is dom(f) =
{z € R?: f(z) < oco}. The subdifferential df(zo) of the convex function f at
xo € dom(f) is defined by

Of(xo) = {p € R*: f(x) > f(x0) + (p,x — m0) for all z € R?}.

Proposition 1.6. Suppose that f:R? — R U {co} is a function with non-
empty closed convex epigraph and f(xzo) # oco. Then

p € Of(x0) < (p, —1) € Nepics)(zo, f(20))-
Proof. Let p € 0f(z9) and w > f(z). Then
((z,w) = (0, f(0)), (p, —1)) = (f(z0) + (P, — 20)) —w < 0.

Thus (p7 71) S NEpi(f)(x07 f(xo))
Suppose that (p, —1) € Ngpics)(wo, f(x0)). Then

((p, 1), (z, f(x)) = (0, f(20))) <0
for every « € dom(f). Thus p € df(xo). O
Example 1.7. We define f:R — R U {oo} by
—V1—2x2 for |z| <1,
)= { o

00 for |z| > 1.

If |x] = 1 then the subdifferential 0f(z) is an empty set. But the normal cones
to the epigraph are nonempty, Ngpicr)(1,0) = {(n1,0) : n1 > 0}.
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1.4. Tangent and normal cones to a closed set. We suppose that K C
R? is a nonempty closed set. There exists several concept of tangent cones
to a nonsmooth, nonconvex set. We present Bouligant tangent cone Tk (z) and
Clarke tangent cone C'ir. Systematic presentation of different concepts of tangent
cones can be find in [3].

We define the Bouligand tangent cone to the set K at a point z € K by

K—=x

Tk (z) = lim sup -
h—0+t

where lim sup Aj, denote the set upper limit of the family {A}, i.e.

a € limsup Ay, < liminfdist(a, Ay) = 0.
h—0+ h—0+
Proposition 1.8. If K C R? and x € K then the following conditions are
equivalent:
(a) v e Tk(x);
(b) liminf;, o+ dist(z + hv, K)/h = 0;
(c) there exists hp, — 0% and v, — v such that x + h,v, € K.

Proof. (a) = (b) If v € Tk (X) then liminf,_,q+ dist(v, (K —x)/h) = 0. For
every h > 0 there exists z, € K such that dist(v, (K — z)/h) = |v — (21, — x)/h]
We have

dist(z + hv, K) < lzn —(@+ho)| | 2zn—a
I = I T

Thus

i inf S0E A0 E) i dist (v, K= Z o,
h—0+ h h—0+ h

(b) = (c¢) We choose h,, — 0T such that lim,,_,. dist(z + h,v, K)/h, = 0.
Let z, € K and dist(x + hpv, K) = |z + hpv — 2z,|. We set v, = (2, — )/ hn.
Then

|z — T — hpv| n—oo

|vp, — 0] = T 0.
(¢) = (a) If z + hyv, € K then
K- hn n)
dist(v, hnx> <|v-— W =|v—w,
If v, — v then liminf}, o+ dist(v, (K — x)/h) = 0. O

The Bouligand tangent cone Tk (x) is a closed cone. In general, it is not
convex.

Example 1.9. Let K = {(z,y) : ¢ > 0, y > 0 and 2y = 0}. We have
Tk (0,0) = K, so it is not convex.

The set valued map Tx: K — R? is not lower semicontinuous.
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Example 1.10. Let K = .2, S, U {(0,0)}, where S, is a sphere in R?
with the radius 7, and the center at (x,,0). We choose sequences x,, — 07
and 7, — 0% such that z, = @41 + Tni1 + rn and 22 = 2r2. We have
Tk (0,0) = {(v1,v2) : v1 > 0and —v; < wve < wp}. And the set valued map Tk
is not lower semicontinuous at (0, 0).

We define the proximal normal cone PNx(z) to a closed set K C R? at
a point z € K by

PNg(x) = {n € R?: there exists a > 0 such that z € Tk (z 4+ an)}.
We have
(1.5) Tx(x) C (PNg(z))™*.

Let v € Tk(z) and n € PNg(X). Then there exists v,, — v, hy, — 0T such that
x+h,v, € K. Without loss of generality we can assume that © € Il (z+n). By
(1.1), we have K N B(x +n,|n|) = 0. So, we obtain |x + h,v, — (z +n)|? > |n|?
and hy,|v,|? — 2(vn,n) > 0. Passing to the limit we obtain —2(v,n) > 0, which
follows (1.5).

Lemma 1.11. Suppose that a function x:(a,b) — R? and the function
g(t) = dist(z(¢), K) are differentiable at ty € (a,b), where K C R is a closed
set. If g(tg) > 0 and y € g (z(ty) then

J(t) < <x'<to>,|—z|>,

where n = x(tg) — y.
Proof. We have
x(to + h) = x(to) + hv + o(h),
where v = 2/(to) and limp_.¢ o(h)/h = 0. Thus

Hglto + 1)~ glt0)) < 3 (iz(to +B) — yl — [zto) — )

|z (to) + hv + o(h) — y|* — |x(to) — yl?
~ h(lz(to) + hv + o(h) = y| + [x(to) - yl)

and

g (to) < lim

2(hw + o(h), h) + |hv + o(h)[? < n> -
h—0+ h(|z(to) + hv + o(h) — y| + |z(to) — y|) '

v, —
[n]
We define the Clarke tangent cone Ck(z) to the set K at a point x € K by

(1.6) Cx(z) = Liminf %

h—0+, y—kx
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where Liminf,_,,, A, denotes the set lower limit, i.e.

a € Liminf A, < limsupdist(a, 4,) =0
z—20 2— 20
and the symbol y — g x denotes that y belongs to K and tends to z.
The definition of the Clarke tangent cone can be formulated equivalently as
follows.

Proposition 1.12. If K C R? is a closed set and x € K then the following
conditions are equivalent:
(a) v e Ck(x);
(b) liminf,_g+ 4 dist(y + hv, K)/h = 0;
(c) for all hy, — 0% and all y, —§ x tehre exists v, — v such that y, +
hov, € K.

The proof of Proposition 1.12 is similar to the proof of Proposition 1.8.

Proposition 1.13. If K C R? is a closed set and © € K then the Clarke
tangent cone Ck () is a closed convex cone.

Proof. By (1.6) we obtain that it is a closed cone. To show that Ck(x) is
a convex set we shall use the condition (c) in Proposition 1.12.

Let v,w € Cg(z) and A € (0,1). We set z = Av + (1 — N)w. Let us
take an arbitrary h, — 0% and y, —x z. Then, there exist v, — v such
that y, + Mh,v, € K. Since y, + Mipv, — i ¢ and w € Ck(x) then there exist
wy, — w such that (y,+Ahpv,)+(1—A)h,w, € K. Thus, we obtained a sequence
Avp, + (1 — A)wy, converging to z such that y, + hn(Av, + (1 — Nwy,) € K. So,
S CK({E) O

The main result concerning the connection between the Bouligand cone and
the Clarke cone is that

(1.7) Liminf conv Tk (y) C Ck(z).

Y— KT
Theorem 1.14. If K C R? is a closed set and x € K then
Liminf (PNg(y))" C Ck(z).

Y7 KT

Proof. We show that if v € Liminf,_, (PNg(y))™ then the condition (b)
in Proposition 1.12 holds true.
Let € > 0. We choose 6 > 0 such that

Y|z —2| <6, 2 € K, Ju, € (PNg(2))*, |v—u.]<e.

We choose 61 > 0 such that for |y — x| < §; and 0 < ¢ < d7 it holds |y+tv —z| <
0/2. Fix y. Let us consider the function g(t) = dist(y + tv, K). The function
g is lipchitz continuous. We choose ¢ such that ¢ is differentiable at ¢t. Let
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z € lIg(y + tv). Then |z — x| < §. We set n := (y + tv) — 2z € PNk(z). By
Lemma 1.11, we have

0 )= o () =

Let t5, = sup{t € [0, h] : g(t) = 0}. Thus

h
dist(y + hv, K) :/ g'(s)ds <eh

th
forye K, ly—z| < d1, 0 < h < d. O
Remark 1.15. (a) Since (PNg(z))* is a convex cone then conv Tk (z) C
(PNg(x))*. By Theorem 1.14, we obtain (1.7).
(b) Suppose that K C R? is a closed convex set. Then PNy (z) = Nk (x).
Since the set-valued map Nk (-) has the closed graph then, by Proposition 1.4,
the set-valued map Ng(-))* is lower semicontinuous. Thus

(Nk ()" C L;Qigf(NK(y))L-
By (1.5) and (1.7) we obtain
Tk (z) C (Ng(z))*t = Sk (z) C Lyig}i{l;f(NK(y))J‘ C Ck(x) C Tk(x).

Thus the Bouligand tangent cone and the Clarke tangent cone coincide if the set
K is convex, i.e.
TK(.’,E) = CK(.’,E) = SK(.’,E)
(c) If the set-valued map Tk ( - ) is lower semicontinuous then Tk (z) = Ck ()
for all z € K. In particular, if K is a proximal neighbourhood retract then the
set-valued map Tk (- ) is lower semicontinuous (see [17]).

1.5. A subdifferential to a lower semicontinuous function. In the
section we assume that the function u: R¢ — R U {co} is lower semicontinuous.
Equivalently we can say that the epigraph Epi (u) is a closed subset of R4*!,

Definition 1.16. We say that p € R? is a subgradient of the function u( )
at the point x¢ if there exists an open neighbourhood V of zy and a C? function
p: V' — R such that

o(x) <u(z) for z €V and ¢(zo) = u(xo)

and

p = grad ¢(o).
The subdifferential du(zg) of the function w at the point zg is the set of all
subgradients p of u at xg.

We use the same notation to denote the subdifferential of an arbitrary lower
semicontinuous function and the subdifferential of a convex function. As one can
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expect the two notions coincide if the function u is convex. Also Proposition 1.6
has an analog in the non-convex case.

Proposition 1.17. If u:R? — RU{oo} is a lower semicontinuous function
and u(xg) < oo then

p € 0_u(xg) & (p, —1) € PNgpi (u)(x0, u(z0)).

Proof. Suppose that p € du(zy) and
1
pla) = (o) + (p,z — zo) + S (z — w0) " D2 (o) (x — x0) + 0|z — x0|?) < u(2).
For x sufficiently close to x¢ we have
1
(@) Z p(wo) + (p, = wo) — 1D ¢(wo)[|& — w0 —elar — zol*.
Thus there exists C' > 0 such that
u(x) > @(x0) + (p,x — wo) — Clz — wo|?

on a neighbourhood of zy.
Let oo < 1/2C. We define

() = p(x0) — a + Va2 (|p) +1) — |z — z0 — apl*.

The function ¢ is defined on the ball centered at xy + ap with the radius
|a(p, —1)|. The graph of 1 is the upper hemisphere in R%*! centered at the
point (zg, ¢(xg)) + a(p, —1) with the radius |a(p, —1)|.

By the Cauchy inequality we have

20 (p,x — o) < |p|? + |z — x|
Since 2Ca < 1 then

20((p, @ — wo)|x — wol* + o — wol*) < |z — wo*(1 + [pf* + Cla — wo|?)

and
0 < |z —z|*(1 + |p|* — 2Ca + C?*|lz — 20|?) — 2C{p, v — z).
So
a®(|pl* +1) < |z — w0 — ap|® + (e + (p,x — 20) — Clz — wol*)?
and

Va2([pP +1) — |z — (w0 + ap)[? < @+ (p,x — z9) — Cl — zo|*.

It follows that for sufficiently small |z — x¢| we have p(z) < ¥(z).

If we take a sufficiently small we obtain that the ball centered at (xq, ¢(x0))+
a(p, —1) with the radius |a(p, —1)| has a nonempty intersection with the epigraph
of the function u. Thus (p, —1) € P Ngp; () (20, u(x0)).
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Now, suppose that (p, —1) € P Ngp; (u) (70, u(x0)) and let a > 0 be such that
dist((zo, u(zo)) + a(p, —1), Epi (u)) = o/ (p, —1)|.

Consider the function

p(@) = u(zo) — a + /a2 (|p|2 + 1) — [z — 20 — ap|?

at the ball B(xo + ap, al(p, —1)|). We have p(zg) = u(xo) and grad ¢(z¢) = p.
Since the intersection of the ball B((zo + ap,u(zo) — a), a|(p, —1)|) with the
epigraph of the function u is empty then ¢(z) < w(z). The function ¢ is C'°
smooth, so p € du(xp). O

Remark 1.18. Usually authors take the function ¢ from the class C*! in the
definition of the subgradient (comp. [8]). In Definition 1.16 we assumed that
the funtion ¢ supporting the epigraph Epi (u) from below is C? smooth. From
the proof of Proposition 1.17 we conclude that replacing the class C2 by C* in
Definition 1.16 we obtain an equivalent notion of subgradient. Below we provide
an example showing that taking ¢ from the class C! instead of C? we essentially
change the notion of subgradient.

Example 1.19. Let o € (1,2). We define u(z) = —|z|*. Since the function
u is C'! smooth then 0 is a C''-subgradient of u at xo = 0. But we have that the
cone of proximal normals P Ngp; (4 (0, 0) to the epigraph of u at (0,0 consists of
one element(0,0). Indeed, the Bouligand tangent cone Ty (4)(0,0) is the half
space {(v1,v2) : v2 > 0}. The proximal normal cone P Ngp; (,)(0,0) is a subset
of the polar cone to the Bouligand tangent cone. Thus

PNEpi(u)(Oyo) C {(0,712) 1Ny < 0}

If no < 0 then dist((0,n2), Epi(u)) < |n2|. Thus PNgp;()(0,0) = {(0,0)} and
by Proposition 1.17, we obtain that the set of C? subgradients is an empty set,
i.e. Ou(0) = 0.

The following example shows that the horizontal proximal normals to the
epigraph have not a counterpart in the subdifferential.

Example 1.20. Let ¢:R — R be defined by g(x) = sign(x)/|z|. Then
the subdifferential dg(0) is an empty set. But the proximal normal cone to the
epigraph of g at (0,0) is nonempty. Namely

P Ngpi(9)(0,0) = {(2,0) : 2 > 0}.

If a function g:R? — R is locally Lipschitz continuous then no horizontal
normal to the epigraph exists and we have

PNEpi(g)(xvg(x)) = {a(p, *1) YRS 3g(x), o> 0}-
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If g is lower semicontinuous then a horizontal normal can be approximated by
downward directed normals in the following way. The proof of the following
lemma was communicated the author by Pierre Cardaliaguet [5]

Lemma 1.21 ([22]). Suppose that g:R? — R is lower semicontinuous ,
(p,0) € PNgpi(g)(z,9(x)) and p # 0. Then there exist x,, — x, p, — p and
v, — 0, v, <0 such that

(pn,vn) € PNEpl(g)(xnvg(xn))

We procede the proof by some simple geometrical lemmas.

Lemma 1.22. Ifn,b € R? and [n| =1, |b| < 1 then
(n+ by > /T [bln + bl

Proof. We have
2 2 2 2 n+b ’
l=n*=|(n+0b)—b" <|n+b"+ b —2(n+bb)+{( ——,b) .
[n + b
Thus

n+b 2
|n +b]* — 2{n +b,b) + <—,b> >1— [b%
|n + 0]
So
n+b n+b
——n)y=|n+b - ——,b)>+1— b~ O
(i) == () = VI
If0<c<1,n¢&R?and [n| =1 then the set {v € R? : (v,n) > clv|} is
a revolving cone with the axis n and with the angle o at the vertex such that
cos @ = ¢. From Lemma 1.22 we obtain that ball centered at n (|n| = 1) with the
radius r < 1 is a subset of the cone with the axis n and the constant ¢ = /1 — r2.

Lemma 1.23. If [n| = 1, 0 < ¢ < 1 and 2:[0,t] — R? is an integrable
function such that

(z(s),n) > c|z(s)| for a.a. s €[0,t]

</Otz(5)d5,n> > ¢ /Otz(s)ds.

Lemma 1.24. Suppose that r,c > 0 and |n| = 1. If (z,n) > c|z| and
0 < |z| < 2rc then |z —rn| <.

then

The proofs of Lemmas are obvious. Geometrically, Lemma 1.24 means that
the intersection of the revolving cone with the axis n and the angel at the vertex
a < II/2 with a sufficiently small ball centered at the origin is contained in the
ball centered at rn with the radius 7.
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Proof of Lemma 1.21. The proof base on the Viability Theorem for locally
compact sets (see Theorem 2.9 and Remark 2.11(b)). Since (p,0) is a proximal
normal to the epigraph Epi(g) at the point (x, g(xo)) then there exists r > 0
such that

B((zo +rn, g(x0)),r) NEpi(g) =0
where n = p/|p|. It follows that

(1.8) g(x) > g(xo) for |x — (zo +rn)| <7

Suppose to the contrary that there exists € > 0 such that if |x — 29| < € and
(Pzsvz) € PNgpi (g)(x,g(x)) then either v, =0 or

2
> 2e.

(1.9) Pz =0 or ‘p—xn
P

By (1.9), we have
Pz, m) = (1 = €)|pa| < 0.

Thus

1.10 inf (pg,n+ (1 —e)b) < 0.
(1.10) |?,]|“§1<p n+(1-¢)b)
We set

F:={u(n+(1—-¢)b,0)+ (1 —¢)(0,-1):u €]0,1], |b] <1}.
F' is a compact convex set. We define
K :={(z,v): |z —x0| <&, v>g(x)}.

K is a locally compact set. (K is the intersection of the epigraph of g (closed)
and the open set B(xg, ) xR). We claim that K, F satisfies (2.4). Let (pg,py) €
PNg(z,v). Then (pz,pv) € PNgpi(g)(z,g(x)). If p, = 0 then for f = (0,-1) €
F we have

(P, 0), f) < 0.
If p, < 0 then by (1.10) there exists |b| < 1 such that for f = (n+(1—¢)b,0) € F

(we take u = 1) we have

<(px7pv)7f> <0.

By the viability Theorem 2.9, there exists ¢y > 0 and a solution (x,v): [0, tg] —
R+ of the Cauchy problem

{ (z',v") € F,
(2(0),v(0)) = (20, 9(z0)),

such that (z(t),v(t)) € K for t € [0,t9]. There exist measurable functions
u:[0,t0] — [0,1] and b: [0, 9] — D (D denotes the unit disk in R?) such that

(@' (t),v'(t)) = u(t)(n+ (1 —&)b(t),0) + (1 — u(t))(0, —1).
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If u(s) = 0 for almost all ¢ € [0,¢] then z(t) = z¢ and v(t) = g(xg) — ¢t. Thus
(z(t),v(t)) ¢ K and we have obtained a contradiction.

Now, consider the case when the Lebesgue measure of the set {s € [0,¢] :
u(s) > 0} is positive. By Lemma 1.22, we have

(n+ (1 —¢)b(s),n) >cn+ (1 —¢e)b(s)],
where ¢ = /1 — (1 —¢)2 > 0.

By Lemma 1.23, we obtain

</Otu(5)(n+ (1- €)b(5))d5,n> >c /Otu(g)(nJr (1 - &)b(s)) ds|.

If t < re, then | fot u(s)(n+ (1 —e)b(s)) ds| < 2rc and by Lemma 1.24 we obtain

xo + /0 u(s)(n+ (1 —e)b(s))ds — (zg + rn)| < r.

Thus z(t) — (zo +1n)| < r. But v(t) = g(xo) + fot(l —u(s)(—1)ds < g(xo) and
we have obtained a contradiction with (1.8). O

2. Differential inclusions

This section is just a refreshed and shortened version of some parts of the
books “Differential inclusions” by Aubin and Cellina and “Viability theory” by
Aubin. We provide some simplification in the proof of the Filippov Theorem.
We formulate the Convergence Theorem (Theorem 1.4.1 in [1]) in a different way.
We consider the Cauchy problem for differential inclusions with an u.s.c. right
hand side with compact convex values. The proof of the existence of a solution to
the Cauchy problem makes extensive use of an approximation theorem of u.s.c.
mappings. The invariance and viability problems we study first for Lipschitz
continuous right hand side. Next we use an approximation theorem of u.s.c.
mappings to extend viability result to differential inclusions with an u.s.c. right
hand side.

Let F:[a,b] x R? — R? be a set valued map with nonempty compact values.
We shall consider the differential inclusion

(2.1) 2'(t) € F(t, ).

A funtion z: [a,b] — R? is absolutely continuous if there exists a Lebesque in-
tegrable function y:[a,b] — R? such that for every t € [a,b] we have z(t) =
z(a) + fat y(s)ds. An absolutely continuous function z is almost everywhere
differentiable and «’(t) = y(t) for almost all ¢ € [a,b]. More interesting facts
concerning absolutely continuous functions can be find in [14].

An absolutely continuous function z:[a,b] — R? is a solution to (2.1) if
Z'(t) € F(t,z(t)) for almost all ¢ € [a,b]. We shall consider the Cauchy problem
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of the existence of a solution to the differential inclusion (2.1) that satisfies a
given initial condition

(22) .’,U(to) = X9.

We start with the Fillipov Theorem concerning the existence of solution to the
Cauchy problem for the Lipschitz continuous right hand side . Next we show that
if the right hand side F'(¢, ) is a convex valued map then the set of solutions to
the Cauchy problem is closed. Moreower we study the invariance and the viability
problem for differential inclusions. Let K C R%. The Invariance Theorem states
that if the right hand side F:R% — R? is Lipschitz continuous and satisfies
a strong boundary condition

(2.3) Vo € KVn € PNk(x), Vf € F(z), (f,n)<0

then any solution to (2.1) starting at the time ¢g from a point xg € K remains in
the set K, i.e. z(t) € K for t > to. If the right hand side is upper semicontinuous
and satisfies a weak boundary condition

(2.4) Vax € K, Vn € PNk (x), 3f € F(x), {(f,n) <0

then for any 2o € K there exist a solution to (2.1) satisfying the initial condi-
tion(2.2) such that x(t) € K for ¢t > to. This is the Viability Theorem.

2.1. The Fillippov Theorem.

Theorem 2.1. Suppose that a set valued map F:[0,T] x R — R? satisfies:

(a) t —o F(t, ) is mesurable for every x € RY,

(b) du(F(t,z), F(t,y)) < U(t)|x —y| for z,y € RY,

(¢) F(t,x) is a closed nonempty set for every (t,x),

(d) [E@t, )] < pult),
where the functions I, p:[0,T] — R are integrable (I,u € L'). Assume that
y: [0, T] — RY is an absolutely continuous function such that

dist(y/ (), F(£, y(t)) < c(t)
where ¢ € L*. If x, € R? then there exists a solution to

{ 2'(t) € F(t,z(t)),

(25) 2(0) = @0,

that satisfies

t
|2 (t) — y(t) < |zo — y(0)|elo 1) ds 1 / e(s)ed 1T g
0
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Lemma 2.2. Ifl,c:[a,b] — R are integrable functions then

(2.6) /jz@g(/jl l(z2)... (/ l(xn)dxn> ...dx2> diy
[
and
2.7) lfxm)<4mz@g.”
(/Om l(xn)</0mn (Znin dan) dxn> . .dx2> diy

t 1 t n
= — I(r)dr ) ds.
/0 c(s)n! (/S (1) 7') s
Proof. We start with the proof of (2.6).

Method 1. We denote a simplex A := {(z1,...,2n) 0 < zp < ... < Ta2 <
x1 < b}. The Lebesque measure |A| of the simplex A equals

1
W:g:/L
: A

Let o € S, be a permutation of the set {1,...,n}. We denote
Ay ={(Zo1)s - > Tom)) : (T1,...,2n) € A}

If o, 6 are permutations from S,, and o # § then AsN A, = 0 and |A,| = |As].
We have

/abl(xl)</:l l(m)..(/jnl l(xn)dxn> ...dx2> dzq

= / Wxp) .. lzy)day ... day,.
A

The integrated function is symmetric. Thus

/AG Wxy) ... U(z,) /Al(xl)...l(xn)_

</abl(5)d5>n/[a’b]n l(xl)...l(xn):n!/Al(xl)...l(xn),

Method 2. We set L(z) := [”i(s)ds. The function L(-) is an absolutely
continuous primitive function to the function I(-). We inductively prove the

Thus
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formula (2.6). Indeed, we have

/ bzm)( [ 1@ ([ i dran) o) o

= bl( )1 xll(s)ds nd _ 11 L (2))?
). T “ T n 1 “la:

To obtain (2.7) we use Fubini Theorem and (2.6):

/Otl(xl) </0 I(z2). .. </0 z(xn)</0x" c(xn+1)dxn+1> dxn> ...da;2> d,
_ /Ot C(xnﬂ)(/;ﬂ l(xl)/xj; z(xz).../m:l l(xn)dxn...dx1> danis
_ /O t c(xnﬂ)%( / :H I(s) d5>ndxn+l. 0

Proof of Theorem 2.1. We set vo(t) = ¢/ (t) and zo(t) = y(t). By the selection
theorem (see Theorem 1.4 in [24]) there exists a measurable function vy (t) €
F(t,zo(t)) such that |vi(t) — ' (¢)] < c(t). We set

xl(t)$0+/0 ’Ul(S)dS.

We inductively construct two sequences vg( ), zx(-) such that: v;41:[0,¢] — R?
is a measurable selection v;41(t) € F(t,z;(t)) such that

o 1.(8) — vi ()] < dar(F(t, 24(8)), F(t 2i1(8)))
and
xiJrl(t) = X9+ /O Vi+1 (5) ds.
We have
21 (£) — 2o()] < |0 — w(0)] + / (s) ds,
i () — ()] < / 1(s)|2i(s) — w1 (5)] ds,
for 7 > 1. Thus

|Zn41(t) = 2a(t)]

S/Otl(sl)/:ll(@) y ./Osnlz(sn) <|x0y(0)|+/osnc(5n+1) dan)dsn . dsy.



154 SEAWOMIR PLASKACZ
By (2.6) and (2.7) we obtain

(2:8)  |znga1(t) — zn(t)]

g|x0y(O)%(/Otz(s)ds)n+/Otc(5)$</:z(f)d7>nds
g%(/otl(s)d5>n<|x0y(0)|+/0tc(5)d5>.

We obtained that |2,11(t) — z,(t)| < ¢, for t € [0,T] and )7 ¢, < co. Thus
the sequence x,( - ) satisfies the uniform Cauchy condition on the interval [0, T7.
So, it is uniformely convergent to a function x: [0, 7] — R%.

We have

[vns2(t) = Va1 (O] < UBl@ns1(t) — 2 ()] < UE)en

for almost all ¢t € [0, T]. Thus the sequence v, (t) is convergent for almost all ¢
to a measurable function v(t). We have

[on (O] < vn(t) = vna(@)] + .-+ [v2(t) = 01 (8)] + |oa(F) = vo(E)] + [vo(?)]

o0

<UD en+c(t) + 1Y (D).

n=0

By the Lebesque dominated convergence theorem

t t
oalt) =0+ [ oalo)ds 2= w0+ [ (s)ds = ).
0 0
So

Unt1(t) € F(t,x,(t))

I

v(t) (t)

Since the graph of the set valued map F(t, -) is closed then z/(t) = v(t) €
F(t,z(t)) for almost all ¢ € [0,T]. By (2.8) we obtain

jw(t) —y(B)] < D |2a(t) —@n-a ()] < Jzo —y(0)] +/O c(s)ds

+§:1 <|x0y(0)|%</0tl(5)d5>nJr/otc(s)%(/:l(T)dT)nds)

t
=|xg — y(0)|ef0t Usyds 4 / c(s)efst Ur)dr s, O
0
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2.2. Closedness of the solution set. In the section we show that the set
of solutions to the Cauchy problem is a closed subset of the space of continuous
function with the supremum norm C([a,b],RY). Convexity of the right hand
sides F'(t,x) is an essential assumption to obtain closedness of the solution set.

We start with a convergence lemma

Lemma 2.3. Suppose that x,:[a,b] — R are absolutely continuous and
their derivatives are bounded by an integrable function ¢ € L'(a,b), i.e. 2'(t)| <
c(t) forn € N. If the sequence (x,,) converge uniformely to a function : [a, b)) - R

Tn =3 onla,b]

then x(-) is absolutely continuous, |2'(t)] < ¢(t) for almost all t € [a,b] and

(2.9) 2'(t) € m conv {z (t) : m >n} for almost all t.
n=1

Proof. The sequence y, = z!,/cis bounded in L>°. By the Alaoglu Theorem,
there exists a subsequence (denoted again by) y,, that weakly converge in L* to
a y € L. By the Mazur Theorem, the strong and the weak closure of the set
{yr : k > n} coincide. Thus, there exists a convex combination

Zn = AonYn + A1nYn+1 +...+ As, nYn+s,
such that ||z, — y||L~ < 1/n. Thus the sequence w,,
Wy 1= CZp = ao.’,E;l 4+ ...+ asx;ﬂrs

converges in the L' norm to cy € L. There exists a subsequence (denoted again
by) w,, that converges to cy almost everywhere. By the Lebesque Dominated
Convergence Theorem we have

t t
n—oo
Wy, —— cy.
a

a

Moreover,
/ Wn = Gon(@n(t) =20 (@) 4+ A+ Gpyn (@1, 20 () — 2k, 10 (0)) 222 2(8) ().

Thus z(t) = z(a) + fat cy and z( - ) is an absolutely continuous function satisfying
(@) < c().

Fix ¢ such that lim, o w,(t) = 2/(t) and take an arbitrary k € N. Forn > k
we have

wy(t) € conv{xz], (t) : m > k}.
Thus
2'(t) € conv {z),(t) : m > k}. O
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Proposition 2.4. Suppose that a set valued map F:[0,T] x R — RY satis-
fies:

(a) F
(b) F(t,x) is a compact convex nonempty set for every (t,x),
(c) F is integrably bounded, i.e. |F(t,z)| < u(t), p € L*.

If ,,: [a,b] — RY are solutions of the differential inclusion (2.1) and x, = x on
[a,b] then x is a solution to (2.1).

(t, -) is an u.s.c. map for every t,

Proof. We choose t such that (2.9) holds true and z/,(t) € F(t,z,(t)) for
every n. Let € > 0. Choose § > 0 such that

F(t,y) C F(t,z(t)) +eB for |y —z(t)] < 4.
For sufficiently large m (m > n)
xl, (t) € F(t,xm(t)) C F(t,z(t)) + eB.
Thus
2'(t) € conv {z},(t) : m > n} C F(t,z(t)) +eB.
Since € > 0 was arbitrary, we obtain z/(t) € F(t, z(t)). O
If F(t,x) is integrably bounded then, by the Arzeli-Ascoli Theorem, the set

of solutions to the Cauchy problem (2.5) is precompact in the space of continuous
functions C([a, b], RY). By Theorems 2.1 and 2.4 we obtain the following

Corollary 2.5. If F:R?Y — R? is a bounded Lipschitz continuous map with
compact conver nonempty values then the set of solutions to the Cauchy problem

{ z' € F(z),

(2.10) 2(0) = 70,

is compact in C([0,T],RY).

Theorem 2.6. If F:R? — R? is a bounded wu.s.c. map with compact convex

nonempty values then the set of solutions to the Cauchy problem (2.10) is compact
in C([0,T], RY).

Proof. By the Cellina Theorem (see Theorem 2.3.11 in [16]) we find a se-
quence of set valued maps F,,: R — R? such that

e [, satisfies assumptions of Corollary 2.5,

e F(z) C Fpy1(z) C Fu(x) for z € RY,

o F(z) =2, Fu(x) for x € R%
Then the set S of solutions of the Cauchy problem (2.10) is the intersection of
the set S,,, where S, is the set of solutions to (2.10) with the right hand side F,.
The sequence S, is a decreasing sequence of compact sets. So, S is a nonempty
compact set. O
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Proposition 2.7. Suppose that F:RY — R? is a bounded Lipschitz contin-
uous map with nonempty closed values. If v € F(xg) then the problem

2’ € F(x),
x(0) = xo,
z'(0) = v,

has an absolutely continuous solutions that is differentiable at t = 0.

Proof. We set y(t) = xo + tv. By Theorem 2.1, there exists a solution z to
(2.10) such that

t
z(t) —yt)| < 2cet=9) 4g
|z (t) — y(1)]
0

where [ is the Lipschitz constant for F' and c¢ is an upper bound of F'.Thus
o t
|z () ;’30 to| < 20(%/ selt—9)l ds) t=0"
0

which follows that the right derivative z’(0) = v. O

2.3. Invariance and viability.

Theorem 2.8 (Invariance Theorem). Suppose that K C R? is closed and
F:R? — R? is a nonempty compact valued Lipschitz continuous map. If the
strong boundary condition (2.3) holds true and x: [0, T] — R? is a solution to the
differential inclusion ' € F(x) and z(0) € K then z(t) € K fort € [0,T).

Proof. We set g(t) := dist(z(t), K). The function g is the composition of
the absolutely continuous function x(-) and a Lipschitz continuous function
dist(-, K). So, it is absolutely continuous. Suppose that z(t) ¢ K. We set
to =inf{s < t:x(r) ¢ K forall 7 € (s,t)}. We have g(top) = 0 and g(7) > 0
for T € (to,t]. Fix 7 € (to, t) such that the derivatives ¢'(7) and /() exists and
choose an y € g (x(7)). By Lemma 1.11, we have

/)= ()

[l

where n := z(7) — y. There exists f € F(y) such that |f —2'(7)| < lg(r), where
[ is the Lipschitz constant of the set valued map F. Thus

ﬂﬂé<ﬂﬂﬁ%ﬁ+<ﬁ%ﬁ§m@)

By the Gronwall Lemma we obtain that g = 0. ]
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Theorem 2.9 (Viability Theorem). Suppose that K C R? is closed and
F:R? — R? is a nonempty compact convex valued Lipschitz continuous map
with a constat 1. If the weak boundary condition (2.4) holds true and z¢g € K
then there exists a solution x: [0, T] — R? to the differential inclusion z' € F(z)
such that z(t) € K fort € [0,T].

Proof. The set S of solutions of Cauchy Problem (2.10) is compact in the
space C([0, T],R?). Since F(z0) is compact then there is C' > 0 such that |f| < C
for f € F(xo). If z € S then z(t) — z(0)| < fotl|x(5) — z(0)|ds. By Gronwall
Lemma, we have |z(t) — 29| < Cte'*. Thus we obtain |2/(t) < C +ICTe!T := L.
Thus S is a family of Lipschitz continuous functions with a common Lipschitz
constant L.

We define g(t) = inf{dist(z(t),K) : x € S}. The function g is Lipschtz
continuous with the constant L. We choose t such that the derivative ¢'(t)
exists. Suppose that g(t) > 0. Since S is compact then there exists T € S
such that dist(Z(t) = g(t). We choose y € I (Z(t)). By (2.4), there exists
f € F(y) such that (f, T(t) —y) < 0. Since F' is [-Lipschitz continuous then
there exists fi € F(z(t) such that |fi — f| < lg(t). By Proposition 2.7, there
exists 7: [t, T] — R that is a solution to

' € F(x),
x(t) = To,
z'(t) = fi

By Lemma 1.11
n

g'(t) < <f1, > < lg(t)

where n :=Z(t) — y. By Gronwall Lemma we obtain that g = 0.

[n]

The above consideration imply that for every t; < t5 and 1 € K there exists
a solution to z’ € F(x) satisfying the initial condition z(¢;) = x; such that
z(t2) € K. Thus, for every n we can counstruct x,, € S such that z, (kT/2" € K
for k=1,...,2™. Since S is compact there exists a subsequence (denoted again
by) x, that converge uniformely to x € S. Obviousily, the obtained z is a desired
viable solution, i.e. z(t) € K for ¢ € [0, T]. O

Using the approximation theorem of u.s.c. maps we can easy generalize the
Viability Theorem. We repeat the same arguments as in the proof of Theo-
rem 2.6.

Corollary 2.10. Suppose that K C R is closed and F:R? — RY is a
nonempty compact convex valued upper semicontinuous bounded map. If the
weak boundary condition (2.4) holds true and xo € K then there exists a solution
2:[0,T] — R? to the differential inclusion 2’ € F(x) such that z(t) € K for
tel0,T].
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Proof. By the Antosiewicz—Cellina Theorem we find a sequence of set valued
maps F,: R? — R? such that

e [, satisfies assumptions of Theorem 2.9,

e F(z) C Fpi1(z) C Fp(x) for z € RY,

o F(z) =", Fu(z) for x € R%
Every F,, satisfies the weak boundary condition (2.4). By Theorem 2.9, the set
Sn(K) of K-viable solutions to the differential inclusion 2’ € F,,(x) satisfying the
initial condition z(0) = x¢ is nonempty. The set S, (K) is compact as a closed
subset of the compact set S,. The set S(K) of K-invariant solutions to the
Cauchy problem (2.10) is the intersection of decreasing sequence of sets Sy, (K).
So, S(K) is a nonempty compact set. O

Remark 2.11. (a) The boundary conditions (2.4) and (2.3) in many papers
appear in a stronger form using the Bouligand tangent cone (or its convexifica-
tion):

Fl)NTk(z) #0, F(z)C Tk(z).
The possibility of use of proximal normals in the boundary conditions was ob-
served by Cardaliaguet and appear in [4] in the framework of differential games.

(b) Theorems 2.9 and 2.8 remain true if we replace the assumption that K
is closed by the assumption that K is locally compact, i.e. for every z € K there
exists r > 0 such that the intersection of K with the closed ball centered at x
with the radius r is closed. If K is locally compact then the viable (invariant)
solution z(-) satisfies z(t) € K for t € [0,¢], where ¢ > 0 depends to the initial
condition z(0) = zo.

Now we consider the viability and invariance problem in the case when the
set of state constraints K varies in time. Let P:[0,7] — R? be a set valued
map. We say that P is a tube. The invariance or/and viability problem can be
considered forward in time

' € F(t, x),
(2.11) (to) = o,

z(t) € P(t) fort € [ty,T),
or backward in time

' € F(t, x),

.’,U(to) =Xy,

z(t) € P(t) fort € (0,t],
for an initial condition z¢ € P(ty), to € (0, 7).

Theorem 2.12 (Backward Invariance Theorem). Suppose that F:[0,T] x
R —R? is a nonempty compact valued Lipschitz continuous map and P: [0, T]—o
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R? is a tube with nonempty values and a closed graph. If the strong boundary
condition

vVt € (0,T), Yo € P(t), Y(ni,ne) € PNgrapn(p) (t, ), Vf € F(x),
<(717 7f)7 (TLt,TLI» < 0

holds true and z: [0, to] — R? is a solution to the differential inclusion z' € F(x)
and z(to) € P(to) then z(t) € P(t) fort € (0, tg].

To obtain the forward invariance result we have to assume that

<(17 f)v (TLt,TLI» < 0

holds true. To prove Theorem 2.12 we reduce the nonautonomous case to
the autonomous one by treating the variable ¢ as a state variable. We set
K = {(t,x) : t € (0,T), € P(t)}. The set K is locally compact (see Re-
mark 2.11). Extending maximally backward in time a solution x(-) we easy see
that it remains in the tube P on the whole interval (0,%y). It can leave the tube
at the earliest at the time 0.

Using similar arguments we obtain from the autonomous viability Theo-
rem 2.9. the nonautonomous one for tubes.

Theorem 2.13 (Forward Viability Theorem). Suppose that F: [0, T] xR¢ —o
R? is a nonempty compact convex valued Lipschitz continuous map and P: [0, T)
—o R? is a tube with nonempty values and a closed graph. If the weak boundary
condition

vVt € (0,T), Yo € P(t), Y(ni,ng) € PNgrapn(p) (t, ), 3f € F(x)
<(17 f)v (TLt,TLI» < 0

holds true and xo € P(ty), to € (0,T) then there exist a solution to (2.11).

3. Hamilton—Jacobi equations

3.1. The value function in the Mayer problem. Viability approach to
the problem of the description of a discontinuous value function was initiated by
Frankowska in [11]. This method is based on the fact that the value function
is uniquely determined by invariance properties of its epigraph with respect to
an appropriate dynamical system. In the Mayer problem for control systems
the epigraph of value function is forward (in time) viable and backward invari-
ant. These two properties of the epigraph and a terminal condition uniquely
characterize the value function. Viability theory provides geometric conditions
which are equivalent to viability or invariance properties. These conditions can
be expressed with contingent cones or with normal cones.



SET-VALUED ANALYSIS IN OPTIMAL CONTROL PROBLEMS 161

Denote by Sr(to, zo) the set of solutions to the Cauchy problem
{ a'(t) € F(t, (1)),
.’,U(to) =Xy,

that are defined on the interval [tg, T]. Let g: R? — R be a function. We consider
the following Mayer problem

minimize g(z(T')) over x € Sr(to, o).

The value function in the Mayer problem is a function V:[0,T] x R? — R such
that

(3.1) V(to,xz0) = inf  g(x(T)).

z€SF (to,zo)

A solution T € S (to, xo) is optimal if
9(@(T)) = V(to, o).
The set valued map R: [0, 7] x R? — R? is given by
R(to,z0) :={x(T) : © € Sp(to, x0)}.
The regularity of the value function V' is inherited from the regularity of F' and g.

Proposition 3.1. Suppose that F(-,-) is a conver valued map satisfing
conditions (a)—(d) of Theorem 2.1. If g is lower semicontinuous (continuous,
Lipschitz continuous) then V is lower semicontinuous (continuous or Lipschitz
continuous, respectively).

By Theorems 2.1 and 2.4, the set valued map R is Lipschitz continuous and
has nonempty compact values. We have

V(to, wo) = inf{g(x) : € R(to, x0)}
The conclusion of Proposition 3.1 can be easy obtained by standard methods.

Example 3.2. Suppose that d = 1, F(t,z) = [-1,1] and g(z) = —22. By
easy calculation we obtain
—(z+ (T —1))? ifz>0,
V(t,x){ (z+ (T —1)) .
—(x — (T —1))? ifx<O.
The value function V is not differentiable at points (¢,0).

If the value function is differentiable then it is a classical solution to the
following first order partial differential equation

ov ov
(32) E‘FH(f,x,a—x) =0
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where

H(t,z,p)= sup (f,p).
fEF(t,x)

Usually the value function is not differentiable as we see in the above Example.
The natural problem that appear is, “How define a solution to (3.2)”. A “good”
definition should imply that a solution W (¢, x) to (3.2) satisfying an additional
terminal condition
W(T, ) =g(-)

is unique and equels to the value function. Lions and Souganidis introduced
in [8] the notion of viscosity solutions. This notion became very usefull for a
large class of first and secod order PDE. In particular, the value function V'
in the Mayer problem is a viscosity solution to the Hamilton—Jacobi-Bellman
equation (3.2) if g is a continuous function. We consider the case when g is only
lower semicontinuous. We follow the viability approach that was initiated by
Frankowska [11].

Theorem 3.3. Suppose that F (-, -) is a convez valued map satisfying condi-
tions (a)—(d) of Theorem 2.1 and g:R? — R is a lower semicontinuous function.
If W:(0,T) x R* — R is a lower semicontinuous function such that

V(t,x) € (OvT) X Rd? v(ptvpx) € 87W(t,$), —Dt + H(t,.ﬁE, *px) =0

and

liminf W(t,y) = W(T,z) = g(z) for all z € R?

t—T-,y—zx
then we have W =V when V is the value function given by (3.1).

Proof. The proof of Theorem 3.3 base on the Viability Theorem and the
Invariance Theorem. First we have to deduce from the assumption (3.3) the
weak and strong boundary condition for the tube Py : [0, 7] — R? given by

and for the differential inclusion (2/,v') € F(t, z,v), when

F(t,z,v) = F(t,x) x {0}.

Let (n¢,nz,ny) € PNy w)(t,z,v), where v > W(t,z). Then (ng,ng, n,) €
P Ngpi (wy (t, z, W(t,x)). We claim that

(3.5) —ng + H(t,x, —ng) = 0.

First consider the case n, < 0. By Proposition 1.17, we have (n:/—n,, n,/—ny)
€ OW(t,z). By (3.3),
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The hamiltonian H is positively homogenous with respect to the last variable
and it follows (3.5).

Now, consider the case n, = 0. By Lemma 1.21, there exists sequences
(tr, zx) — (t,z) and (ngk, Na ks Mo,k) € PNppi (w) (tk, T, W (tk, 1)) such that
Ny < 0 and (ng g, Mgk, Mo k) — (Ne, Ny, 0). As above we conclude that

7nt,k + H(tkH Th, 77'Lx’k) = O

The hamiltonian H is continuous and it follows (3.5).
From (3.5), in particular, we obtain

—ng+ sup (f,—ng)>0.
fEF(t,x)

The set F'(t,z) is compact. So there exists f € F'(¢,z) such that

{(ne, na, M), (1, £,0)) < 0.

Thus we have obtained that the epitube Py is forward viable for the differential
inclusion with the right hand side F'. By Theorem 2.13, there exists a solution
(Z,7) to the Cauchy problem

{ (2/,v") € F(t,z) x {0},
(z(to), v(to)) = (w0, W(to, x0)),
such that (Z(t),v(t)) € Pw(t) for ¢t € [to,T). We have T(t) = W(to, zo) and
o(t) > W(t,z(t)) for t € (to,T). By the assumption (3.4) and the definition
(3.1), we obtain
< o= _ o

V(to, wo) < g(&(T)) i inf (T)W(t,x)

< linI} W(t,z(t)) < lim v(t) = W(t,zo).
e

- t—T—

Since the reachable set R(to, o) is compact and the function g is lower semi-
continuous then there exists an optimal solution T € Sg(to,zo) to the Mayer
problem, i.e.

V(to, z0) = g(=(T)).
By (3.4), there exists sequences z, — Z(T) and t, — T~ such that

lim W (t,,z,) = g(Z(T).

n—oo

From (3.5), we conclude that for every (t,2) € (0,T)xR% and every (n¢, ng,ny) €
P Ngpi (wy (t, z, W(t,x)) we have

((ne, g,y ny), (—1,—£,0)) <0 forall f e F(t,x).
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Thus the tube Py is backward invariant for F. By Theorem 2.12, every solution
to the Cauchy problem

{ (a',0) € F(t,z,v),
(@(tn), v(tn)) = (2n, W(tn, 2n)),
satisfies (z(t), v(t)) € Pw(t) for t € [to,tn]. By Theorem 2.1, there exists a solu-
tion x,: [to, tn] — R? to
{ ' € F(t, x),
z(ty) = Tn,
such that
jn () = T(0)] < [0 —T(tn)]e" ",
The function (z,,v) is a solution to (3.6), where v = W (ty, zp).
Since (zn(to),v(to)) € Pw(to), then W(t,, x,) > W(to, zo). The function W
is lower semicontinuous. So

W (to, xo) < Uminf W (to, zn(t0)) < lim W(tn, zyn) = g(T(T)) = V (to, o).

n—oo n—oo

Thus we obtained W = V. O

Some generalizations of results presented in the section can be find in [12],
[13], [20], [21] and in [18].

3.2. Value functions in differential games. In this section we only sketch
one possible generalization of the results that has been presented in the previous
section. We skip all proofs. We consider zero-sum differential games with dy-
namics given by z/(t) = f(¢, z(t),y, 2). By x(-;to,zo,y(-),2(-)) we denote the
solution of the Cauchy problem

{ a'(t) = ft,x(t), y(t), 2(t)) for a.e. €10,T],
.’,U(to) =Xy,
where y: [0,T] = Y, 2:[0,T] — Z are measurable controls (open loops) of player
I and II, respectively and Y, Z are compact metric spaces.

Let My = {y:[t,T] — Y : yis measurable} and N; = {z:[t,T] — Z :
z is measurable}. We say that a map a: N; — M, is a nonanticipative strat-
egy of the first player if for every control z1, zo € N; such that

21(8) = 22(s) for almost all s € [t, 7]

we have

a(z1)(s) = a(z2)(s) for almost all s € [¢, 7].
We say that a map (: My — N, is a nonanticipative strategy of the second player
if for every control y1, y2 € M; such that

y1(8) = y2(s) for almost all s € [t, 7]
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we have
B(y1)(s) = By2)(s) for almost all s € [t, 7].

Let Ty, A denote the set of all nonanticipative strategies of the first and of the
second player, respectively.
We shall consider a terminal time payoff functional

Q(yvz) = Qtoxo(yvz) = g(x(T, to,xo,y,z)),

where g: R — R is a terminal cost function, y € M,,, 2 € Ny,. The aim of
the first player is to maximize the payoff, the aim of the second player is to
minimize it.

The value function of the first player is given by

U+(t0,x0): sup inf Qiyz, (a(2), 2).
€Dy, #€Ntg

The value function of the second player is given by

U7 t = i f x ) .
(to, o) pu yi‘ﬁ’to Qto,20 (Y, B(y))

The value of the first player U™ is also called an upper value and U~ is called
a lower value. If the upper value is equal to the lower value then we say the game
has a value. The main problem in zero sum differential games is the existence
of value. It has been considered by many authors. A pioneering work was that
of Isaacs [15]. He introduced condition (3.7) which provides the existence of the
value in the case where both values are smooth,

(3.7) maxmin{f(t, z,y, 2), p) = minmax{f(t, z,y, 2), p)

for every t, x and p € R™.

Evans and Souganidis in [10] proved that if g is Lipschitz continuous and f is
continuous and Lipschitz continuous with respect to x then the upper value U+
is the viscosity solution of the upper Isaacs equation

(3.8) {UtJrH*(t,x,Ux)O for0<t<T, xcR",

U(T,z) = g(x) for x € R™.
where the upper Hamiltonian H™ is given by

HT(¢ = mi t
(t,z,p) gglgl&@((f( VT, Y, 2),D)

and the lower value U~ is the viscosity solution to the lower Isaacs equation

(3.9) {UtJrH(t,x,Um)O for0<t<T, z€R",

U(T,z) = g(x) for z € R™,
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where the lower Hamiltonian H ™~ is defined by

H™(t,z,p) = maxmin(f(t, 2,y 2), p).
The Isaacs condition (3.7) says that H~ = H™'. Thus the upper and the lower
Isaacs equations are the same. A direct conclusion from uniqueness of viscosity
solutions to (3.8) and to (3.9) is that the value of the game exists.

The proof of the existence of value for a game with dynamics given by a right-
hand side f(t,z,u,v) is based on the notions of discriminating and leadership
domains. Briefly speaking, we say that a tube P(t) has discriminating property
for the first player if for every initial condition at the tube there exists a strategy
of the first player such that whatever control is chosen by the second player the
corresponding trajectory remains in the tube P.

Detailed results concerning value functions for differential can be find in [6]
and [19]
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MEASURABLE AND CONTINUOUS SELECTIONS

LONGIN RYBIKSKI

ABSTRACT. We present several selected methods of applying classical selec-
tion theorems: Aumann measurable selection theorem, Kuratowski-Ryll-
Nardzewski measurable selection theorem and Michael continuous selection
theorem (or the ideas from the proofs of these results) in order to get:

e the results on Carathéodory selections (i.e. selections that are
measurable in first and continuous in second varaiable),

e simple random fixed point principle,

e retractive representation for fixed point map associated with con-
tractive set valued map,

e continuous selection results for set valued maps which are not
lower semicontinuous.

Some applications are outlined.

1. Preliminaries

For a relation FF C X x Y, let us denote:
F(z) ={y €Y :(z,y) € F},
FW) = | F),

xeW
DomF ={zr e X : F(z) # 0},

F7(V) ={z e X:Fx)NV #0},
Fr(V)={zeX:F(z) CV}.
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Key words and phrases. Measurable selection, continuous selection, set-valued map, fixed
point theorem.
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A relation FF C X x Y, such that Dom F' = X we call a multimap and denote
by F: X — Y. We use symbol Gr I’ when we refer to a multimap as a subset of
Cartesian product X x Y.

A map f: X — Y such that f(z) € F(z) for z € X is called a selection of a
multimap F: X — Y.

We presume the Axiom of Choice.

Let (2, F) be a measurable space, (Y, 7)-topological space, by B(Y) we de-
note the o-algebra of Borel sets in Y, and by F® B(Y) — the product o-algebra
in 2 xY, ie. o-algebra generated by rectangles A x B, where A € Q, B € B(Y).

We say that a multimap F: Q — Y

e is measurable if F— (V) € F for V e 1,
e has measurable graph if GrF € F @ B(Y).

A measurable space (2, F) is complete if F = f‘, where F = mueprob(ﬂf) Fu,
and F, denotes p-complement of o-algebra F. Let us observe that F = F , when-
ever ' = F, for some o-finite measure, hence every complete o-finite measure
space is a complete measurable space. The following lemma is a final conclusion
when one compares various notions of measurability of multimaps. The details
can be found e.g. in [30] or [32]. Recall that a topological space Y is called a
Polish space if Y can be a metrized so that it becomes a separable and complete
metric space.

Lemma 1.1. Any measurable multimap F:Q — Y with closed values has
measurable graph. If the measurable space (2, F) is complete and Y is a Polish
space, then a multimap F: ) — Y with measurable graph is measurable.

Let (X, 7x) and (Y, 7v) be topological spaces and F: X —o Y be a multimap.
We say that F':

o is lower semicontinuous (1.s.c.) if F~(V) € 7x for V € 1y,
e is upper semicontinuous (u.s.c.) if F¥(V) € rx for V € 7y,
e has closed graph if Gr F' is closed in product topology on X x Y.

Lemma 1.2. An u.s.c. multimap F: X — Y with closed values has closed
graph. If F' has closed graph and every point x € X has a neighbourhood U such
that the set F'(U) is compact, then F is u.s.c..

When (Y, p) is a metric space, then for r > 0, y € Y and nonempty sets
A, C CY, we denote:

B(y,r
d(y, A
(A,r
d(C, A

fveY:plvy) <r},
Inf p(y, a),
{veY dwv A) <r},

supd(c, A),
ceC

S~/

)
)
)
)
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D(Cv A) = max{d(C, A)7 d(A7 C)} = sup |d(y7 C) - d(y7 A)|
yey
In this case, a multimap F: X — Y is Isc if and only if all real-valued
functions x +— d(v, F(x)),v € Y are upper semicontinuous in classical sense, i.e.
for every v € Y, & € X, € > 0 there exists § > 0 such that

p(z,2") <6 = d(v, F(z')) < d(v, F(z)) + e.

We say that F' is H-l.s.c., if the functions z — d(v, F(z)),v € Y are equi-
upper semicontinuous, i.e. for every x € X, ¢ > 0 there exists 6 > 0 such that
forallveY

p(z,2") <6 = d(v, F(z')) < d(v, F(z)) + e.

When the functions z — d(v, F(z)),v € Y are lower semicontinuous (resp.
equi-lower semicontinuous) in classical sense, we say that a multimap F is W-
u.s.c. (resp.: H-u.s.c.).

It is easy to verify that if F' is u.s.c. then it is H-u.s.c., hence also W-u.s.c.
and if F' is W-u.s.c. then has closed graph.

We say that a multimap F' is W -continuous if it is l.s.c. and W-u.s.c. and we
say that F'is H-continuous if it is H-l.s.c. and H-u.s.c.

Let us recall now two fundamental measurable selection theorems.

Theorem 1.3 (Aumann—Yankov—von Neumann). Let (2, F) be a complete
measurable space, Y be a Polish space. If a multimap F:Q — Y has measurable
graph, then it has a measurable selection. Moreover, there exist a countable fam-
ily of measurable selections f,: Q —Y for F, such that F(w) C {fn(w) : n € N}
for every w € Q.

Theorem 1.4 (Kuratowski-Ryll-Nardzewski [39]). Let (2, F) be a measur-
able space, Y be a Polish space. If a multimap F:§) — Y has closed values and is
measurable, then it has a measurable selection. Moreover, a multimap F: Q) — Y
with closed values is measurable if and only if there exist a countable family of
measurable selections fr,:Q — Y for F, such that F(w) = {fn(w) : n € N} for
every w € €.

The family of measurable selections f,,: 2 — Y, such that
F(w)={fn(w) :n e N}

for every w € (1 is called Castaing representation for F,

The range of applications of measurable selection theorems is very wide. At
the moment, following [30], we recall only an illustrative example of short proof
that can be given to famous Filipov Lemma connecting control theory with
differential inclusions.
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Theorem 1.5 (Filipow, 1959). Let (2, F) be a measurable space, X be
a metric space, and Y be a separable metric space. If h:Q x X — Y 1is a
Carathéodory map, F:§) — Y is a measurable multimap with compact values
and g: Q@ — 'Y is a measurable map such that g(w) € h(w, F(w)) for w € §, then
there exist a measurable selection [ for F such that g(w) = h(w, f(w)) forw € Q.

Proof. We define a multimap H: ) — X by letting

H(w)=F(w)n [ {z € X py(h(w ), gw)) < 1/n}.

One can check that H is measurable, hence by virtue of Kuratowski-Ryll-
Nardzewski Theorem, has a measurable selection f. This selection has required
properties. O

Paracompact (compact) Hausdorff topological space will be called paracom-
pact (compact) space. We recall now (50 years old) theorem on continuous selec-
tions of lower semicontinuous multimaps.

Theorem 1.6 (Michael, [44], 1956). Let X be a paracompact space, Y be
a Banach space. Lower semicontinuous multimap F: X — Y with closed and
convex values has a continuous selection. Moreover, if X is a metric space and
Y is separable, then a multimap F: X — Y with closed and convex values is Isc
if and only if there exists a countable family of continuous selections f,: X —Y
of multimap F', such that F(z) = {fu(x) : n € N}.

By applying Michael Theorem, an easy proof of Bartle-Graves result can be
given.

Theorem 1.7 (Bartle-Graves, 1952). Let X and Y be Banach spaces. If
wY — X s a continuous and surjective linear operator, then there exists a

continuous map f: X — Y such that u(f(z)) =« forx € X and f(0) =0.

Proof. Consider a multimap F: X —o Y defined by F(z) = u~1(z). It has
closed, convex values and for every set U C Y we have F~(U) = {z € X :
uw Y 2)NU # 0} = uw(U). It follows from Banach Open Mapping Theorem, that
for open set U also u(U) is an open set. Hence F is l.s.c. By Michael Theorem, F'
has a continuous selection ¢. By letting f(z) = ¢(z) —¢(0) we define a mapping
satisfying the statement of theorem. (|

Finally let us mention a different, continuous selection (or approximation)
theorem for upper semicontinuous multimaps.

Theorem 1.8 (Cellina, [17]). Let X be metric space, Y be a Banach space.
If a multimap F: X — Y with closed and convex values is u.s.c. then for every
€ > 0 there exists continuous (locally Lipschitz) map fe: X — Y such that Gr f. C
B(Gr F;e).
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Basing on that result, a short proof of Kakutani (Bochnenblust—Karlin) Fixed
Point Theorem can be given.

Theorem 1.9 ([17], [5]). Let K be a compact conver subset of a Banach
space. If a multimap F: K — K with closed and convexr values is u.s.c. then
there exists © € K such that x € F(x).

Proof. For e, = 1/n choose continuous maps f,: X — Y such that Gr f,, C
B(Gr F;e,). By Schauder Theorem, there are x,, € K, n € N, such that x,, =
fn(xn). A subsequence of the sequence (z,) is convergent to some x € K, and
we have ¢ € F(x). O

Let us mention an obvious extension of Kakutani (Fan—Glicksberg) Fixed
Point Theorem. We define

(LsF)(z) =Lso—,F(z)= () FU)= (] U F).

Uel(x) Uel(z)x'€U

Theorem 1.10 [59]). Let K be a compact convex subset of a locally convex
Hausdorff topological vector space. If a multimap F: K — K satisfies condition:

for every x € K there hold: x ¢ F(z) = = ¢ to(Ls F)(x),
then there exists T € K such that T € F(Z).
Proof. Define a multimap G: K — K by
G(z) =co(Ls F)(x).

Clearly, G has convex compact values and maps K into K. We will verify
that G is u.s.c. First observe that Ls (Ls F')) = (Ls F'), since GraphLs (Ls F') =
Graph(Ls F') = Graph F'. Then, since (Ls F')(z) C K, the mapping (LsF') is
u.s.c. (see e.g. [8, Proposition 6.3.2]), i.e. continuous as a single valued map into

the space Comp(Y') of nonempty compact subsets of Y equipped with the upper
Vietoris topology (generated by the sets VT = {4 : A C V}for Ve ). It
remains to recall that the mapping A +— C0A is a continuous self mapping on
Comp(Y), (to see that, assume that W is an open set such that c6A C W,
V € U(0) is chosen so that A + V C W, and choose convex U € U(0) such
that U C V; then, if B C A+ U it follows that G6B C c6(A 4+ U) C @A+ U C
A+ V C W). Now, being upper semicontinuous and convex compact valued,
G has a fixed point, by virtue of Kakutani-Fan—Glicksberg Theorem. But by
the hypothesis, any fixed point of G is a fixed point of F'. (|

Obviously, for any u.s.c. multimap F: K — K with convex closed values we
have ¢o(Ls F)(z) C F(x), hence the hypothesis is satisfied. When K is a compact
convex subset of a normed space and F' has closed values, above theorem may
be rephrased in the following equivalent form (compare with [60, Theorem 4]):
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Corollary 1.11. K be a compact convex subset of a normed space (X, | -||).
If a multimap F: K — K with closed values satisfies the following condition:

for every x € K there exists p € X* such that

sup inf(F(U) —x,p) > inf || F(z) — x|,
Uel(x)

then there exists T € K such that T € F(Z).

Proof. We will show that the condition from preceding theorem is actually
equivalent to above condition. First, suppose that the condition

for every x € K there hold: = ¢ F(x) = x ¢ co(Ls F)(z),
is satisfied and there exists some = € K such that for all p

sup inf(F(U) — x,p) < inf ||F(z) — z||.
Uel(x)

Since supy ey(z) Inf(F(U) — 2,0) = 0, then a = inf ||[F'(x) — z|| > 0, i.e. x ¢
F(x). By the hypothesis and convex separation theorem, there exists some
g such that inf(co (Ls F)(x) — z,q) = ¢ > 0. Then for r = 2ag/c we have
inf(co (Ls F)(z) — z,7) > 2q, i.e.

inf< m FU) x,r> > 20
Uel(x)
But since supy ey (z) inf(£'(U) — z,p) < a for all p, then for each U € U(x) there
exists some z € F'(U) such that (z — z,r) < a and therefore
Ay = (FU) —z) n{w: (w,r) < a} # 0.

Since K —z D Ay, N...N Ay, D Au,n.nu, # 0, for every finite family
{U1,...,Un} CU(z), by the finite intersection property we have (¢, Av #
(0, and then it follows that

inf< m FU) x,r> < a,
Uel(x)

a contradiction. Suppose now that the condition in Corollary is satisfied and
x ¢ F(z), so a = inf ||[F(x) — z|| > 0. Then there exist p and U € U(x) such
that inf(F(U) — z,p) > «/2. This implies

(0%

1 — > —

1nf<co (| FU) x,p>_2»
Uel(x)

consequently x ¢ co(Ls F)(x). O
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2. Carathéodory selections

Common idea for both the proofs of Michael Theorem and Kuratowski— Ryll-
Nardzewski Theorem can be described as follows. Given a multimap F: W — Y,
then:

(1) construct continuous/measurable e-selection, i.e. a map fo:W — Y
such that F(w) N B(f.(w);e) # 0 for w € W and verify the lower
semicontinuity /measurability of the multimap w — F(w) N B(f:(w);e),

(2) construct a sequence of continuous/measurable 1/2"-selections, which is
uniformly Cauchy, and get a required continuous/measurable selection
as a limit.

One can ask for each of unified statement of measurable and continuous selection
results, covering each the two theorems as particular case. An approach unifying
the notion of measurable space and paracompact topological space on one side,
and the notion of convex sets and closed convex sets on the second side has been
proposed e.g. in [43]. However, it does seem that such unification gain much
interest. We will consider quite different way of unifying selection theorems.
This approach is strongly supported by applications.

Let (2, F) be a measurable space, X, Y topological spaces. A selection
[ OQxX — Y of amultimap F: Q2 x X —o Y will be called Carathéodory selection,
if the following Carathéodory’s conditions are fulfilled:

1) amap w+ f(w,x) is measurable for every x € X,
2) amap z — f(w,x) is continuous for every w € (.

When X is a separable metric space and Y is a metric space, then a map satis-
fying Carathéodory’s conditions is F ® B(X)-measurable.

The desired “unified-extended” statement of Michael Theorem and Kuratow-
ski-Ryll-Nardzewski Theorem, would be the result on the existence of Carathé-
odory selections and countable Michael-Castaing representation:

Fw,z)={fo(w,z) : n € N}

for a multimap F: ) x X — Y, where a measurable space (2 is arbitrary, X is a
separable metric space, F' has convex closed values in separable Banach spaceY
and is of Carathéodory type, i.e. a multimap w +— F(w,z) is measurable for
every © € X, as well as a multimap z — F(w,z) is Isc for every w € . Such
conditions however does not imply F ® B(X)-measurability of a multimap (see
e.g. [32], [63]), while a countable representation does. So we accept the following
definition. We say that a multimap F: Q x X — Y is a Carathéodory multimap
if:

(1*) Fis F ® B(X)-measurable,
(2*) a multimap = — F(w,x) is Isc for every w € Q.
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When (2 is assumed to be a locally compact metric space with F a o-algebra of
the sets measurable for Radon measure on €, the existence of countable represen-
tation by Carathéodory selections can be derived from Scorza—-Dragoni property
(see [15], [16] and [18], see also [3]).

When (2, F) is an abstract measurable space, two simple and natural ap-
proaches to derive Carathéodory selection results from continuous selection the-
orem and measurable selection theorem are:

(A) define a multimap w +— Cp(w) = {f: X — Y: f continuous selection
of z — F(w,z)} C C(X;Y), with nonempty (by Michael Theorem)
closed values, then apply Kuratowski—-Ryll-Nardzewski Theorem to this
multimap, or

(B) define a multimap x — Mp(z) = {f:Q — Y: f measurable selection
of w = F(w,z)} € M(;Y) (this should be a Banach space), with
nonempty (by Kuratowski-Ryll-Nardzewski Theorem) closed and con-
vex values, then apply Michael Theorem to this multimap.

Scheme (A) has been used e.g. by Castaing [15], Fryszkowski [24], Kucia [40].
We recall Fryszkowski’s result.

Theorem 2.1 (Fryszkowski, [24]). Let Y be a separable Banach space, X be
a separable, locally compact metric space, and let a measurable space (Q, F) be
such that Pro(A) € F for every A € FQB(Y). A Carathéodory multimap F': {2 x
X —o Y with closed and convex values has a Carathéodory selection. Moreover,
any multimap F: Qx X —o Y with closed and convex values is Carathéodory if and
only if there exists a countable family of Carathéodory selections f,,: A x X —Y
of F, such that F(w,z) = {fn(w,x) : n € N}.

In order to obtain Carathéodory selections proceeding along scheme (B), one
has to equip the space M(€;Y) with the norm such that ||¢,|| — 0 implies
¢Pn(w) — 0 for every w € Q, for instance with L>-norm ||¢||cc = sup{||¢(w)]| :
w e Q}.

Scheme (B) has been used by Ricceri [50] who obtained two Carathéodory
selection results. In the first result he assumed that multimaps z — F(w, z), w €
), are almost equi-uniformly lower semicontinuous, the hypothesis essentially
stronger than lower semicontinuity of all these multimaps. In the second result
these multimaps are assumed to be lower semicontinuous, however a measurable
space (2 is a countable set. A simplified statement of this result reads as follows.

Theorem 2.2 ([50]). Let Y be a Banach space, X be a paracompact space,
and let a measurable space ) be countable. Then Carathéodory multimap F': §) X
X —o Y with closed and convex values and such that the set F'(§2,x) is separable
for every x € X, has a Carathéodory selection.

Let us mention that continuous selections of lower semicontinuous multimaps

of the form = — Mp(zx) = {f € LP(2;Y) : f is a selection of w — F(w,z)},
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with 1 < p < o0, do not give rise to Carathéodory selections of F. However,
they are important and useful in the theory of differential inclusions. Mul-
timaps & — Mp(z) have decomposable values, ie. if A € F, f,g € Mp(z),
then xaf + (1 — xa)g € Mp(z). The result on continuous selections of lower
semicontinuous multimaps with decomposable (not convex) values is due to An-
tosiewicz and Cellina [2], and its subsequent extensions — to compact space X
is due to Fryszkowski [25], and to separable metric space X is due to Bressan
and Colombo [9].

Yet another natural idea of “measurable parametrized” proof of Michael The-
orem give rise to Carathéodory selections (see [53]). We state the result with the
sketch of the proof.

Theorem 2.3 ([53]). Let Y be a separable Banach space, X be a Polish
space, and let a measurable space (0, F) be complete. A Carathéodory mul-
timap F: Q1 x X —o Y with closed and convex values has a Carathéodory selec-
tion. Moreover, any multimap F:Q x X — Y with closed and convex values
is Carathéodory if and only if there exists a countable family of Carathéodory
selections fn,:Q x X — Y of F, such that F(w,z) = {fn(w,z):n €N} for
(w,z) € A x X.

First we extract a random partition of unity, which is the basic tool in the
proof.

Lemma 2.4 ([54]). IfUp: Q! — X, k € N, is a countable family of multimaps
with measurable graphs and such that for every w € Q the family {Ug(w)}ren
is an open cover of X, then there exists countable family of multimaps with
measurable graphs V;": Q0 — X k,m € N, such that the family {V;"(w)}k men
is a locally finite refinement of {Uk(w)}ren (with V™ (w) C Ug(w) for k < m,
w € Q). Consequently, there exists a random partition of unity, i.e. a countable
family of functions p*: Q2 x X — [0;1], k < m, such that

(a) the functions w +— p(w,x), x € X, k,m € N are measurable,
(b) for every w € Q the family of functions {x — p*(w,x): k,m € N} forms
a locally finite partition of unity on X and

{r e X :p'(w,z) >0} C U(w)}.

Proof. Let us define functions fi: Q x X — [0; 1] by

(e, X\ Us()
1+d(z, X\ Ug(w))’

fk(wvx)

Since the multimaps w — X \ Uj(w) have measurable graphs, the functions
w +— fi(w,z) are measurable. The functions x — fi(w,x) are continuous. By
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letting
o0
f(wv .’,U) = Z 27kfk(w7 .’,U)
k=1

we define a Carathéodory function. Let us define multimaps V™, W™, V,™: () —o
X for k <m:

V'w) ={z e X : flw,z) >1/m},
Wow) =0, W™w)={zecX: f(w,z)>1/m},
Vit (w) = Uk(w) N (V™ w) \ W Hw)).

For every w € Q the family {V;"(w)}r<m is a locally finite open cover of X
such that V;"(w) C Ug(w) for k& < m. Since f is F ® B(X)-measurable, then
multimaps V™, W™ W™ have measurable graphs. We define now a random
partition of unity pj*: Q@ x X — [0; 1] by

d(z, X\ V" (w))

_ [ (@, 2)
1+d(z, X\ V" (w))’

P (w, ) = = ————— O

S flwa)

=1 i<l

fi'(w,x)

Proof of Theorem2.3. (1) e-selection.

Let {yr}ren be a countable dense subset of Y and let ¢ > 0. We define
multimaps Ug: Q — X, k € N, by letting Uy (w) = {z : F(w,z) N B(yg,e) # 0}.
Since F' is F ® B(Y)-measurable, it follows that Uy, k € N, have measurable
graphs. Since z — F(w, x) is Isc, the family {Uy (w)}ren is an open cover of X.
Choose a random partition of unity p*: Q2 x X — [0;1], & < m inscribed into
{Uk(w)} ey and define Carathéodory e-selection f.: 2 x X — Y by

fE(wvx) = Z Z p?(wvx)yk'

m=1k<m

As in the proof of Michael Theorem one can verify that for every w € Q the
map ¢ — fo(w,x) is continuous, the sets Ge(w,z) = F(w,z) N B(f:(w, z);¢)
are nonempty and the multimap = — G¢(w,x) is l.s.c. Moreover, the map
fe is F @ B(Y')-measurable as a limit of a sequence of measurable maps given
by the formula Sy, (w,z) = > _ >, ., pi*(w,z)yk. This implies F @ B(Y)-
measurability of the multimap (w, z) — Ge(w, ).

(2) Uniformly convergent sequence of 1/2™-selections.

Basing on the first part of the proof, just like in the proof of Michael Theorem,
we define inductively a sequence ( fin)men of Carathéodory maps f,: Q2 x X — Y
such that

[ fmt1(w, ) = fm(w,2)]| <277+,
F(w,z) N B(fm(w,x);27™) # 0.
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Since this sequence is uniformly Cauchy, its limit f is a Carathéodory map, and
since F' has closed values the map f is a selection of F'.

(3) Michael-Castaing representation.

If F(w, ) = {fn(w,z) : n € N} for (w, z) € QxX, then it is easy to check that
F is a Carathéodory multimap. Assume that F' is a Carathéodory multimap.
Let {yx}ren be a separable dense subset of Y and let B = B(yx;2~ ™) for
k,m € N. By letting

U'"w)={z € X : F(w,z)N B # 0},

we define multimaps U]™: Q — X with open values and F ® B(Y)-measurable
graphs. Next, by letting
W,?;(w) ={ze X :dz, X\ U (w)) > jfl}

we define multimaps Wj': Q —o X with closed values and F @ B(Y')-measurable
graphs, such that (J; Gr Wy} = GrU;". Now let

wi(w, ) = F(w,x) N B" for (w,z) € Gr W7,
wi(w ) = F(w,) for (w,z) ¢ Gr W7,
and finally
Fii(w,x) = G}?j(w,x).
One can check that every multimap F}’; is a Carathéodory multimap with closed

and convex values, hence has a Carathéodory selection f;%. By the definition of
Fy’; we obtain

F(w,z) ={f{j(w,z) :m,k, j € N}
for every (w,z) € Q x X. O

The same result with slightly different proof has been given by Kim, Prikry
and Yannelis [38] (see also [37], [32]).

3. Random fixed points

Let (Q, F) be a measurable space, X be a topological space, F: Q2 x X — X
be a multimap. A random fixed point of F' is a measurable map f: ) — X such
that

fw) € Flw, f(w))

for every w € 2, i.e. a measurable selection of the multimap
w — Fixp(w) = Fixp, ) ={r € X 1z € F(w,z)}.

Obviously, if F' has a random fixed point, then Fixg(w) # 0 for every w € Q, i.e.
every multimap x — F'(w, ) has a fixed point.

There are numerous papers, where the proofs of classical fixed point theorems
are parametrized step by step in order to get random fixed point results. We do
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not recommend such approach, whenever the existence of random fixed points
can be deduced easily from the existence of fixed points, via some universal
measurable selection rule. Such idea had appeared e.g. in the proofs at [22].
First, following [32], we formulate a rule based on Kuratowski-Ryll-Nardzewski
Theorem.

Theorem 3.1 ([32]). Let X be a o-compact Polish space and (2, F) be a
measurable space. If a multimap F:Q x X — Y has closed values, Fixp(w) # 0
forw e Q and

(a) the multimap w — F(w, ) is measurable for every x € X,
(b) the multimap x — F(w,x) is H-continuous for every w € (Q,

then there exists a measurable map f:Q — X such that f(w) € F(w, f(w)) for
every w € €.

If (Q,F) is a complete measurable space, Aumann—Yankov—von Neumann
Theorem leads to the following rule.

Theorem 3.2 ([55]). Let X be a Polish space and (2, F) be a complete
measurable space. If a multimap F:Q x X — Y is F ® B(X)-measurable and
has closed values, a multimap K: — X has measurable graph and Fixp(w) N
K(w) # 0 for w € Q, then there exists a measurable map f:Q — X such that
fw) € Fw, f(w)) N K(w) forw € .

Proof. Let us define the function f:Q x X — [0;00) by letting
flw,z) =d(z, F(w, z)).

Since a multimap F' is F ® B(Y )-measurable, then the map f is F ® B(Y)-
measurable. Since I has closed values, then € Fixp(y,, .) if and only if f(w,z) <
0. Therefore the multimap w +— Fixp(w)NK (w) has measurable graph. By virtue
of Aumann—Yankov—von Neumann Theorem, this multimap has a measurable
selection, which is a random fixed point of F' in a random set K. O

4. Retractive representation of a multimap

For a multimap F: X — Y, where X is a measurable space or topological
space or the Cartesian product of measurable and topological space, and Y is a
topological space, together with countable representations F'(z)={f.(z):n € N}
(Michael representation — for l.s.c. multimap, Castaing representation — for
measurable multimap), there were considered representations of the form F'(z) =
f(z,Z), where f: X x Z — Y is a map, which is continuous with respect to
variable z from some topological space Z. Such representations for continuous
multimaps as well as Carathéodory multimaps with closed values in compact
subset of separable normed space has been studied by Ekeland and Valadier
([23]). Their idea was to embed compact set into Hilbert space [, and then use
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continuous representation of convex sets in Hilbert space, by means of metric
projections.

For measurable or Carathéodory multimaps, systematic study of similar rep-
resentations has been done by Ioffe ([33], [34]).

We outline some simple idea, which helps one to identify topological proper-
ties of the values of a multimap on one side, and gives continuous selections on
the other side.

Let X, Y be topological (or metric) spaces. We say that a multimap F': X —o
Y has a retractive representation, if there exists a set Z C Y such that F(X) C Z
and continuous map f: X X Z — Y such that:

(i) f(z,y) € F(x),
(ii) f(z,y) =y if and only if y € F(z),
for (z,y) € X x Z. Retractive representation f: X x Z — Y is equicontinuous,
respectively: uniformly, equi-uniformly continuous, if the maps x — f(z,y),
y € Z, are equicontinuous, respectively: uniformly, equi-uniformly continuous.
Since for a multimap F' with retractive representation (Z, f) there holds

Fe) = f(z,2) ={y € Y : f(z,y) =y},

we then have:

(1) for every (xo,y0) € GrF, the multimap F' has a continuous selection
forz = f(z,y0) such that fo(zo) = yo,

(2) Fisls.c.,

(3) GrF is closed,

(4) for every x € X the set F(x) is a retract of Z,

(5) if (Y, p) is metric space, then for Hausdorff distance we have

D(F(x1), F(x2)) < sup p(f(x1,2), f(x2, 2)),

hence equicontinuity (equi-uniform continuity) of the representation f
implies H-continuity (uniform H-continuity) of the multimap F'.

Straightforward application of Michael Theorem gives general sufficient con-
ditions for the existence of a retractive representation.

Lemma 4.1 ([56]). Let Y be a Banach space, X be a paracompact and per-
fectly normal topological space (e.g. metric). If a multimap F: X — Y has closed
convex values and is W-continuous (i.e. functions x — d(y, F(z)),y € Y are
continuous), then for every L > 1 a multimap F has a retractive representation

(Y, fr) such that

Ife(z,y) —yll < Ld(y, F(x)).
for all (z,y) € X xY.
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Proof. Let us define H: X XY —o Y and my: X x Y — [0; 00) by letting

H(z,y) = F(z) -y,
mr(z,y) = Ld(y, F(z)) = Ld(0, H(z, y))-

Since the functions z — d(y, F'(x)),y € Y are continuous and ||d(y, A) —d(v, A)||
< |ly — v||, then the function

(z,y) = Ld(y, F(z)) = mp(z,y)
is continuous. Since the space X x Y is paracompact, a multimap
(z,y) — H(z,y) N B(0;m(z,y))

is L.s.c. and has closed convex values, then by virtue of Michael Theorem there
exists a continuous map h: X X Y — Y such that

Wz,y) € H(z,y), |z, y)ll < mr(z,y).
By letting fr(z,y) = h(x,y) — y we define required retractive representation. O

For every nonempty closed and convex set A C Y, L > 1 and my(4) =
Ld(0, A), the intersection A N B(0;my(A)) is the subset of A consisting of the
elements with “almost” minimal norm, while A N B(0;m4(A)) consists of the
elements of minimal norm (this set is the metric projection of 0 onto A). When
Y is reflexive and strictly convex, this set is a singleton. In this case we have a
unique minimal selection A — s(A) € A, where ||s(A)|| = mingea ||a||. Therefore
a multimap F: X — Y has in this case unique retractive representation (Y, f1)

filz,y) = s(F(z) —y) + vy,

satisfying (i), (ii) and inequality || f1(z,y) — y| < d(y, F(z)).

However, since the metric projection onto infinite dimensional convex set in
reflexive and strictly convex space need not to be continuous, a map f; may be
not continuous, even if a multimap F' is H-continuous. Let us mention that this
cannot happen if the metric projection is taken with respect to the norm in Y
having Kadec—Klee property (see e.g. [31]):

(KK) if [lyn|l — [yl and yn — y (weakly), then ||y, —y|| — 0.

By virtue of Kadec—Klee Theorem, every separable Banach space admits an
equivalent strictly convex norm with the property (KK).

In [52] and [21] an elementary proof of almost uniform continuity of minimal
selection in uniformly convex Banach space has been given. Let us recall that a
normed space (Y, || - ||) is uniformly convex, if for every £ > 0 there exists 6 > 0
such that =,y € B(0;1) and ||z — y|| > ¢, implies ||(x +y)/2]] < 1 — . Recall
that the spaces LP and [P are uniformly convex, whenever 1 < p < co.

We then have the following refinement of the Lemma given above for L =1,
basing on the norm properties, instead of Michael Theorem.
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Lemma 4.2 ([52]). LetY be a uniformly convex Banach space, X be a topo-
logical (metric) space. If a multimap F: X — Y has closed conver values and is
H-continuous, then (Y, f1), (where f1(z,y) = s(F(x) —y) +y), is a retractive
representation for F' such that

[f1(2,y) —yll = d(y, F(x))

for all (x,y) € X xY. If F is uniformly H-continuous, then f1 is uniformly
continuous on sets W, = {(z,y) € X XY : d(y, F(z)) <r}, r > 0.

We will apply now above results to contractive multimaps with convex values
and obtain retractive representations for fixed point multimaps associated with
them. Notice that fixed point multimaps, resulting from contractive multimaps
with convex values, need not have convex values. Simple examples can be given

in R? (see e.g. [56]).

Theorem 4.3 ([54], [56]). Let Y be Banach space, X be a paracompact and
perfectly normal topological space. If a multimap H: X XY — Y has closed
convez values and:

(a) for everyy €Y the multimap v — H(z,y) is W-continuous,
(b) there exists K > 1 such that D(H(xz,y1), H(x,y2)) < K|ly1 — y2|| for
every x € X,

then the multimap Fixg: x — Fixg(,, .y has a retractive representation (Y, h).

Proof. Cartesian product X x Y is paracompact and perfectly normal. From
(a), (b) and the inequality
|d(2’, H(ZE, y) - d(zv H(x07 y0)|
< D(H(.’,U, y)? H(.’,E, yO)) + |d(Z, H(.’,E, yO) - d(Z, H(.’,Uo, y0)|
it follows that a multimap H is W-continuous with respect to (x,y). Let us fix

L € (1;1/K). By virtue of the first retractive representation lemma, there exists
a continuous map hy: X x Y xY — Y satisfying (i), (ii) and the inequality

[he(z,y,2) — 2|l < Ld(z, H(z,y))
for (z,y,2) € X xY x Y. Let us define ¢": X xY — Y, n € N, by letting

g (x,y) = h(z,y,y),

9" (z,y) =g'(z, 9" (z,)).

By induction, one can prove that all maps ¢g", n € N, are continuous and there
hold

9" (z,y) € H(z,g"(z,y)),
9" (@, y) — " (z, )| < Ld(g"(z,y), H(x,g"(x,y)).
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The last inequality and the assumptions (a), (b) give

lg" ! (z,y) — ¢"(z,y)| < LD(H(x,g" *(x,y)), H(z,g"(x,y))
< LK|lg" Nz,y) — g" (=, )]
< (LK)"d(y, H(z,y)).

Hence, (¢"(x,y))nen is a Cauchy sequence for every (x,y) € X x Y. We define
h: X xY — Y by letting

h(z,y) = lim ¢"(z,y).

By standard reasoning we obtain

o0

bz, y) — g™z, 9)| < > (LK) d(y, H(z,y)),
and then d(h(x,y), H(z,y)) < 0, which in turn implies that h(x,y) € H(z,y), i.e.
y € Fixy(z) for every (z,y) € X xY. If h(z,y) = y, then certainly y € Fixpy(z).
If y € Fixpg(z), then ¢"(z,y) =y for n =1,2,..., hence h(x,y) = y.
It remains to show the continuity of the map h. For (xg,y0) € X x Y, e >0
let us choose m € N such that

o0

Z (LK)"(2d(yo, H(wo,y0)) + 1) <

n=m

and a neighbourhood W of (¢, yo) such that d(y, H(x,y)) < d(yo, H(x0,y0)) +1
and [|g™(z,y) — g™ (z0, y0)|| < /2 for (x,y) € W. Then for (z,y) € W we have

A(z,y) — h(zo,y0)ll < A(z,y) — g" (=, y)]
+ g™ (@, y) — " (xo, yo) | + 119" (0, o) — h(z0, Yol

< YO (LK) d(y, Hw.y)+5+ Y (LK) d(yo, H(wo,yo)) <. O

n=m

DN | ™

Using the retractive representation lemma for uniformly convex Banach space,
one can repeat above proof to obtain the following refinement of retractive rep-
resentation result for fixed point set valued multimap.

Theorem 4.4 ([21]). Let Y be a uniformly convexr Banach space, X be
a topological (metric) space. If a multimap H: X XY — Y has closed convex
values and:
(a) r(x) =sup,ey d(y, H(x,y)) < oo for every v € X,
(b) the multimaps v — H(x,y),y € Y are equi-H-continuous (equi-uni-
formly H-continuous on the sets X, = {x € X :r(x) <r}, r>0),
(c) there exists K > 1 such that D(H(x,y1), H(x,y2)) < K|ly1 — y2|| for
every x € X,
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then a multimap Fixg:x — Fixg,, .y has equicontinuous (equi-uniformly H-
continuous on the sets X,.) retractive representation (Y, h).

From above retractive representation theorems it follows in particular that
the fixed point sets of contractive multimaps with convex values are the absolute
retracts. This property has been proved by Ricceri [51].

On the other hand, retractive representation provides an information on con-
tinuity of the multimap Fixg:z — Fixg(s,.). The distance between fixed point
sets of contractive multimaps with closed values in complete metric spaces can
be estimated as follows

L sup D(H (x1,y), H(x2,y))

D(Fi Fi <
(Fixpr (1), Fixg (22)) < 5 —R S

(see Lim [42]).

The same idea as in above retractive representation result, has been used
by Bressan, Cellina and Fryszkowski [10], for the fixed point sets of contractive
multimaps with decomposable values. The selection theorem for Isc multimaps
with decomposable values due to Bressan—Colombo has been used there, in-
stead of Michael Theorem. Further extensions, covering both convex and decom-
posable valued contractive multimaps are due to Gérniewicz and Marano [27],
Gerniewicz, Marano, Slosarski [28], as well as Andres and Gérniewicz [1].

5. Continuous selections of non l.s.c. multimaps

We assume further that X is a paracompact space and Y is a normed space.
If a multimap F: X — Y has a continuous selection representation F(x) =
f(xz, W), where W is an arbitrary set and f: X x W — Y is a mapping such
that for every w € W the map x — f(z,w) is continuous, then F' is l.s.c. The
existence of some continuous selections does not imply the lower semicontinuity
of a multimap. The set of continuous selections

Cr={f:X — Y continuwous : f(z) € F(z) for z € X}
defines in natural way lower semicontinuous submultimap (multiselection)
w— Cp(r) ={f(z): f € Cr}

of F. Under the assumptions of Michael Theorem we have F(z) = Cp(z) for
every T € X.

The study of continuous selections of convex valued, but not l.s.c., multimaps
in approximation (optimization), has been motivated by the stability problems
in algorithms of best approximation, when normed space is not strictly convex.
Recall that for a convex subset A of a normed space Y and y € Y the set

Pa(y) = AN B(y;d(y,A)) = P(0; A—y) +y

is a metric projection of y onto A.
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Elementary examples of metric projections onto one dimensional linear sub-
space A in three dimensional space show that the multimap y — Pa(y):

(a) may be not l.s.c. and admit continuous selections:
Example 5.1. Let |yl = v/7 + 3 + ls| = 1, A = Lin{(0, 1, 1)}, y(t) =
(cost,sint,0), t € [0,n]. Then
{(0,0,0)} for t # /2,
c0{(0,0,0),(0,—1,1)} fort=m/2,

hence, the multimap ¢ — P4(y(t)), has a continuous selection ¢ — (0,0, 0).

Patu(t) = {

(b) may not admit continuous selections

Example 5.2. Let

B =co{y : max{|yz|,[ys|} = 1
Vi +us =13 <0,y3 =1V (yi +95 =1, > 0,93 = —1)},
Iyl = pe(y) = inf{A: (1/N)y € B},
A =Lin{(0,0,1)},
y(t) = (cost,sint, 0),t € [0, 7].

Then

{(0,0,-1)} for t € [0,7/2),
Pa(y(t)) = < co{(0,0,-1),(0,0,1)} fort=m/2,
{(0,0,1)} for t € (n/2,7],

hence the multimap ¢ — Pa(y(t)) has no continuous selection.

In contrast to above examples, where unit balls are hybrids of polyhedral and
Fuclidean balls of lower dimension, the following property of the norm introduced
n [11], should be mentioned:

(P) for every y,d € Ysuch that ||y +d| < |ly|| there exists 6 > 0, & > 0 such
that ||z + ad|| < ||z|| for all z € B(y;J).

Brown proved that the property (P) implies the lower semicontinuity of metric
projections onto finite dimensional subspaces, hence the existence of continuous
selections. Every polyhedral norm in finite dimensional space as well as any
strictly convex norm has the property (P).

We will discuss some concepts weaker than lower semicontinuity, but still
sufficient for the existence of continuous selections. These concepts are inspired
by the work of Brown [12], [13] and Gel’'man [26], as well as by the papers due
to Deutsch and Kenderov [20], Beer [7], De Blasi and Myjak [19].

Brown on one side and Deutsch and Kenderov on the other side, had revised
carefully different aspects Michael Theorem, with regard to its relevance in the
study of continuous selections of metric projections.
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For a multimap F: X — Y and x € X let

Fo(z) = Li F(2')={y€ F(z):d(y, F(z')) — 0 for 2’ — z}.

By the very definition, we have Fy(z) C F(z) for all z € X. A multimap F is

Isc if and only if FF = Fy. The sets of continuous selections of the multimap F
and its submultimap Fy always are identical (see [12]):

Cp, = CF.

By iterating an operator F' +— Fj one can generate a transfinite sequence of
relations (F) : X — an ordinal)

FO(z) = F(z), FO™(2) = (FWV)o(a),

FW (z) = m FN(z), when p is a limit ordinal
A<p

The sequence (Gr FM) : X\ — an ordinal) of subsets of the Cartesian product
X XY is decreasing, until it becomes constant. Then, a relation F'* defined by
the condition

F*=FWN if FO) () = FN(2) forz e X

is such that Cp« = Cp (see [13], [14]).

Brown has proved that for Y = R”, there holds F'* = F("t1)_and if moreover
F™(z) # 0 for every 2 € X, then F* = F(),

Consequently, Michael Theorem admits the following restatement.

Theorem 5.3 ([13]). Let X be a paracompact space, Y be a Banach space.
A multimap F: X — Y with closed and convex values has a continuous selection
if and only if F*(z) # 0 for every x € X (hence F*(x) = Cp«(x) = Cp(x) for
every x € X). If Y = R™, then Cr # 0 if and only if F™(x) # 0 for every
reX.

Brown ([13]) has also constructed an u.s.c. multimap F:[0,1]" — R" with
compact and convex values such that F'()(x) # ) for € X, but F(*) £ pk=1)
for k£ < n. Using this multimap, he has shown that for any n, there is a real
normed space Y of dimension 2n + 1 having a subspace M of dimension n, such
that PJ(V?fl)(x) # () for every x € X, but PJ(V?) * PJ(V?H), (hence Pp; has no
continuous selection).

A modification of Brown’s example has been given in [57]. A multimap
F:]0,1] — [0, 1]™ with the above mentioned properties can be defined as follows.

Example 5.4. For x € (0,1] let

=Y 27", 6 €{0,1},

=1
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be a unique infinite binary expansion, and let
11(x) =min{i: 6; # 0}, igx(z) = min{i > ix_1(x) : 6; # 0},
for k=1,2,... and {ey,...,e,} denote the standard basis in R™. Let us put

H,(0) = {0}, Hy(z) = {271@ey, ... 270@e 1
Fo(2) = co(Hp(z) U Hy(x+)).

Then we have F\"(0) = {0} as well as F{"™(0) = 0.

Using this multimap and idea from [13] and [61], we obtain the following
information about possible continuous selection properties of metric projections
onto subspaces of codimension 2 in finite dimensional spaces.

Corollary 5.5 ([57]). For everyn € N, a linear space M, of dimension n is
a subspace of some normed space Y of dimension n+ 2, with the norm such that
the metric projection Pp;:Y —o M satisfies condition P};fl)(y) # 0 for every
y €Y, but has no continuous selection (since PJ(V?) + PJ(V?JFI)).

Proof. Let a multimap F), be as in above example and let us define a mul-
timap F': [—m, 7] — [0, 1]™ by letting

F(t) = F,(2t/m) forte [0,m/2],
F(t) =F(r—t) forte (r/2,7,
F{) =-F(-t) fort<0.

Parametrize one dimensional sphere S* CRR? by letting s=s(t) = (cost, sint),
t € (—m, 7] for s € S and define ®: ST — [0,1]" C M, by letting ®(s) = F(t)
for s = s(t). Let Y = R? @ M and let D be the closed unit Euclidean ball in Y.
Define compact convex symmetric neighbourhood of 0 as the convex hull of %D

and the graph ®:
1
K= co<§D U U (s — @(5))) .

sest
Norm |ly|| = pux (y) is such that for s € S* we have Py (s) = ®(s). Therefore
the properties of Pjs follow immediately from the properties of Fi,. O

Considering Brown’s result:

o IfY = R™, then for a multimap F: X — Y we have Cr # () if and only
if F()(z) # () for every = € X,
one can ask whether for some multimaps F: X — Y with values in infinite
dimensional spaces the same property hold true. The answer is yes for Y =
C(S,R™) and Y = L>*(,R") provided that F' has “rectangular” values.
A subset D C C(S,R") (respectively, D C LP(£2,R™)) will be called C-convex
(respectively, L-convex), if pf + (1 —p)g € D for f,g € D and any continuous
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(resp. measurable) function p: S — [0,1]. Closed subset D C L>*(Q,R") is
L-convex if and only if it is convex and decomposable ([35], [45], [46]). The
following selection theorem of Michael-Brown type is due to A. Kisielewicz.

Theorem 5.7 ([35], [36]). Let X be a paracompact space, S be a compact
space, (2, 1) be a measure space and let Y = C(S,R™) or Y = L*°(Q,R™). If a
multimap F: X — Y has closed and C-convex or respectively L-convex values,
then admits a continuous selection if and only if F(")(x) # 0 for every x € X.

Proof. The necessity of the condition F(™)(z) # () for every = € X is obvious.
We sketch the proof of sufficiency. First consider the case F: X — C(S,R").
By hypothesis, the sets F(™)(z) are nonempty. It can be proved inductively
that these sets are closed and C-convex, in particular convex. Hence, it suffices
to show the lower semicontinuity of a multimap F(™, and then apply Michael
Theorem. To see that F(") is Ls.c., it suffices to know that for every zy € X
and yo € F(™(xq) there exists a continuous selection f of a multimap F(™)
such that f(xg) = yo. For fixed xo,yo define a multimap G: X — C(S,R")
by letting G(x9) = {yo} and G(z) = F(x) if x # xo. We have G (zg) =
{yo} and G (z) = FM(z) if x # x9. Next we define a multimap H: X x
S —o R™ by letting H(z,s) = G(z)(s). Since the sets G(x) are C-convex, then
y € G(z) if and only if y(s) € H(x,s) for s € S. We therefore know that
G has a continuous selection if and only if H has a continuous selection. The
multimap H closed and convex values in R™, and it can be proved inductively
that G (z)(s) € H™(x,s) for (z,s) € X x S, hence H™ (x,s) # (. By
the result of Brown, H™) has a continuous selection g: X x S — R™. Since
g(x,s) € H™(z,5) C G(z)(s), then f: X — C(S,R") defined by f:x — g(x, -),
is a required continuous selection.

For Y = L (Q,R™) the result follow from the case Y = C(S,R"™), by ap-
plying Gelfand’s transformation, which is used to define an isomorphism of the
space L (Q,R™) with the space C(A,R"), where A is the set of complex ho-
momorphism of commutative Banach algebra L (2, C), equipped with Gelfand
topology. (|

Let us mention that for every k € N one can construct a multimap F': [0, 1] —o
L'([0,1],R), with closed L-convex values and such that F®*)(z) # @ for every
z € [0,1], but F*+(0) = ), hence F does not admit a continuous selection
(see [35]).

Now, we discuss briefly some applications of Michael-Brown Theorem to
multimaps, which assign to each variable x € X an epigraph of real valued
function. Much exhaustive exposition can be found in [57].

Assume that X is a paracompact space. For a wvariational system g, i.e. for
a family of functions g,:R™ — R, 2 € X, let us define a multimap F(g): X —o
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R"™ x R, by letting

E(9)(z) = epige = {(y,7) € R" x R: go(y) <7}
We assume that the functions g, are proper, i.e. E(g)(z) # 0 and lower
semicontinuous (in classical sense), i.e. the sets E(g)(z) are closed We define
epigraphical upper limit (epils g),: R — R of the system g at 2 € X by:

epilsg).(y) = sup  inf sup inf g.(y),
( )z(y) B R R o )

or equivalently
Elepilsg)(z) = Li F(z') = E(g)D ().
Epigraphical lower limit (epili g),: R™ — R is defined by

(epilig).(y) = sup sup inf inf g.(y'),
VeU(y) Wel(z) T €W y'eV

equivalently
E(epilig)(z) = Lsw—oF(z') = () F(U).
Uel(x)
By the definition we have

epilig), < su inf gy < g, < (epils g), < inf sup g, (y).
(epilig): (y) pup ok W) < gz < (epilsgla(y) < | inf = sup gor(y)

The motivation for studying epigraphical limits comes from the basic variational
property (see [4]):
o Assume that (epilig)y = gz = (epils g)z. Then for em — 0, (T, Ym) —
(z,y) and gz, (Ym) < inf g, +&em, there hold g, (ym) — inf g, = g (y).
The iterates g), k =1,2,... of epigraphical upper limit are defined by the
equality
E(g")(x) = (E(9))™ (x)
for every x € X. Certainly

(1) <gP(y) <...<g®(y) < inf sup gu
9:(y) < g7 (y) < ... < gy (y)_Weu(I)x/eng (y)

for y € R, k € N. Moreover, if ) = ¢g(#+1) then ¢(*) = ¢® for | > k.
An example of a multimap F: [0, 1] —o [0, 1]” such that F() % F(+1) which
we have considered above, allows us to define a system g,:R™ — R, z € [0, 1],
with the property:
o (E(g)™D(x)#0 for every x € X, but g\ # g(n+1D),

Indeed, one can define g, by letting g, (y) = 0if y € F(z), and g,(y) = +oo
ify ¢ F(x).

When the functions g, are convex, i.e. the sets E(g)(z) are convex, then
Brown’s result applied to a multimap z — E(g)(z) says that ¢g("+2) = ¢(n+3),
and if (E(g))™ V) (x) # 0 for every z € X, then gt = ¢(»+2) However, one
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may expect the equality ¢t = ¢("+2) should hold true, since the epigraphs
are not arbitrary, but rather special convex sets in R™ x R. This equality is
true indeed, even for the system of quasi-convez functions, i.e. for functions with
convex sublevel sets L(g; a)(z) = {y € R™ : g,(y) < a}. The proof can be done
by applying Brown’s result to the iterates of a multimap L(g; «): x — L(g; a)(x),
and with the help of generalized Wets formula for sublevel sets of epigraphical
limits:
L(g; )™ (z) = L(g™; o) (x) = (1] Lg: AP ().
B>a

Let us give an elementary example showing that even for convex functions

we can have (E(g))™*V (z) # 0 for every = € X, as well as g(") # g(»+1),

Example 5.8. For z € [0, 1] we define g,: R! — R by letting

max{g,()} ifEGN,
X X
gz(y) =< —1 if z =0,
max{2 E,o} itlgw
X X
We have

0)=-1<g"0)=0<gP0)=1< inf 2 (0) = 2.
90(0) 90 (0) 90 (0) winf o) sup g2:(0)

In contrast to this example, for convex functions g,:S — R, which are uni-
formly bounded on convex set with nonempty relative interior, there must hold
gt =g ([57)).

The properties we have just discussed together with Michael-Brown Theorem
lead in particular to the following result (that can be easily restated as a result
on continuous selection of “almost minimizers”).

Theorem 5.9 ([58]). Let X be a paracompact space, S be a convex subset of
R", and assume that the functions g,: S — R are proper, lower semicontinuous
and quasi-convez. There exists a continuous map f: X — S such that g, (f(z)) <
0 forx € X if and only if inf gg(c") < 0 forxz € X. If the functions g5 are un(ifg)rmly

1

bounded and convex the same statement is true with the condition inf gz’ < 0

forz e X.

Let us turn back to lower limit iterates F*), k € N, of arbitrary convex
valued multimap and discuss general conditions under which they are constant
starting from k = 1. Recall that the equality F = F(1) = F} is equivalent to the
lower semicontinuity of a multimap F: X — Y.

Assume further that F' has closed values and for € > 0, x € X, define:

F@= {J () BEE)e).

Uel(z) z'€U
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Then
Fy(z) = () Fela),

e>0
and the lower semicontinuity of F' is also equivalent to the condition: F.(z) =
B(F(x);e) for every z € X, € > 0.
The set of continuous e-selections of F' is the set

Cy={f: X — Y continuous : f(z) € B(F(x);¢) for x € X}.

A multimap F' will be called almost lower semicontinuous (a.l.s.c.) (see [20])
if Fo(z) # 0 for all e > 0, z € X. Certainly almost lower semicontinuity is
necessary for the existence of continuous selection. But almost lower semicon-
tinuity is not sufficient even for the existence of Borel selection for a multimap
F:]0,1] — R? with convex closed values (see [7, Example 2]). Deutsch and
Kenderov extracted from Michael Theorem the following property of a multimap
with convex values:

o C5 #0 for every e > 0 if and only if F is a.l.s.c.

Thanks to that the relations F. have open lower sections, i.e. the sets F_ (y),
y € Y, are open, it is not hard to establish the following properties hold true for
x € X, ,0 > 0 and arbitrary continuous map f: X — Y (see [48], [57]):

(1) Cr. C C% C CF, fore <9,

2) me>0 CFE = me>0 C% = CF’
3) Cr.(z) = Fe(),
4) d(f(z), Cx(x)) = d(f(x), Fe(z)),
5) dsup(f, C;‘) = Supx d(f(.’,E), FE(ZU)),
6) D(Ch(2), Ci(x)) = D(Fs(x), Fe(2)),
7) Dsup(Ch, Cf) = sup, D(Fis(x), Fe(x)).
The idea to give a sufficient condition for Cr # (), by means of convergence

of the sets (F:(z))eno in Hausdorff metric, locally uniformly with respect to
x € X, has appeared in [7]. Let us mention several notions of relaxed lower

Py

”

semicontinuity implying that “Fy has nonempty values and is l.s.c.” These no-
tions are expressed by the properties of a multimap F., and weaker than notions
of lower semicontinuity considered by De Blasi and Myjak [19] Gutev [29] (see
also Przestawski and Rybiriski [47] and the book by Repovs and Semenov [49]).
We list below three conditions guaranteeing that Cr # () and determining the
mode of convergence of the sets of continuous e-selections (C%: e \, 0) to the set

of continuous selections Cp:
(I) 0 # F5(z) C B(F,(x); K¢) for §,u > 0, x € X and some K > 1,
(I) for every € > 0 there exists § > 0 such that () # Fs(x) C B(F,(z);¢) for
uw>0zeX,
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(ITI) for every x € X, y € Y, € > 0 there exist a neighbourhood U of z
and 0 > 0 such that for every 2’ € U there exists 7/ > 0, such that
0 # B(y;r") N Fs(z') C B(Fu(2');¢).

Certainly, if F' is l.s.c. then satisfies condition (I), since in this case Fj5(z) =
B(F(xz);8) # 0. Moreover, (I) = (II) = (III) and there are simple examples of
multimaps F: R — R? showing that in general (III) = (II) = (I). We give below
only a sample of such multimaps.

Example 5.10. (a) A multimap F,, for o € (0, 7| defined by
{(5,0):0< s <1} if  is irrational,
F,(x) =
{(s,stga):0<s <1} ifx is rational,

satisfies condition (I) for K > (sin §)~'.
(b) A multimap F' defined by
{(5,0): 0 < s <1} if zisirrational,
F(x) =
{(s,t) : 82 <t <1} if x is rational,

satisfies condition (II) and does not satisfies condition (I).

If a multimap F satisfies condition (III), then it has the following property:
o foreveryx € X,y €Y, € >0 there exist a neighbourhood U of x and
0 > 0 such that
d(y, Fs(a')) < d(y, Fo(z')) < d(y, Fs(2')) + ¢,

forz' eU.

Therefore we have the following conclusion.

Corollary 5.11 ([57]). Let X be a topological space and Y be a Banach
space. If a multimap F: X — Y has closed values and satisfies condition (IIT),
then Fo(x) # 0 for every x € X and the multimap Fy is L.s.c. (hence F) = F(2)),

Invoking Michael Theorem we can extend retractive representation lemma.

Lemma 5.12 ([57]). Let Y be a Banach space, X be a paracompact and
perfectly normal (e.g. metric) topological space. If a multimap F: X — Y has
closed conver wvalues, satisfies condition (III) and the multimaps x — F.(x),
e >0, are W-u.s.c. then for every L > 1 the multimap (z,e) — F.(x) has a
retractive representation (Y x [0,00), fr) such that

IfL(z,y,€) —yll < Ld(y, Fe(x)).

Let us finally characterize the convergence of the sets of continuous e-selec-
tions C% under each of the hypothesis (I)—(III).
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Theorem 5.13 ([57]). Let X be a paracompact space,Y be a Banach space

and F: X — 'Y be a multimap with closed convex values such that F(x) #Y for
some x € X. If F satisfies condition (111), then Cr # 0 and for every continuous
map [ X =Y, x € X, v >0, there exist a neighbourhood U of x and € > 0
such that for ' € U there hold

d(f(2"), Cp(x)) < d(f(2"), Cr(2")) < d(f(z"), Cp(a")) + 7.

If F satisfies condition (II), then e < D(C%,Cr) — 0 as € — 0 and the function
e — D(C%,CF) is locally Lipschitz in (0,00). If F satisfies condition (I) for
K >1, thene < D(C%,Cr) < Ke.

(1]
2]
(3]
(4]

(5]
(6]

(7]
(8]

9
[10]
[11]
[12]
[13]
[14]

(15]

[16]

REFERENCES
J. ANDRES AND L. GORNIEWICZ,, On the Banach contraction principle for multivalued
mappings (2000).

H. A. ANTOSIEWICZ AND A. CELLINA, Continuous selections and differential relations,
J. Differential Equationss 19 (1975), 386-398.

Z. ARTSTEIN AND K. PRIKRY, Carathéodory selections and the Scorza Dragoni property,
J. Math. Anal. Appl. 127 (1987), 540-547.

H. AttoucH, Variational Convergence for Functions and Operators, Pitman, London,
1984.

J.-P. AUBIN AND A. CELLINA, Differential Inclusions, Springer—Verlag, 1984.

R. J. AUMANN, Measurable utility and the measurable choice theorem, Proc. Int. Colloq.
Decision, C.N.R.S., Aix-en—Provence (1967), 15-26.

G. BEER, On a theorem of Deutsch and Kenderov, J. Approx. Theory 45 (1985), 90-98.

, Topologies on Closed and Closed Convex Sets, Kluwer Academic Publishers,
Dordrecht—Boston-London, 1993.

A. BRESSAN AND G. CoOLOMBO, Extensions and selections of maps with decomposable
values, Studia Math. 90 (1988), 69-86.

A. BRESSAN, A. CELLINA AND A. FRYSZKOWSKI, A class of absolute retracts in spaces
of integrable functions, Proc. Amer. Math. Soc. 112 (1991), 413-418.

A. L. BROWN, Best n-dimensional approximation to sets of functions, Proc. London
Math. Soc. 14 (1964), 577-594.

, On continuous selections for metric projections in spaces of continuous func-
tions, J. Functional Anal. 8 (1971), 431-449.

, Set valued mappings, continuous selections and metric projections, J. Approx.
Theory 57 (1989), 48-68.

A. L. BROWN, The derived mappings and the order of a set-valued mapping between
topological spaces, Set-Valued Anal. 5 (1997), 195-208.

C. CASTAING, Sur l’existence des sections sé parément mesurables et séparément con-
tinues d’une multi-application, Travaux du Séminaire d’Analyse Convexe 5 (1975), Univ.
du Languedoc.

, A propose de l’existence des sections séparément mesurables et séparément
continues d’une multi-application, Travoux du Séminaire d’Analyse Convexe 6 (1976),
Univ. du Languedoc.




(17]

(18]
(19]

(20]

(21]

[22]
[23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]

[41]

MEASURABLE AND CONTINUOUS SELECTIONS 195

A. CELLINA, Approzimation of set valued functions and fized point theorems, Annali di
Mat. Pura Appl. 82 (1969), 17-24.

, A selection theorem, Rend. Sem. Mat. Uni. Padova 55 (1976), 143-149.

F. S. DE BrLaAsI AND J. MYJAK, Continuous selections for weakly Hausdorff lower semi-
continuous multifunctions, Proc. Amer. Math. Soc. 93 (1985), 369-372.

F. DEuTscH AND P. KENDEROV, Continuous selections and approzimate selections for
set-valued mappings and applications to metric projections, SIAM J. Math. Anal. 14
(1983), 185-194.

L. DREWNOWSKI, M. KISIELEWICZ AND L. RYBINSKI, Minimal selections and fized point
sets of multivalued contraction mappings in uniformly convex Banach spaces, Comment.
Math. 29 (1989), 43-50.

H. W. ENGL, Random fized point theorems for multivalued mappings, Pacific J. Math.
76 (1978), 351-360.

I. EKELAND AND M. VALADIER, Representation of set-valued mappings, J. Math. Anal.
Appl. 35 (1971), 621-629.

A. FryszkowsKl, Carathéodory type selectors of set-valued maps of two variables, Bull.
Acad. Polon. Math. 13 (1965), 397-403.

, Continuous selections for a class of non-conver multi-valued maps, Studia
Math. 76 (1983), 163-174.

B. D. GEL’MAN, On certain classes of selections of many-valued mappings, Lect. Notes
in Math. 1214 (1986), Springer—Verlag, 63-84.

L. GORNIEWICZ AND S. A. MARANO, On the fized point set of multi-valued contractions,
Rend. Circ. Mat. Palermo 40 (1996), 139-145.

L. GORNIEWICZ, S. A. MARANO AND M. SLOSARSKI, Fized points contractive multival-
ued maps, Proc. Amer. Math. Soc. 124 (1996), 2675-2683.

V. GUTEV, Selection theorems under an assumption weaker than lower semicontinuity,
Topol. Appl. 50 (1993), 129-138.

C. J. HIMMELBERG, Measurable relations, Fund. Math. 87 (1975), 53-72.
L. B. HoLMES, Geometric Functional Analysis, Springer—Verlag, 1975.

S. Hu AND N. S. PAPAGEORGIOU, Handbook of Multivalued Analysis, Kluwer, 1997.

A. D. IOFFE, Representation theorems for multifunctions and analytic sets, Bull. Amer.
Math. Soc. 84 (1978), 142-144.

, Single-valued representation of set-valued mappings, Trans. Amer. Math. Soc.
252 (1979), 133-145.

A. KISIELEWICZ, Selekcje multifunkcji o wartos$ciach rozkladalnych, Rozprawa doktorska
(1999), UAM, Poznari.

, Continuous selections for nonlower semicontinuous multifunctions, J. Math.
Anal. Appl. 286 (2003), 160-167.

T. KiM, K. PRIKRY AND N. C. YANNELIS, Carathéodory-type selections and random
fized points, J. Math. Anal. Appl. 122 (1987), 393-407.

, On a Carathéodory-type selection theorem, J. Math. Anal. Appl. 135 (1988),
664-670.

K. KurAaTOWSKI AND C. RYLL-NARDZEWSKI, A general theorem on selectors, Bull.
Acad. Polon. Math. 25 (1977), 41-46.

A. Kucia, On the existence of Carathéodory selectors, Bull. Polish Acad. Math. 32
(1984), 233-241.

, Some results on Carathéodory selections and extensions, J. Math. Anal. Appl.
223 (1998), 302-318.




196 LONGIN RYBINSKI

[42] T. C. LM, On fized point stability for set-valued contractive mappings with applications
to generalized differential equations, J. Math. Anal. Appl. 110 (1985), 436-441.

[43] MAGERL, A wunified approach to measurable and continuous selections, Trans. Amer.
Math. Soc. 245 (1978), 443-452.

[44] E. MICHAEL, Continuous selections I, Ann. Math. 63 (1956), 361-382.

[45] Z. PALES AND V. ZEIDAN, Characterization of closed and open C-convez sets in C(T,R"),
Acta Sci. Math. Szeged 65 (1999), 339-357.

, Characterization of L'-closed decomposable sets in L™, J. Math. Anal. Appl.
238 (1999), 491-515.

[47] K. Przestawskl K. AND L. RYBINSKI, Michael selection theorem under weak lower
semicontinuity assumption, Proc. Amer. Math. Soc. 109 (1990), 537-543.

, Concepts of lower semicontinuity and continuous selections of convex valued
multifunctions, J. Approx. Theory 68 (1992), 262-282.

[49] D. REPoVS AND P. SEMENOV, Continuous Selections of Multivalued Mappings, Kluwer,
1998.

[50] B. RICCERI, Carathéodory selections for multifunctions with non-separable range, Rend.
Sem. Mat. Uni. Padova 67 (1983), 185-190.

, Une propriéte topologique de l’ensemblé des points fixes d’une contraction mul-
tivoque & valeurs convezes, Rend. Acad. Nat. Lincei 84 (1987), 283-286.

[52] L. RYBINSKI, On the distance-minimizing selections in uniformly convex Banach spaces,
Discuss. Math. 6 (1983), 141-148.

[46]

48]

[51]

[53] , On Carathéodory type selections, Fund. Math. 125 (1985), 187-193.

[54] , Representation of multivalued mappings, Differential Inclusions and Optimal
Control, Proc. V Regional Sci. Session Math., Zielona Géra 1985, pp. 75-79.

[55] , Random fized points and viable random solutions of functional-differential in-
clusions, J. Math. Anal. Appl. 143 (1989), 53-61.

[56] , A fized point approach in the study of the solution sets of Lipschitzean functio-
nal-differential inclusions, J. Math. Anal. Appl. 160 (1991), 24-46.

[57] , Continuous Selections and Variational Systems (1992), WSI, Zielona Géra.

[58] , Epilimits of variational systems, Parametric Optimization and Related Top-

ics IV, Petar Lang, 1998, pp. 329-339.

, Price equilibria and dynamics, Polish-German Symposium Science Research
Education, 2000, pp. 73-74.

[60] K. Ural AND T. HAvASHI, A generalization of continuity and convezity conditions for
correspondences in economic equilibrium theory, Japanese Economic Rev. 51 (2000),
583-595.

[61] N. V. ZHIVKOV, A characterization of reflexive spaces by means of continuous approzi-
mate selections for metric projections, J. Approx. Theory 56 (1989), 59-71.

59]

LONGIN RYBINSKI

Wydzial Matematyki, Informatyki
i Ekonometrii

Uniwersytet Zielonogoérski

7. Szafrana 4a

65-516 Zielona Géra, POLAND

E-mail address: L.Rybinski@wmie.uz.zgora.pl



PART 11
COMMUNICATIONS






Juliusz Schauder Center Winter School
on Methods in Multivalued Analysis
Lecture Notes in Nonlinear Analysis
Volume 8, 2006, 199-238

NONLINEAR EVOLUTION INCLUSIONS
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ABSTRACT. The paper is aimed to introduce the reader into nonlinear evo-
lutions equations governed by perturbations of accretive operators and ap-
plications of topological tools to that sort of problems. We consider differ-
ential inclusions of the form

®) { a(t) € —Au(t) + F(t,u(t)),
u(t) € M,

where A: D(A) — E is a m-accretive operator on a Banach space E,
F:[tg, T] X M — E is an upper semicontinuous set-valued map with com-
pact convex values, where M C E is a closed subset of constraints. For
the initial value problem associated to (P) existence, continuity with re-
spect to initial data and topological structure of solution set problems shall
be studied. The results on the solution set structure shall be used in the
construction of the topological degree for maps of the form —A+ F' and ap-
plications of the degree to continuation and bifurcation of equilibria as well
as branching of periodic points associated to (P) shall be provided. More-
over, the obtained results shall be applied to a class of partial differential
equations involving nonlinear diffusion operator.
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1. Introduction

1.1. Presentation of main problems. Inclusions with constraints of the
form
(P) { 0€ —Au+ F(u),

u € M,

where M is a closed subset of a Banach space E, A: D(A) — E a m-accretive
operator and F: M — E an upper semicontinuous map, are abstract formu-
lations of many partial differential equations, inclusions and systems in which
additional conditions on the state are imposed. One of typical examples is the
reaction-diffusion equation

—Ap(u(z) = f(z,u(z)), zel,

where Q C RV, p:R — R and f:Q x R — R. And if, in this equation, u(x)
is interpreted as the concentration of some chemical at the point x € ), then
it is natural to expect that 0 < w(z) < cmax for a.e. z € Q where cpax is
some maximal concentration of the chemical, in other words u € M where the
constraint set is given by M := {v € L*(Q) | 0 < v(z) < cmax for a.e. z € Q}.
Observe that the set of constraints M has empty interior (in the L!-topology).

The existence of solutions for the constrained problem in the form (P) has
been studied by many authors who used various methods (see e.g. [34], [24], [8]
or [3]). To address continuation and bifurcation problems for (P) or the exis-
tence of periodic solutions and other related phenomena for differential equation
(or inclusion) governed by —A + F', one usually has to employ proper (local)
homotopy invariants such as topological degree. But, in the constrained prob-
lems of the form (P), as we could see, constraint sets often have empty interiors,
which does not allow to apply directly classical topological degrees. Topolog-
ical degrees for nonlinear maps of this kind, in situations with no constraints,
are usually defined as the Leray—Schauder degree of I — (I + AA)~}(I + \F)
or I — (I +M\)7tF, for A > 0, as well as by an approximation scheme of the
Galerkin type (e.g. [10], [22], [27], [26] and [20]). However, these methods fail in
the presence of the constraint set M, even if M is convex.

We construct a suitable homotopy invariant of the topological degree type for
the class of maps having the form —A+F on M ND(A) where A: D(A) — Eisa
m-accretive operator such that & € —Au generates a compact semigroup of con-
tractions, M C FE is a closed set being resolvent invariant (i.e. (I +\A)~*(M) C
M for A > 0) with some regularity property and F: M — E is compact con-
vex valued, upper semicontinuous and tangent to M in the Clarke sense, i.e.
F(z)NCp(z) # 0 for x € M, where Cpy(x) is the Clarke tangent cone.

In the paper we overcome geometric difficulties by using a different approach.
This idea is consistent with the Krasnosel’skii formula for the finite dimensional
equation & = f(u), stating that the Brouwer degree of —f is equal to the
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fixed point index of the translation along trajectories operator. Namely, roughly
speaking, we shall consider the semiflow {®;: M N D(A) — M N D(A)}+>0 gener-
ated by @ € —Au + F(u) (under our assumptions it is well-defined). It appears
that if U C M is open and bounded such that —A+ F' has no zeros on the bound-
ary 0 mU (of U with respect to M), then, for sufficiently small ¢ > 0, the map
®, has no fixed points on the boundary 0 ;U. Then as the topological degree
of —A+ F with respect to U C M we take the fixed point index of ®;. It has all
the expected properties and it can be effectively applied to differential inclusions

of the type @ € —Au + F(t,u) in studying such problems as continuation and
bifurcation of equilibria as well as branching of periodic points.

Nevertheless, in order to carry out this program of studying periodic problem
and construction of the topological degree, we have to use a version of the fixed
point index for set-valued maps ®;, which admit a decomposition ®; = e; o L,
where L is the solution operator for (P), i.e. assigning to each x € M the set
L(x) of solutions for (P) starting from z, and e; is the evaluation at time ¢.
But, usually theories of fixed point indices require that L should have properly
regular values. If M = FE, then it is sufficient that L(x) is acyclic for each x € E,
but, if M is an ANR, then some additional regularity is needed. The proper
assumption on L is to require that L(x) is a cell-like set (see the definition in
Section 4). Therefore, it is of great importance to assure the proper regularity
of the set of solutions for (P).

It should be stressed that the main intention of the author is to present the
results as well as ideas and techniques used while studying nonlinear inclusions
(with or without constraints). So as to fit the material in a reasonable capacity,
some proofs, which are either classical or not related with our approach or exceed
the scope of the paper, have been omitted (nevertheless in such situations proper
references to proofs are indicated).

1.2. Notation. Let (X,d) be a metric space. If B C A C X, then d 4B
denotes the boundary of B in (A,d|4) where d|4 is the metric induced from
(X,d). The distance function da: X — [0,00) from the set A C X is defined
by da(z) = d(z,A) := inf{d(z,y) | y € A}. If z € X and r > 0, then we
put Ba(z,r) == {y € A | d(z,y) < r}, Da(z,r) :={y € A | d(z,y) < r},
B(A,r):={y € X |da(y) < r} and D(A,r) :={y € X |da(y) < r}. If (X,)
is a sequence of subsets of X, then we consider the inferior and superior limits,
given by

Liminf X, = {z € X

n—oo

lim d(z, X,) = 0}
and

Limsup X, := {x € X | liminf d(z, X,,) = O},

n—oo n—oo

respectively.
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Let E be a normed space and M C E. By conv M and conv M one denotes
the convex envelope and the closed convex envelope of M, respectively. In prob-
lems with constraints various tangent cones enable to express conditions assuring
existence of solutions in a set of constraint. Here we shall use the Bouligand cone
and the Clarke one. The Bouligand tangent cone to M at a point x € M is given
by

da(z +h
T () := {u € B | limint @) _ 0}.
h—0+t h

It is clearly a closed cone (but in general nonconvex). The Clarke tangent cone
to M at x € M is given by

Cy(x) = {u ek

lim w 0}_

yﬁx, h—0t
Cp () is a closed convex cone and, in general, Cps(x) C Ths(x) and

(1.1) Liminf TM(x) C C]V[(:U).

Yy—x

For more details and information concerning tangent cones we refer to [2].

2. Accretive operators, differential inclusions
and semigroups of contractions

2.1. Accretive operators. A set-valued map A: D(A) —o E, where F is a
Banach space and D(A) C E, is called an accretive operator if, for any z,y €
D(A), u € Az, v € Ay and A > 0,

[z =yl <[l =y + A(u—v)].
If, additionally, R(I + A) = E, where R(I + A) := ,cp(a)({ + A)w, then A is

called m-accretive.

Remark 2.1. (a) It is easy to observe that if F is a Hilbert space with
the scalar product (-, -), then A is accretive if, and only if, it is monotone, i.e.
(x —y,u—v) >0 for any z,y € D(A), u € Az and v € Ay.

(b) If E is a Hilbert space and A is linear, then the accretivity coincides with
the positivity of A.

(¢) If R(I + AA) = E for some A\g > 0, then R(I + ) A) = E for all A > 0
(see e.g. [36]).

(d) If E is reflexive and A: D(A) — E is m-accretive, then the set D(A) is
convex (see e.g. [23]).

If A:D(A) — FE is an accretive operator, then, for A > 0, one defines an
operator Jy: R(I + AA) — E by Jyu = J{u := (I + MA)"tu. It is called
the resolvent of A. It follows straightforward from the definition of accretive
operators that Jy is a well-defined single-valued operator.
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Proposition 2.2 (e.g. [37], [23]). If A: D(A) — E is m-accretive operator,
then:
(a) ||[Jauw— x| < ||lu—2| for u,v € E and A > 0;
(b) limy_o+ Jau =u foru € D(A);
(@) T = I + (1= Np) ) for i A > 0;
(d) Axu € Adyu, for any A > 0 and u € E, where Ay := \"Y(I — Jy).

To get the better feeling of accretivity, we provide some facts on scalar
semiproducts in arbitrary Banach spaces. It appears useful in handling accre-
tive operators. The duality (-, -): E* x E — R in a Banach space E is given
by (p,u) := p(u) for p € E* and u € E, and the duality map J: E — E* is
given by J(z) := {p € E* | (p,z) = |]p||*> = ||z|*}, for x € E. The semiprod-
ucts (-, )1 Ex E —Rand (-, )_: E x E — R are defined by the formulae
(T,9)+ = SUPpe ()P Y), (T, y)— = infe2)(p,y), ¥,y € E. They admit the
following properties:

Proposition 2.3 ([34]). If x,y,z € E, then:

) () < lllllyll;
€T y>+ = 7<.’,U,7y>, = < €T y> ’ <.’,U,.’,E>+ = <.’,U,.’,E>, = HxH27
az,by)+ = ab(x,y)+ fora,b>0;

(a
(b) (

(

(@, y + ax>+ — (2,9)+ +allo? fora € R;
(

(

)
(c)
(d)
(e) T y+2’> = <x,y>++<x,z>+,

) (@Y +2)- < (@,y)- +(x,2)4;

) The function (-, - )1: EXE — R (resp. (-, -)_:Ex E — R) is upper
semicontinuous (resp. lower semicontinuous).

(f
(g

Lemma 2.4. If u, — u in C([to, T, E) and w, — w in L*([to, T], E), then

T T
limsup/ (Un(T), wn (7)) 4 dT S/ (u(r),w(r))+ dr.

n—oo tf) tf)

The semiproducts allow to express accretivity in a sometimes more conve-
nient form, for instance, one may prove that A: D(A) — FE is accretive if, and
only if,

(y1 = y2,v1 —v2)4 =0,
for any (y1,v1), (y2,v2) € Gr(A) := {(y,v) € Ex E |y € D(A), v € Ay} (see
g. [36] or [23]).

Moreover, it appears that m-accretive operators are maximal one among all

accretive operators in the sense of their graphs.

Proposition 2.5 (see [36] or [23]). Let A:D(A) — E be a m-accretive
operator. If for some pair (x,u) € E X E one has (x —y,u —v)1 > 0 for any
(y,v) € Gr(A), then (z,u) € Gr(A).

Observe that, in view of Proposition 2.5 and Proposition 2.3(g), for any
m-accretive operator A: D(A) — E, the graph Gr(A) is closed in E x E.
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For more on accretive operators the reader is referred to [4], [32] or [36].

2.2. Semigroups and solution operator. A family of maps {S(¢): D —
D}y>0, where D C E, is called a semigroup of contractions provided that
5(0) = idp;
S(t)S(s) = S(t + s) for any t,s > 0;
I1S(t)x — S)y|| < ||l —y]| for any xz,y € D and ¢t > 0;
lim; o+ S(t)z = =.

The notion of semigroup is strictly related to accretive operators, which is subject
to our further study. Namely, consider the following differential inclusion

u(t) € —Au(t), t>0,

o {40~y
u(0) =z,

where A: D(A) — E is a m-accretive operator and x € D(A). In general,

without additional assumptions, the inclusion (2.1) may possess no pointwise (or

almost everywhere pointwise) solutions. Therefore, another notion of solution is

introduced (in more general setting).

Definition 2.6 (see [4] or [36]). Let A: D(A) — E be a m-accretive opera-

tor, w € L'([to,T], E) and g € D(A). A continuous function u: [ty, T] — E is
said to be an integral solution of the problem
{ u(t) € —Au(t) +w(t), t e [to,T],
u(to) =Xy,

if and only if u(to) = o, u(t) € D(A), for all ¢ € [to, T], and

t
llu(t) =yl < flu(s) = ylI* + 2/ (u(r) =y, w(r) —v)y dr
for any to < s <t <T and (y,v) € Gr(A).

Remark 2.7. (a) If a linear operator A: D(A) — E is such that —A is a
generator of a Cy semigroup of contractions, then every mild solution of 4(t) =
—Au(t) +w(t) is an integral solution, in the sense of Definition 2.6.

(b) One may show that if u is an integral solution of u(t) € —Au(t) + w(t),
then, for any (y,u) € Gr(A4) and to < s <t < T, one has

[u(t) = yll < [lu(s) -yl +/ [[w(r) — vl dr.

Proposition 2.8 (see e.g. [37] or [23]). Let A: D(A) — E be such that A—wl

is m-accretive for some w > 0. Then for any x € D(A) and w € L'([to, T], E)
the problem

(Paows) { 1) € Ault)ywlt) o lto. T)

u(ty) = x,
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has a unique integral solution u = Y z(x,w): [to,T] — E. Moreover, for any
21, w3 € D(A), w1, we € LY ([to, T], E) and all to < s <t <T,

[Za(zr, wi)(t) = Ba(@z, w2) (@)
< eI Sa (1, wi)(s) — Balwz, wa)(s)]

t
+ / e D wy (1) — wa(7)|| dr.

In particular, if w := 0, tg := 0 and T := +o00, by Proposition 2.8, for
every operator A: D(A) — E with A —wI m-accertive, the differential problem
@ € —Au determines the semigroup of contractions S (t): D(A) — D(A) (with
the constants e~**). This semigroup (generated by A) is denoted by {Sa(t)}+>0

or SA.

Remark 2.9. If a constant map u = z( is an integral solution of u €
—Au + vy on [tg, T], for some vy € E, then xg € D(A) and 0 € —Axy + vg.
Indeed, since u = xg is an integral solution, one has, for ¢ € [to, T,

t
OS/ (o —y,v0 — V)4 dT = (t —to) (0 — Y, v0 — V)4

to
for all (y,v) € Gr(A) and ¢ € [to,T], which, in view of Proposition 2.5, gives
(z0,v9) € Gr(A).

Below the notion convergence for m-accretive operators is briefly introduced.
It enables to consider homotopy in the family of perturbations of m-accretive
operators with the accretive part changing.

Definition 2.10 (see e.g.[36] or [24]). A sequence (A,:D(A,) — E)p>1
of m-accretive operators is said to be G-convergent (or graph convergent) to a

m-accretive operator A: D(A) — E, which is written as A, <, A, if

Gr (4) C Liminf,,.Gr (4,).

Remark 2.11 (see [24]). The graph-convergence can be also characterized
as follows: A, A if, and only if, for each p > 0 Jf"u — J;j‘u for all
u € E. Moreover, one may show that if there exists at least one pg > 0 such
that Jfr)"u — J;j‘ u, for any u € F, then A, <, A

0
Example 2.12 (see [13]). (a) Let A: D(A) — E be a m-accretive operator.
If ¢ > 0 is a fixed parameter and A, — Ao > 0, then ¢I + A\ A - gI + Mo A.
(b) Let A and B be m-accretive operators such that D(A) = D(B) and
the operator C(\) := AA + (1 — \)B is m-accretive, for all A € [0,1], then
C (M) -5 C(o) if An — Ao.

The solution operator has the following continuity properties.
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Proposition 2.13 (see [36]). If A, <, A, x, — x, where x, € D(A,),
forn > 1, x € D(A), and w, — w in L*([te, T, E), then X4, (xn,wn)(t) —
Y a(z,w)(t) uniformly on [to, T].

Proposition 2.14. If the dual space E* is uniformly convex, A, GA
and x, — x, where x, € D(A,), forn > 1, x € D(A), w, — w weakly in
LY([to, T], E), and ¥ a, (2, wy) — u in C([to, T], E), then u = X z(z, w).

Remark 2.15. If E* is uniformly convex, then F is reflexive and the duality
mapping J is single-valued and uniformly continuous on bounded sets (Kato’s
theorem, see [4]). It is mainly these properties that make us assume the uniform
convexity of E*.

In the proof of Proposition 2.14, we need the following property of the
semiproduct, which is a consequence of properties mentioned in Remark 2.15
(for the detailed proof see e.g. [37], also [13]).

Lemma 2.16. If E* is uniformly convex, u, — u in C([to, T, E) and w, —
w weakly in L*([to, T, E), then

T T
lim (Un (7), W (7)) dT = / (u(1), w(r))+ dr.

n—oo fio to

Proof of Proposition 2.14. Set u,, := X 4, (n, w,) and take any tg < s <t <
T and (y,v) € Gr(A). Then, by the definition of the G-convergence, there exist
sequences ¥y, — y and v, — v such that v, € A,y, for n > 1. By the definition
of integral solution

l|un(t) — ynH2 < [Jun(s) — ynH2 + 2/ (Un(T) = Yn, Wi (T) — v )+ dT.

Passing to the limits and using Lemma 2.16, one obtains

lluo(t) = ylI* < lluo(s) — yl* + 2/ (uo(7) =y, wo(7) — )4 dr,

which, by the uniqueness of integral solutions, implies u = X 4 (z, w). O

2.3. Compactness properties of solution operator. A family (or a
sequence) A of m-accretive operators on a Banach space F is called relatively G-
compact, if any sequence of operators in A contains a subsequence G-convergent
to some m-accretive operator. The following criterion is a general tool for check-
ing compactness of solution sets for (P4 )

Theorem 2.17 (see [13]). Let a family A of m-accretive operators be rela-
tively G-compact and such that, for any sequence (A,) C A with A, <, Ag, the
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equality holds

(2.2) D(Ap) = Limsup D(4,). (})
If the set K C FE is relatively compact and W C LY ([to, T], E) is uniformly
integrable (), then the following conditions are equivalent:

(a) the set

Sa(K x W)= | J{Zalz,w) |2 € KN D(A),w € W}
AcA

is relatively compact in C([to, T, E);
(b) there exists a dense set P C [to,T| such that, for allt € P,

Sa(E xW)(t) == | {Sale,w)(t) | v € KN D(A), we W}
AcA

is relatively compact in E.

A semigroup {S(t): D — D};>0, where D is a closed subsets of a Banach
space E, is called compact, if the set S(¢)(€2 N D) is relatively compact for any
t > 0 and any bounded 2 C E. A family (or a sequence) of semigroups S =
{S(t) : Ds — Dg}ses, where Dg are closed subsets of F, is called compact,
if, for any ¢ > 0 and any bounded set Q C E, the set |Jgc5 S(t)(©2 N Dg) is
relatively compact.

Example 2.18. Let A: D(A) — E be a m~accretive operator such that the
semigroup S4 is compact. The family A := {AA}x¢ja,5), Where 0 < o < §, is
relatively G-compact and the family of semigroups S := {Sxa: D(A) — D(A) |
A € [a, 0]} is compact. To see the G-compactness, observe that if A, — A €
[, 8], then, by the resolvent’s properties, JS"Au = J;‘)\nu — J;:‘)\u = JA’L\Au for
any > 0 and u € E, which, in view of Remark 2.11, implies A, A 9.0\, To
show the compactness of the family S, observe that Sy (t)x = Sa(\t)x for any
A>0,t>0and x € D(A). Hence, for any bounded Q C E and ¢ > 0, one gets

23) |J Sau®@MDA) = |J Sa(At)(QND(A)) C Sa(at)(QND(A)),
A€la,p] A€, ]

(1) Note that the inclusion D(Ap) C Liminf,—oo D(An) C Limsup ,,_, .. D(Axn) follows
from the definition of G-convergence. Hence, to verify (2.2) just the converse inclusion must
be checked.

(%) A subset (or a sequence) W C L' ([to, T], E) is said to be uniformly integrable, if for
every € > 0 there is § > 0 such that [, ||w(7)||dr < ¢ for any J C [to,T] with the Lebesgue
measure p(J) < 6 and any w € W. Moreover, W C L([to,T], E) is said to be integrally
bounded, if there exists ¢ € L'([tg,T]) such that, for all w € W, |w(t)|| < q(t) for a.e.
t € [to,T]. Observe that if W is integrally bounded, then it is uniformly integrable.
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where Qg := {Sa(s)z | z € QN D(A), s € [0,(8 — a)t]}. It is clear that Qg
is bounded, and note that the relative compactness in (2.3) follows from the
compactness of S4.

The following compactness criterion is a direct consequence of Theorem 2.17.

Proposition 2.19 (see [12]). Let (A4,) be a relatively G-compact sequence of
m-accretive operators such that the corresponding sequence of semigroups (Sa,,)
is compact and D(A,,) = D(A.,) for any n,m > 1. Then:

(a) If (x,) C D(A1) is a bounded sequence, (w,)C L*([to, T|, E) is uniform-
ly integrable, then, for any t € (to,T), the sequence (X4, (Tn,wn)(t)) is
relatively compact.

(b) If, additionally, (xz,) is relatively compact, then the sequence of func-
tions (X a, (zn,wy)) is relatively compact in C([to, T, E).

2.4. Resolvent invariant sets. A set M C F is called resolvent invariant
with respect to a m-accretive operator A: D(A) — E if, and only if|

J&(M) c M, for each A > 0.

Remark 2.20. (a) In general, if a closed M C F is resolvent invariant, then
M is invariant with respect to the semigroup Sy, i.e.

S4(t)(M N D(A)) € MND(A) for any t > 0.
It follows immediately from the Crandall-Liggett exponential formula saying
that Sa(t)x = limnﬁoo(:]t“}n)"x for z € D(A) and t > 0. Hence, the resolvent
invariance, in the case when w = 0 is sufficient, for existence of integral solutions
of & € —Au staying in M.

(b) If A is such that —A is a m-accretive generator of a Cy semigroup of
bounded linear operators and M is closed and convex, then the converse impli-
cation is true, that is invariance with respect to semigroups implies resolvent
invariance (see [32, Proposition VII.5.3]). For nonlinear A some additional con-

dition on the position of M with respect to D(A) is needed (see [4, Chapter IV,
Theorem 1.7]).

The following proposition collects basic facts concerning resolvent invariant
sets.

Proposition 2.21 (see [13]). Let A be a m-accretive operator.

(a) If M C E is resolvent invariant, then M4 := M N D(A) is a retract of
M.

(b) If M is a resolvent invariant neighbourhood retract in E, then My is a
netghbourhood retract in E.

(¢) If M is a resolvent invariant neighbourhood retract in E, M is bounded
and the semigroup {Sa(t): Ma — Mal}i>o is compact, then x(Ma) is
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well-defined and A(Sa(t)|Ma) = x(Ma) for any t > 0, where A(-)
stands for the generalized Lefschetz number of a compact self-map of an
absolute neighbourhood retract.

Example 2.22. Suppose H is a Hilbert space and ¢: H — RU{oc} is a lower
semicontinuous convex functional with the proper domain D(yp) := {x € H |
o(z) < +o0} # 0. Define Az := 9 p(x) forx € D(A) :={z € D(p) | dp(z) # 0}

(see [37]). The operator A is m-accretive and D(A) = D(g) (see [4]). For any
a € R, put M, :={zx € D(p) | p(x) < a}. It is clear that M, are closed convex
and invariant with resolvent invariant. Indeed, the convexity is immediate and
the closeness is a consequence of lower semicontinuity. By the definition of
subgradient and the inclusion Axx € AJxx (see Proposition 2.2(d)), for any x €
D(p) and X > 0, one has () — @(Jxz) > (Azz, . — Jryx) = A7z — Jhz||? > 0.

Hence, o(Jxz) < ¢(z), i.e. Jx(M,) C Mg, for any A > 0 and a € R.
An example for the nonlinear diffusion operator is provided in Section 7.

3. Existence for constrained differential inclusions
and properties of solution operators

Consider the inclusion
u(t) € —Au(t) + F(t,u(t)),
(Pa,F,z) u(t) € My := M N D(A),

u(ty) = x,

where A: D(A) — E is m-accretive, M C E is closed and F': [tg,T] x M — E is
a set-valued map. A continuous function wu: [tg, T] — FE' is said to be an integral
solution of (Pa,py) if, and only if, u(tg) = = and there exists a measurable a.e.
selection w: [tg, T| — E of the set-valued map F(-,u(-)) (i.e. w(t) € F(t,u(t))
for a.e. t € [tg, T]) such that ¥ 4(x,w) = u. The set of all integral solutions shall
be denoted by L(z,—A+ F).

We divide this section into two parts, in the first one we consider the case
when F' is a single-valued locally Lipschitz map with some other standard prop-
erties and in the second one, the case with set-valued upper semicontinuous F
with other necessary properties.

3.1. Solution operator for inclusions with single-valued perturba-
tions. Due to our further needs, we shall deal from the very beginning with
parameterized differential problem

e —AMNu+ F(t,u,A) for A € A,
(Px) {

u(t) € M,
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where
(M) the family {A(A)}aea, with a compact metric space A, is G-continuous,
ie. AQn) -2 A(No) as A — Ao;
(M) M C E is closed and resolvent invariant with respect to each A(\),
A€EA, e Jf(’\)(M) C M for any > 0 and A € A;
(Ms) the family of semigroups {S4(x)}rea is compact,
and a continuous map F: [tg, T] x M x A — E satisfies the following conditions:

(F1) for any € M there are §, > 0 and L, > 0 such that
HF(tvxlv)‘) - F(t,.ﬁUz,)\)H < LIHxl 7$2H7

for any x1,x9 € B(x,0,), t € [to,T] and A € A;

(F2) there exists ¢ € L([to, T]) such that ||F (¢, 2, \)|| < c(t)(1 + ||z]|), for
any (t,z, A) € [to, T] x M x A,

(F3) F(t,x,\) € Tar(x) for any (¢, z,\) € [to, T] x M x A.

Theorem 3.1.

(P1) (Existence) For any A € A and x € My := M N D(A()N)), there exists a
unique integral solution w: [to, T] — E of (Px) with u(ty) =
(P2) (Continuity) The map L:|Jycp Mx x {\} — C([to,T], E), given by

L(z,\) = L(x, —AN) + F(-, -, \) :=u,

where w is the unique solution of (Py) on [to,T] with u(a) = x, is
continuous. Moreover, for s, — so in [to,T], xn — zo in M and
An — Ao in A, if uy, is the solution of (Px,) on [Sn, T| with uy(sn) = Tn,
n >0, then
sup |tn (t) — uo(t)]] — 0 as n — oo.
te€[max{sn,so},T]

(P3) (Compactness) Suppose the family {A(N)}aea has the additional prop-
erty D(A(M)) = D(A(X2)) for any A, 2 € A. Then, for any t €
(to,T], the translation along trajectories operator ®: Mp x A — Mp,
with Mp := M 0 D(A(N)) for X € A, given by ®¢(z, \) = e;(L(z, \)),
where ep: C([to, T], Mp) — Mp is the evaluation map, is compact, i.e.
for any bounded Q@ C Mp the set ®4(2 x A) is relatively compact.

Remark 3.2. (a) Fix A € A and = € M. Suppose that u € C([to, T], E) is
an integral solution of (Py) with u(tg) = x. Observe that, by Proposition 2.8,
lu(t) = Sacy(@, 0)(@)]| < fy, |1F(r,u(r), N)| dr and, consequently, by (F>),

[u®)]l < I\SAu)(t*to)le/ c(r)(L+ [[u()]) dr

to

t
< Ko+ el + / () fu(r)]| dr
to
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where K, \ := max,¢jo,7—] [[Sa)(7)z||. Hence, the Gronwall inequality pro-
vides the estimate

Ju®ll < (Kaa + 1) exp (Lét(<7>d7).

(b) We claim that, for any R > 0, K :=sup{K; x| A € A, z € D(A(N)) N
B(0,R)} < oo. Indeed, fix A € A and take any =) € D(A(X)). By the defini-
tion of G-convergence and Proposition 2.13, there exists 0 < é < 1 such that,

for all p € B(A,6), B(xx,0) N D(A(p)) # 0 and maxrefo,r—s] [|Saqu (T)y —

Saoy(T)zal| < 1for any y € B(xx,6) N D(A(p)). Further, for any p € B(A,0),

z € D(A(p)) N B(0,R) and 7 € [0,T — to], one has

1S a0 ()2l < 1S aqu)(T)z — Sag (T)yll
+[[Saq) (T)y — Sao) (M)l + [[Saoy (T)zall
<z =yl + 1+ |Sao) (T)zall

where y € B(xx,d) N D(A(u)) is arbitrary. This implies

sup{K... | 11 € B\, 8), = € D(A(W) N B(0, R)}
<2R4 041+ Ky n <2(R+1) + K,y 2

Since A is compact, we see that Kr < oo.
(¢) If one combines (a) and (b), then it is clear that the set of solutions of
(Py) starting from a bounded set is bounded.

Proof of Theorem 3.1. The part (P1) is proved in [8].

As for the part (P2), we show the short prove in the case s, = ¢y (in
general case the prove is similar but more technical). Take any sequence of
parameters A, — Ag in A and (z,) such that x, € M,,, for n > 1, and
Tn — xg € My,. Let u, := L(xn, An), for n > 1. In view of Remark3.2(c),
Uy is bounded in C([to,T], E) and, by (F2), the sequence (F(-,un(-),A\n)) is
integrally bounded. Hence, in view of Proposition 2.19(b), each subsequence of
(up) contains a subsequence (ug,) convergent to some ug € C([tg,T], E). Then
wry, = F( ug, (1), A\g) — wo := F(-,uo(+),No) in L([to, T], E), which, due
to Proposition 2.13, implies uy, = Za(n,,) (@, wk) — Bar)(To, wo) = uo.
Summing up, it has been showed that, each subsequence of (u,,) contains a sub-
sequence convergent to ug = L(xg, Ag), which proves that L(zn, A\n) — L(z0, o).

To prove the part (P3), take a bounded sequence (x,) C © and (A,) C A.
Let, for any n > 1, u, be the solution of (P, ) with u,(t) = z,. In view of
Remark 3.2(c),the sequence (uy,) is bounded in C([to,T], E) and, by (F2), the
functions F'(-,un(-), An) are integrally bounded, and, by Proposition 2.19(a),
the sequence (u,(t)) is relatively compact for any t € (to, T. O

Remark 3.3. (a) Under the above assumptions, the existence part (P1) is
true without the assumption of the compactness of the semigroup (see [8]).
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(b) Theorem 3.1 holds, if the assumptions (Mz) and (F3) is replaced by the
following weaker condition

F(t,z,\) € Tﬁ(k)(x) for any (t,x,\) € [to,T] x Mx x A

where for a m-accretive operator A: D(A) — F

T = {we B | s DreEate ) )

and ¥ (z,u) stands for the solution of v € —Av 4+ u with v(0) = x (see [8]).
Hence, some of the results in the sequel also remain true under this weaker
condition.

3.2. Solution operator for inclusions with set-valued perturbations.
We settle a set-valued version of Theorem 3.1. Consider (Py) with {A(A)}aea
and M C E satisfying (M1)—(M3) and a set-valued map F: [tg,T] x M x A — E
satisfying the following conditions:

(ﬁl) F is compact convex valued and upper semicontinuous,
(ﬁg) there exists ¢ € L'([to, T]) such that SUDyeF(t,2,0) [Jul] < c(®)(1 + ||z])
for any (t,x,\) € [to, T] x M x A,
(F3) F(t,z,\)NTar(x) # 0 for any (t,x, ) € [to, T] x M x A.
Moreover, if F' is single-valued, then there is no additional assumptions on F,
otherwise, if F' is set-valued, then we assume that the dual E* is uniformly
convex.

Theorem 3.4.

(P1) (Existence) For any A € A and x € My := M ND(A(N)) there exists an
integral solution u: [to, T] — E of (Py) with u(ty) = x.
(P2) (Continuity) The map L:|Jycp M x {A} —o C([to,T], E), given by

L(z,\) = L(x,—A\) + F(-,-,\)
={u e C([ty, T], E) | u is an integral solution of (Py) and u(ty) = x}

s upper semicontinuous and has compact values.

(P3) (Compactness) Suppose the family {A(N)}rea has the additional prop-
erty D(A(M)) = D(A(X2)) for any A, 2 € A. Then, for any t €
(to, T, the translation along trajectories operator ®4: Mp x A — Mp,
where Mp := MND(A(X)), for A € A, given by ®(z, A) := e (L(z, A)),
is compact, i.e. for any bounded Q2 C Mp, the set ©,(Q x A) is relatively
compact.

Remark 3.5. (a) The assumption of the uniform convexity of E* allows to
use Proposition 2.14. Moreover, if E* is uniformly convex, then, in particular,
E is reflexive, which means that bounded subsets of E are relatively weakly
compact.
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(b) The conclusion of Remark 3.2(c) remains valid in the set-valued case with
suitable adjustments.

(c) Observe that a set-valued map ¢: X — Y is upper semicontinuous if and
only if for any x,, — xo in X and any (u,) CY such that u, € p(x,), for any
n > 1, there is a subsequence u,, — ug € p(zo).

The proof of Theorem 3.4 is very similar to those for inclusions with bounded
right hand sides. The following general rules are crucial for the proof of Theo-
rem 3.4.

Lemma 3.6 (L'-compactness criterion, see [18]). Let W C L!([to, T], E)
be a uniformly integrable set such that there exists a family {C(t)}iepo,m) of
relatively compact subsets of E such that, for each w € W,

w(t) € C(t) for a.e. t € [to, T).
Then W is relatively weakly compact in L' ([to, T], E).

Lemma 3.7 (Convergence theorem, see [1]). Suppose that:
(a) up — u in C([to, T], X) where X is a metric space,
(b) wy, — w weakly in L*([to, T], E),
(¢) G:[to, T] x X —o E is an upper semicontinuous map with closed convex
values,
(d) for any € > 0 there exists ng > 1 such that, for each n > ng and a.e.
t € [to, T1,

wp(t) € Conv [G(([t — &,t + €] N [to, T]) X B(un(t),e)) + B(0,¢)].

Then w(t) € F(t,u(t)) for a.e. t € [to,T).

Proof of Theorem 3.4. The part (P1) is proved in [8] (even under weaker
assumptions).

To prove (P2) we shall show that, for any x,, — xzo € My,, \n — N € A
and u, € L(xnp,An), n > 1, (u,) contains a subsequence convergent to some
ug € L(xo, Ao) (see Remark 3.5(c)).

Consider the case when F' is set-valued (then E* is assumed to be uni-
formly convex). Since, u,, are integral solutions, there exist integrable selections
Wy [to, T] — E of F(-,un(-), A\n). By (F») and the fact that there is R > 0 such
that |Ju,|| < R for n > 1 (see Remark 3.5), we see that (w,) is integrally bounded
by ¢(-)(1 4+ R). Hence, in view of Proposition 2.19(b), (u,) is relatively com-
pact, i.e. it contains a subsequence convergent to some ug € C([to,T], E) with
uo(to) = xo; furthermore, by Lemma 3.6, (w,) contains a subsequence weakly
convergent in L!([tg, T], E) to some wy. Therefore passing to subsequences, if
necessary, u, — ug and w, — wo weakly in L!([to,T], E). Finally, by use of
Lemma 3.7 (applied to (un, An) € C([to, T], M x A), (wy,0) € L'([to, T], E x R)
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and G(t, (z,A)) == (F(t,z,A),0)), we get wog € F(-,ug(-),Ao), which together
with Proposition 2.14 implies that ug € L(zo, \o).

If F is single-valued, then the proof is analogical to the proof of the part
(P2) of Theorem 3.1.

To see (P3) one needs to proceed exactly like in the proof of the part (P3)
of Theorem 3.1. O

4. Topological structure of solution sets
for constrained evolution problems

We shall study the structure of the set of all solutions of the inclusion

w e —Au+ F(t,u),

(PA.Fa) u(t) € My := M N D(A),

u(to) =Xy,
where A: D(A) — F is a m~accretive operator, F': [tg, T] X M — E is an upper
semicontinuous with compact convex values and g € D(A). We intend to show
that, under some general conditions, the set of solutions for (P4, 4,) is a cell-like
set (see for the definition below).

The regularity of solution set is a problem involving the geometry of both
the mapping F' and the constraint set M. It appears that even in some finite
dimensional problems with A := 0 solution sets of (P4 r4,) are not connected
or acyclic, that is neither cell-like (see examples in [29]). It is either the lack
of proper regularity of the shape of M or too weak tangency of F' with respect
to M, which is the reason of that phenomenon. However, if M is of a proper
regularity and F is tangent to M in the sense of Clarke’s cones (that is F satisfies

a more restrictive condition), then solution sets have the required structure.

Definition 4.1. A (nonempty) compact metric space L is called a cell-like
set, if there exists a metrizable ANR X and an embedding i: L — X such that
i(L) is contractible in any neighbourhood of i(L) in X (or, equivalently, for any
neighbourhood U of (L), there exists a neighbourhood V' C U of the set i(L)
such that the set V' is contractible in U).

Remark 4.2. (a) The property of being cell-like is an absolute property,
that is if L is a cell-like set and i: L — X’ is an embedding into an ANR X',
then /(L) is contractible in any its neighbourhood in X’.

(b) Being a cell-like set is a topological invariant (cf. [31]). One may also
show that this property is even a homotopic invariant.

(¢) A cell-like set is acyclic with respect to the Cech cohomology with integer
coefficients (by the continuity property of the Cech cohomology functor).

Example 4.3. (a) By the definition, it is obvious, that contractible compact
metric spaces are cell-like sets. Hence, in particular, compact convex subsets of
normed spaces are cell-like.
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(b) Let X C Y be a compact subset of a metric space Y. X is said to be
of Rs type if X =(,,~; Xn where {X,,},,>1 is a descending family of compact
AR’s (absolute retracts). It is easy to see that sets of Rs type are cell-like. And
conversely, one may show that each compact cell-like set is of R type (see [25]).
Hence, for compact sets these two properties are equivalent.

(¢) In practice, the following characterization of Rj type sets is useful: If
(Ln)n>1 is a sequence of closed and bounded subsets of a metric space X
such that L,+1 C L, forn > 1, L, is contractible, for n > 1, and B(L,) —
0,as n — oo, where § denotes the Hausdorff measure of noncompactness, then
L :=(,>; Ln is of Rs type.

(d) If (Ly) is a descending sequence of Rjs sets, then (), Ln is also of R;
type.

4.1. Structure of solution set — convex constraints. This is the ability
of approximating F' with locally Lipschitz mappings inheriting the tangency to
M, which plays the key rule in studying the structure of solutions sets. As
one encounters different difficulties connected with approximations, each of the
situations when M is convex, M is epi-Lipschitz and M is a proximate retract are
considered separately. Here, we assume that F' is upper semicontinous (jointly,
i.e. with respect to both variables). The more general case when F is just
upper Caratheodory or M is strictly regular sets, can be obtained by use of the
techniques due to Bader and Kryszewski (see [3]) where A was assumed to be
a linear generator of Cy semigroup. The adaptation to the nonlinear case is
straightforward and the arguments from this section apply.

In the convex case we use the following approximation result .

Lemma 4.4 ([28], [3]). Let M C E be a closed convex set in a Banach space
E and Q0 be a metric space. If F:Q x M — E is upper semicontinuous with
closed convex values such that

Flw,2)NTy(z) #0 for (w,x) € Q x M,

then, for any e > 0, there exists a locally Lipschitz map fo: Q2 x M — E such
that, for any w € Q and x € M,

fe(w,z) € conv [F(B(w, €) x B (z,€)) + B(0,¢)],
felw, ) € T ().

Theorem 4.5. Let A: D(A) — E be a m-accretive operator such that the
semigroup Sa is compact and M C E be a resolvent invariant closed convex set.
If F:[to,T] x M — E is an upper semicontinuous map with compact convex
values and sublinear growth such that F(t,z) N Ta(x) # 0, for each (t,x) €
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[to, T] x M, then, for any xo € My, the set L(xo,—A + F) of solutions for
(Pa Fa,) 1 cell-like in each of the following cases:

(a) F is a single-valued map;
(b) E* is uniformly convex.

Proof. Step 1. For any n > 1, by Lemma 4.4, there exists a locally Lipschitz
fni[to, T] X M — E such that, for each ¢ € [tg,T] and = € M,

(4.1) fn(t,x) € Tr(a),
(42) fn(tvx) € Fn(tvx)v
where Fy,(t,z) :=conv [F(((t—1/n,t+1/n)N[to, T]) X Bap(z, 1/n))+B(0,1/n)].
Step 2. We shall show that, for any n > 1, the set L(xzg,—A + F},) is con-
tractible.
By Theorem 3.1 (P1) and (4.1), for any (s,x) € [to,T] x M4 the problem
e —Au+ fr(t,u),
(Pp) u(t) € My,
u(s) =z,
has a unique solution u(-;s,x): [s,b] — Ma. In view of (4.2), it is clear that
the solution u(-;s,xg) of (P,) belongs to L(xg,—A + F,). Define M := {u €
C([to, T], E) | u(t) € M4 for any t € [to,T]} and H: M X [to,T] — M by
v(t) for t € [to, s),
u(t; s,v(s)) fort € [s,T].

H(v, s)(t) := {

The map H is continuous. Indeed, suppose that v,,, — v and s,,, — s as m — oc.
Without loss of generality one may assume that either s, > s for all m > 1 or
Sm < s for all m > 1. In the first case, if s, > s, then,

o for ¢t € [ty, s), one has ||H (v, sm)(t) — H(v, s)(t)]] = |lvm(t) —v(t)] <
l[vm — ]| — 0;
e fort € [s, 8,), by continuity,
[ H (v, sm)(t) — H(v,s)(0)]| = [[om(t) —u(t; s, v(s))]]
< lvm — vl + sup |lu(r) —o(s)|+ sup [[v(s) —u(7;s,v(s))|| — 0;

TE[S,8m] TE[S,8m]
o fort € [sy,T), by use of Theorem 3.1(P2),
[H (v, sm ) (t) = H (v, s) ()| = [[u(t; $m, vm(sm)) — ult; s, v(s))[| = 0,
since vy, ($m) — v(8).

In the other case when s, < s for all m > 1, one has:

o for t € [to, sm), [|H (vm, sm)(t) = H(v, 8)(@)]| = [[om () = 0(B)]] < [Jom —

|| — 0;
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o fort € [sp,,s),

[ H (v, 5m) () — H (v, 8)(#)]| = [[u(t; sm, vim(sm)) — v(t)]]
< sup [[u(7; 8m, Um(Sm)) — Vm (sm) |
tE[Sm,S)
+ [lvm — vl + Jup )H’U(Sm) —v(7)|;

e fort € [s,T], by Theorem 3.1(P2),
[1H (v, $m) () = H(v, 8)(0)| < sup |[[u(7; 8m; vm(sm)) = u(rss, v(s))] = 0.

TE[s,
Hence H is continuous.
Further observe that

(4.3) if v € L(xg, —A+Fy,), then H(v,s) € L(xg, —A+F,,) for each s € [ty, T].

Indeed, if w(-) € F,(-,v(+)) is a measurable selection such that ¥ 4(z¢, w) = v,
then H(s,v) = X 4(xo,w) with w € L'([ty, T], E) given by

o w(r) for 7 € [to, s)
%0 = { fatria, nrelon)

Since w is a selection of F, (-, H(v,s)(-)), one has H(v,s) € L(xg, —A+ F},).

It follows, by the continuity of H and (4.3), that if v € L(xg, —A + F,), then
H(v,s) € L(xg,—A + F,). Hence, the homotopy H shows that L(zg, —A+ F},)
is contractible to {u(-;to, zo)}-

Step 8. We shall prove that, any sequence (u,) of integral solutions such
that w, € L(xzo,—A+ F,), n > 1, contains a subsequence convergent to some
ug € L(xg, —A+ F).

First, we show that (u,,) is relatively compact. Let wy,: [tg, T] — E be a mea-
surable selection wy, () € Fy(-,un(-)) such that u, = Xa(xo,wy) for n > 1.
By (4.2) and Remark 3.5, there exists a constant R > 0 such that ||u, ()| < R
for any ¢ € [to,T] and n > 1. This and the sublinear growth condition implies
that (wy) is integrally bounded. Hence, in view of Proposition 2.19(b) (u,) is
relatively compact and, without loss of generality, we may assume that (u,) con-
verges in C([to, T], E) to some ug. One needs to show that ug € L(xg, —A + F).

In the case (a). It is easy to see that w, := f,(-,u,(-)) converges in
C([to, T], E) to wo := F(-,uo()), and, by the growth condition on F, w, — wp
in L([to, T}, E). By Proposition 2.13, ug = X 4(xo, wo), i-e. ug € L(zg, —A+F).

In the case (b), in view of Lemma 3.6, one may assume that (passing to a
subsequence) w, — wo (weakly in L([to,T], E)). Hence, by Lemma 3.7, one
has

wo(t) € F(t,uo(t)) for a.e. t € [to,T]
and, finally, in view of Proposition 2.14, one obtains ¥ 4(xg, wo) = g, i.e. ug €
L(zg,—A+ F).
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Step 4. For any n > 1, L(xg,—A + Fy41) C L(zg, —A+ F,,) and
L(zo,—A+F) = () L(zo, —A + Fy).

n>1
Indeed, it follows from the definition of Fj, that, forn > 1, F(¢t,z) C F,41(t,x) C
F,(t,x) and

L(.’,Eo, —A+ F) C L(.’,Eo, -A+ Fn+1) C L(.’,Uo, —A+ Fn)

and, consequently, L(zo,—A + F) C (,>; L(zo,—A+ F,). In order to prove

the converse inclusion, take any v € (), L(zo, —A + F},). Then there exists a

sequence (uy) such that u, € L(zg, —A+F,) and |[u —u,| < 1/n forn > 1. By

Step 3, we infer that u € L(zo, —A + F'), which proves the claim of Step 4.
Step 5. Finally, we shall show that

B(L(zo,—A+ F,)) =0 asn — oo,

which, by Example 4.3(c), Steps 2 and 4, will imply that L(xg,—A + F) is
cell-like.
By Step 3, L(zp, —A + F) is a nonempty compact set, therefore

B(L(zo, —A+ Fp)) = 8(L(xg,—A+ Fy)) < sup d(u, L(zg,— A+ F)).
uweL(xzo,—A+Fy)

For n > 1, choose u,, € L(xg, —A + F),) such that

sup d(u, L(xzog, —A+ F)) < d(upn, L(xg, —A+ F)) + 1/n.
wEL(z0,— A+Fy)

By Step 3, without loss of generality, one may assume that the sequence (uy,)
converges to some ug € L(xzg, —A + F), which gives 8(L(zo,—A + F},)) — 0 as
n — 00. ]

Remark 4.6. (a) Theorem 4.5 is, in particular, an existence theorem for
set-valued F' (obtained independently of Theorem 3.4(P1).

(b) Theorem 4.5 is a generalization of results from [7], where some additional
assumption on the convex set M was imposed.

4.2. Structure of solution set — epi-Lipschitz constraints. We shall
consider the case when M is a set given by functional constraints satisfying some
regularity assumption.

Definition 4.7. A closed set M is said to be epi-Lipschitz, if there exist an
open V C E and a locally Lipschitz function f:V — R such that M = {x € V|
f(x) <0}, infay f>0and 0 € 0 f(x) (3) for any x € f~1(0). The function f is
called a representing function for the set M.

(®) 8 f(x) C E* is a generalized gradient given by 8 f(z) := {p € E* | (p,u) < f°(z;n)
for all u € E} where f°(w;u) := limsup,_,, 5,0+ (f(y+hu) — f(y))/h is the directional
derivative of f at z in the direction © € E. For these notions and other basic elements of
nonsmooth analysis the reader is referred to textbooks [11] or [2].
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Remark 4.8. (a) For a closed set M represented by locally Lipschitz con-
straint f:V — R it is natural to consider a tangent cone at € M being the
polar cone of the generalized gradient O f(z), i.e. the cone given by

Of(x)’={ue E|(puy<0forallpedf(z)} ={ue E]| f°(z;u) <0}.

In particular, if f := dps, then ddp(z)° = Crr(x) where Cy(z) is the Clarke
cone (see [11]).
(b) Ifx € M, f(x) =0and 0 ¢ 9 f(x), then 0 f(x)° C Cpr(z) (see [11]).

A set-valued map F:[tg,T] x M — E, where M is an epi-Lipschitz set
represented by f, is said to be tangent to M with respect to f if

(4.4) F(t,z)Nd f(z)° #0 for (t,z) € [to, T] x & M.

As it was mentioned, to address the solution set structure problem one needs
to approximate F': [tg, T] x M —o E with locally Lipschitz maps satisfying the
tangency condition. For mappings on epi-Lipschitz sets we use the following
approximation method.

Lemma 4.9 (see [3] and [28]). If M C E is epi-Lipschitz with a representing
function f:V — R and F: [tg, T) x M — E is an upper semicontinuous map with
compact convex values, satisfying (4.4), then, for any e > 0, there exists a locally
Lipschitz map fc: [to, T] x M — E such that

fo(t,z) € conv [F(I(t,e) x By (z,€)) + B(0,€)] for (t,z) € [to, T] x M,
fo(z; fo(t,2)) <0 for (t,z) € [to, T] x O M

where I(t,e) = (t —e,t+¢) N [to, T].

Theorem 4.10. Let A: D(A) — E an m-accretive operator, M C E be a
resolvent invariant epi-Lipschitz set represented by f. If an upper semicontinuous
map F:[to,T] x M — E with compact convex values, has sublinear growth and
is tangent to M in the sense of (4.4), then for any xog € Ma, the solution set
L(zo,—A+ F) for (Pa,ps,) is a cell-like set provided one of the conditions: (a)
or (b) from Theorem 4.5 holds.

Proof. can be carried out along the lines of the proof of Theorem 4.5, but
instead of Lemma 4.4 one uses Lemma 4.9. Moreover, to show that the inclusion
(P,) has solutions it is sufficient to observe that f,(¢,z) € 8 f(x)° C Cpr(z) for
t € [to,T], x € OM (see Remark 4.8). O

4.3. Structure of solution set — proximate retract constraints. It
was observed in [35] that so-called prozimate retracts in R™ are sets, in which
viable solutions of inclusions make a set of proper topological structure. This
observation can be extended to inclusions in Banach spaces.
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Definition 4.11. A closed set M C FE is a proximate retract provided there
exists a continuous function r: B(M, p) — M with p > 0 such that

|z —r(x)|| = dyp(z) for any z € B(M, p).

Theorem 4.12. Let A: D(A) — E be a m-accretive operator and M C
E be a resolvent invariant proximate retract. If an upper semicontinuous map
F:[to,T] x M — E with compact convex values has sublinear growth and

F(t,z)NCar(z) # 0  for (t,x) € [to, T] x M, (*)

then, for any xg € Ma, the solution set L(xog, —A+ F) of (Pa,r.z,) s a cell-like
set provided one of the conditions (a) or (b) from Theorem 4.5 holds.

Lemma 4.13. The map F:[ty,T] x B(M,p) — E defined by F(t,z) :=
F(t,r(x)) has the following properties:
(a) F is upper semicontinuous;

(b) if ¢ € L'([to, T) is such that sup,epeq [lull < e(t)(1 + [z]]), for any
(t,x) € [to,T) x M, then
sup Jul] < (1+ p)e()(1 + [[z]))

uCF(t,x)

for any t € [to, T] X B(M,p_);
(¢) for any x € B(M,p)\ M, F(t,z) N0 dp(x)° # 0.

Proof. (a) The upper semicontinuity follows immediately from the decompo-
sition F' = F o (idy, ) x r): [to, T] x B(M, p) — E.
(b) For any (t,) € [to, T] x B(M, p),
sup lul| < c(t)(L+[Ir(@)]]) < c(t)(A + [[r(x) — | + [lz[])
uweEF(t,x)
= ()1 +du () + [lzf]) < (14 p)e(®)(1 + [lz]).

(¢) By assumption, there is u € F(t,7(z)) N Car(r(z)). Observe that, by the
definition of proximate retract and the Lipschitz property of ds,

dy (y + hu) — da(y)

dys(z;u) = limsup
Yy—x, h~>0Jr h
d hu) — —
ey @ ) = 1)
y—x, h—0t h
d h d h
< limsup dar(r(y) + hu) < limsup du(y + hu) =0,
y—x, h—0t h y—r(z), h—0t h
which implies u € F(t,2) N ddp(x)° (see Remark 4.8(a)). O

(%) If M is a proximate retract, then it can be shown that Th(z) = Cps () for any z € M.
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Lemma 4.14 (see [14]). For any x € B(M,p) \ M, 0 & 0 dp(x).

Proof of Theorem 4.12. Let ng > 1 be such that 1/ng < p. And put M, :=
B(M,1/n) for n > ng. The sets M, are represented by f, := dy — 1/n and,
in view of Lemma 4.14, are epi-Lipschitz with f,, as the representing functional.
Moreover, Lemma 4.13 implies that F|[t0,T]><JV[n are tangent to M, i.e.

F(t,2) N0 fo(x)° #0 for (t,z) € [to, T] x 8 My, = [to, T] x f7(0).

By Theorem 4.10, the sets L(xzg, —A +F|[t0,T]an) are cell-like. Since it is clear
that

L(xg,—A+ F) = m L(xg,*AJrF“tO,T]an)»

n>no

it follows, by Example 4.3(d), that L(xg, —A + F) is cell-like. O

5. Topological degree for perturbations of m-accretive operators

5.1. Fixed point index for c-admissible set-valued maps. To perform
the construction of degree by use of our approach, one needs an adequate fixed
point index for set-valued maps. Therefore we briefly present such a version of
fixed point index coming from [15], which is an extension of the earlier fixed
point indices (see [21] and [30]).

A map &: X — Z, where X and Z are metric spaces, is called c-admissible
if it admits a decomposition

®(x) = f(p(x)) for any z € X,

where p: X —o Y takes cell-like values in a metric space Y and is upper semi-
continuous, and f:Y — Z is a continuous map. If ® is c-admissible, then the
corresponding diagram

DX vtz

is called a c-decomposition of ®. Obviously, in general, one map may admit
many decompositions. For that reason a c-admissible map is referred to as a
pair (®, D) where D is a given c¢-decomposition of ®.

Definition 5.1. Two c-admissible maps (®y, Dy) with decompositions

DX Zovi Iz k=01,

are said to be homotopic if there exist a c-admissible map ¥: X x [0, 1] — Z with
the decomposition

P
D:X x[0,1] —Y L Z
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and continuous maps ji: Yy — Y such that the diagram

¥o

X Yo

A

Xx[0,1] 2y 25y

1A

X Y

Y1

where ix: X — X x [0, 1], for k = 0, 1, are given by ix(z) := (z, k), commutes. It
is written as (®g, Do) ~ (®1, D1).

In practice, the following method of establishing a homotopy relationship is
useful.

Proposition 5.2. Let ®: X x [0,1] — Z be such that
O(x,t) = fi(pi(x)) for each (z,t) € X x [0,1],
where p: X x [0,1] — Y is an upper semicontinuous map with cell-like values
and f:Y x [0,1] — Z is continuous (and ¢ = ¢(-,t), fi := f(-,t)). Then the
pairs (Pg, Dy) with Dy: X Py Ik Z, for k=0,1, are homotopic.

Proof. Define Y := {(t,y) € [0,1] x Y | y € o(z,t), v € X}, d(z,t): X x
[0,1] — Y by ¥(z,t) := {t} x ¢(z,1), ¢V — Z by g(t,y) := f(y,t) and
Y =Y by jk(y) := (k,y), k = 0,1. It is easy to verify that ¥ir = jrpr and
gjk:fkvkzovl' O

Denote by C the class of pairs (®, D), where ®:U — X, with an ANR X
and an open subset U C X, is a locally compact c-admissible map with a c-
decomposition

DU oy L x
and such that Fix(®,U) :={z € U | x € ®(x)} is compact.
Theorem 5.3. There is a correspondence assigning to any (®,D) € C an

integer Indx ((®, D), U) — the fized point index of (&, D) with respect to U —
having the following properties:

(IND1) (Existence) If Ind((®, D),U) # 0, then there exists x € U such that
x € ().

(IND2) (Additivity) If Fix(®,U) C Uy UUsz \ (U NUs), where Uy, Uz C U are
open, then

Indx(((I),D), U) = Indx(((I)|U1,DU1), Ul) + Indx(((I)|U2,DU2), UQ)

where Dy, and Dy, have obvious meaning.
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(IND3) (Homotopy invariance) If (®g, Do) and ($1,D1) are homotopic via a

»
compact homotopy (¥, D), with the decomposition D:U x [0,1] —o
Y -4 X, such that the set Usepo,1y Fix(¥ (-, 1), U) is compact, then

Indx ((®o, Do), U) = Indx ((®1, D1),U).
(IND4) (Normalization) If U = X and ® is compact, then
Indx ((®, D), X) = A((®, D))
where A((®, D)) is the Lefschetz number of the pair (®, D).

Remark 5.4. (a) For more information on the Lefschetz number we refer
to [21] and in this particular case to [15].

(b) At this point it should mentioned that if a compact c-admissible map
(®, D) is homotopic to the identity map idx (with the trivial decomposition),
then A((®, D)) = x(X).

5.2. Construction of topological degree. By A(M, E) denote the class
of maps —A+ F: M N D(A) — E where A: D(A) — E is a m-accretive operator
and F: M — F is such that:

(A

1) aclosed set M C E is either convex, epi-Lipschitz or a proximate retract;
(Ag) JH(M ) C M for any A > 0;
(As) the semigroup {Sa(t): D(A) — D(A)};>0 is compact;
(A4) F: M —o E is an upper semicontinuous with compact convex values and
sublinear growth, i.e. such that there exists ¢ > 0 such that

sup ||ull < c(1+ ||z||) for x e M;
uEF (x)

(As) forany z € M

Fx)NCuy(z) #0 if M is a convex set or a proximate retract;
F(z)Nno f(z)° #0 if M is an epi-Lipshitz set represented by f;

(Ag) if F is not single-valued, then the dual E* is assumed to be uniformly

convex.

Remark 5.5. If M is either closed convex, epi-Lipschitz or a proximate
retract, then M is strictly regular in the sense of [14] and, therefore, it is a
neighbourhood retract. Furthermore, if additionally, M is a resolvent invariant
with respect to some m-accretive A, then, in view of Proposition 2.21, M, :=
M N D(A) is a neighbourhood retract, too.

If U € M is an open (in M) and bounded set, then one defines the class

Au(M,E) = {~A+F € AM,E) | 0¢ (—A + F)(9 U N D(A))}.
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A homotopy in the class Ay (M, E) (or in A(M, FE)) is a mapping (z,\) —
—A(N)x + F(x,\) where F': M x [0,1] — E is upper semicontinuous, with sub-
linear growth uniform with respect to A and { A(A)}x¢jo,1] is a family of operators
such that

—AN)+ F(-,\) € Ay(M, E) (resp. A(M, E)) for each X € A;
D(A(M1)) = D(A(XA2)) for any A1, A2 € [0, 1];

A) S Ao) as Ay — o

the family of semigroups {Sa(x)}aeo,1] is compact.

The following lemmata are the main steps in the construction of the degree.

Lemma 5.6. Suppose (z, ) — —A(N)x+F(z, A) is a homotopy in A(M, E).
Then:
(a) the set {(x,\) € M x [0,1] | z € D(A(N)), 0 € —A(N)x + F(z,\)} is
closed in M x [0, 1];
(b) if U C M is a bounded open subset of M, then the set

Z:= J {#€TUNDAW) |0 ANz + F(z,\)}
A€0,1]

18 compact.

Proof. (a) Suppose (n, An) — (20, Ao) and 0 € —A(N\,)xpn + F(zn, An) for
n > 1. The constant functions u,, = =, on [0, 1], for n > 1, are integral solutions
of the problem u € —A(Ay)u + F(u, Ap). Therefore, by Theorems 3.1(P2) and
3.4(P2), (uy) converges to a solution of & € —A(Ag)u + F(u, o), i.e. ug = xg is
an integral solution, which, in view of Remark 2.9, means that 0 € —A(A\g)xo +
F(.’,Uo, )\0)

(b) Let (z,) € U and (A,) C [0,1] be sequences such that 0 € A(\,)zy, +
F(zp, An), for n > 1. One may assume that A\, — Ao € [0,1]. The constant
functions v,, = x,, n > 1, are integral solutions of the inclusions & € —A(\,)u+
F(u,\,). This, in particular, means that {z,},>1 C ®1([Mp N U] x [0,1])
where Mp := M N A()\) (independently of A € [0, 1]). By Theorems 3.1(P3) and
3.4(P3), the sequence (x,) is relatively compact. Hence, by (a), we gather that
Z is compact. O

Remark 5.7. In view of Lemma 5.6, it is clear that the set-valued mapping
A= {x e UND(AN) | 0€ —A(N)z + F(z,\)} is upper semicontinuous (as it
has closed graph and all values are contained in the compact set Z).

Lemma 5.8. Under the assumptions of Lemma 5.6(b), for any € > 0 there
exists T > 0 such that for t € (0,1]

U {z€TUnD(A) |z € di(x,\)} C Z+ B(0,¢).
A€0,1]
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Proof. We proceed by contradiction. Suppose that there exist € > 0 and
sequences (\,) C [0,1], ¢, — 0% and (x,) C U N Mp such that, for any n > 1,
ZTpn € Oy, (T, An) and

(5.1) d(zn, Z) > Z.

Observe that x,, € @k, (2, Ay) for any integers & > 1 and n > 1, which implies
that

{Tn}tn>1 C @1/2(20 x [0, 1)),
with Qg := {®(z,\) | * € UN Mp, t € [0,1/2], X\ € [0,1]}. Since, in view
of Remarks 3.2 and 3.5(b), the set Qg is bounded, by Theorems 3.1(P3) and
3.4(P3), the set {x,}n>1 is relatively compact. Without loss of generality, one
may assume that z, — xo € U and \, — Ag.

Clearly, for any n > 1, there exists a t,-periodic solution u,:[0,1] — E of
€ —AM)u + F(u, Ay) with u,(0) = 2, and u,(t) € M for t € [0,1]. By
Theorem 3.4(P2), (u,) is convergent in C([0, 1], E) to some solution ug with
uo(0) = zg. Therefore, for any ¢ € (0, 1] and n > 1, one has

l[10(0) = uo(®)[| < [luo(0) — un([t/tnltn)l]
+ [[un([t/tnltn) = un(®)| + [lun(t) — uo(t)]]-

Since un([t/tn]tn) = Tn = un(0), up, — up in C([0,1], F) and {u,} is equicontin-
uous, we infer that ug = xo. Finally, in view of Remark 2.9, 2o € U N D(A()\o))
and 0 € —A(Xo)zo + F(zo, No), i.e. zg € Z. This is a contradiction to (5.1). O

In order to define the degree take any —A+ F € Ay (M, E). In view of The-
orems 3.1(P3) and 3.4(P3), ®; is compact for ¢ > 0 and admits a decomposition

— L(-,—A+F) et
Dti Un (A) —OC([t07T]7MA) - MA'

L(-,—A + F) has cell-like values, in view of Theorem either 4.5, 4.10 or 4.12
and, by Remark 5.5, M4 is ANR. By the compactness of Z (see Lemma 5.6(b))
there exists € > 0 such that [Z+4 B(0,2)]NM C U. By Lemma 5.8, there ist > 0
such that {r € U | z € ®,(x)} C U for t € (0,7], which means that (®;, D;)
is admissible in the fixed point index theory for c-admissible maps. Moreover,
observe that, in virtue of Proposition 5.2 and Theorem 5.3, for each ¢1,t5 € [0, 7],
the pairs (®¢,, Dy,) and (Py,, Dy,) are homotopic and Indps, (($4,, Dy, ), U N
D(A)) = IndJVfA(((I)tzv th)v un D(A))
Thus, the following definition is correct

(52) degM(fAJrF, U) = tliI(IJl+ IHd]V[A(((I)t,Dt),Uﬁ (A))
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Theorem 5.9. The correspondence defined by (5.2) has all the properties of
the topological degree, i.e.

(DEG1) (Existence) If degrs(—A + F,U) # 0, then there exists x € U N D(A)
such that 0 € —Ax + F(z).

(DEG2) (Additivity) If U1, Us are open disjoint subsets of U and 0 & (—A +
F)([U\ (Ul @] UQ)] N D(A)), then

degjyj(*A+ F, U) = degjyj(fA+ F, Ul) +deg]\/[(7A + F, UQ)

(DEG3) (Homotopy invariance) If (z, A) — A(XN)x+F(x, \) is an admissible ho-
motopy in Ay (M, E), then degpr(—A(N)+F (-, ), U) does not depend
on A € [0,1].

(DEG4) (Normalization) If M4 is bounded, then degpr(—A+ F, M) = x(Ma).

Proof. (DEG1) If degp(—A + F,U) # 0, then, by definition, there is an
integer ng > 1 such that, for ¢, := 27" with n > ng, Indp, ((®4,, Dy,), U N
D(A)) # 0, which, by Theorem 5.3(IND1), gives the existence of x,, € U such
that x, € ¥, (z,), for each n > ng. Hence, by use of Lemmas 5.6 and 5.8, the
sequence (x,) contains a subsequence convergent to some xo € Z, i.e. satisfying
0 € —Axo + F(x).

(DEG2) Since {x € UND(A) | 0 € —Az + F(2)} = Z C U; U Us, using
Lemmata 5.6 and 5.8, one gets ¢ > 0 such that, for ¢ € (0, 7],

{xeUND(A) |z € ®(x)} C U UUs.

Hence, by the additivity property of the fixed point index (Theorem 5.3(IND2)),
one obtains, for ¢ € (0,7],

Ind]\/[A(((I)t,Dt),Um (A))
= IndJVfA(((I)tv Dt)v Uy OW) =+ IndJVfA(((I)tv Dt)v Ua mm)v

which, by the definition of the degree, implies (DEG2).

(DEG3) By Theorems 3.1(P2), (P3) and 3.4(P2), (P3), the maps ®;: [U N
Mp] x [0,1] — Mp with Mp := M ND(A(X)), where A € [0, 1], are c-admissible
and compact for ¢ > 0. By Lemmas 5.6 and 5.8, there is # > 0 such that, for
t € (0,8, Urepu{z € U | & € ®4(x,\)} C U. Hence, by use of the homotopy
invariance of the fixed point index (Theorem 5.3(IND3)) and the definition of
the degree, one obtains (DEGS3).

(DEG4) Note that degp(—A + F, M) = Indp, ((Py, Dy), My) for t > 0.
Since M4 is bounded @, are compact and homotopic to the identity ids, (via
the homotopy (z,A) — ®x;(z)). Hence, by the normalization property of the
fixed point index and Remark 5.4, degpr(—A + F, M) = x(Ma). O
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An immediate implication of the existence and normalization property of
the degree is the following existence criterion being an extension of the result
obtained in [5] where A :=0 and M is a compact L-retract.

Corollary 5.10. If —A+ F € AM,E), M4 is bounded and x(My4) # 0,
then there exists xg € My such that 0 € —Axg + F(xo).

6. Applications of topological degree

6.1. Continuation and bifurcation of equilibria. Let the family of m-
accretive operators {A(\)}re(a,b), @ neighbourhood retract M C E and F: M x
[a,b] — E be such that the map (z,\) — —A(N)z + F(z,\) is a homotopy in
the class A(M, E). We are concerned with the following continuation problem

0€—-AN)z + F(x, ),
(Carn) x € MND(AN)),
A€ [a,b].
Let W be an open and bounded subset of M X [a, b] and let, as before,
Z:={(xz,\)eW |0 —-AN\)x + F(z,\)}.

Observe that, in view of Lemma 5.6, the set Z is compact. By use of the
topological degree and the proper topological lemma (the so-called separation
lemma), one derives the following criterion for continuation.

Theorem 6.1 (Continuation of equilibria). If Z, N [0 arxjasW]a = 0 (°)
and degyr(—A(a) + Fo, W,) # 0, then there exists a connected component ¥ of
Z such that

YN [Wy x{a}]#0
and either XN 0 prxfa,q)W # 0 or X0 [Wy x {b}] # 0.

For the proof see [13]. It is an adaptation of the classical arguments (e.g.
[33]).

To pass to bifurcation, suppose, additionally, that a branch 0 of (“trivial”)
solutions of (Cpz,x) is given, and 30 is a closed connected subset of Z such that
0 #£ (0 and XY # (). One says that a point Ao € [a, b] is a bifurcation value, if

(23, x {A}NZ\ 20 #0,

i.e. there is (xg, o) € X? being a cluster point of a sequence of ("nontrivial”)
solutions ((zn, An)) € Z\ X% The set of all bifurcation values of (Casy) is
denoted by B.

Suppose that a,b ¢ B. Then ¥, x {a} and X, x {b} are isolated in Z.
Hence, there are open V(® c W, and V) < W, such that V(@ n 2, = X9,

C)YIfACX XY,y € X, then Ay :={z € X |(2,9) € A}.
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VN2, = %Y and the degrees degys (—A(a)+ F,, V@), degas(—A(b)+ Fy, V®)
are well-defined.

Theorem 6.2 (Bifurcation of equilibria). Under the above assumptions, if
degnr(—A(a) + Fo, Vo) # degnr(—A(D) + Fy, Vp),

then B # 0 and there exists a connected set ¥ C Z \ X0 such that ¥ N X0 # ()
and

(a) eith_ET’ S N 8]\/[><[a,b]W ?é @, if(?JV[X[a,b]W 7é ®7

(b) or TN[(Wa\ S U (W, \ 59)] # 0.

6.2. Periodic solutions — existence and branching. Start with the
global criterion for the existence of periodic solutions for problems

w e —Au+ F(t, u),
(6.1) u(t) € M,
u(0) = w(T),

where A: D(A) — E and F:[0,T] x M — E satisty (A1), (42), (A3) and the
following conditions hold:

A’)) F is upper semicontinuous with compact convex values and of sublinear
4
growth, i.e. there exists ¢ € L1([0,T]) such that

sup [Jull < e(t)(1 + [l]])
uweF(t,x)
for any € M and almost all ¢ € [0,T7;
(Af) F is T-periodic in ¢, i.e. F(0,2) = F(T,x) for x € M, and tangent to
M, i.e. for any (t,z) € [0,T] x M,

Ft,z)NCuy(z) #0 if M is a convex set or a proximate retract;
Ft,z)No f(x)° #0 if M is an epi-Lipschitz set represented by f.

(A%) One the following conditions is satisfied:
(a) E* is uniformly convex;
(b) F is single-valued and does not depend on ¢.

Theorem 6.3. If A, F and M are as above and M4 is bounded with x(Ma4)
=0, then the periodic problem (6.1) admits at least one solution.

Proof. Since ®7: M4 —o M4 is homotopic to the identity map idas, via a
homotopy My x [0,1] 5 (z,s) — Psp(z), by Theorem 5.3, Indps, (Pr, M4) =
x(Ma) # 0. This, by the existence property of the fixed point index, implies
the existence of x € M4 such that z € ®p(z), which means that there exists a
corresponding solution u: [0, T] — E of (6.1) with u(T) = = = u(0). O
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Remark 6.4. A version of the existence criterion for convex M with some
additional property was obtained in [7]. For the case when A is a generator of a
C) semigroup and F' is an upper Carathéodory map see [3].

Before passing to branching of periodic points, we state a branching result
for fixed points, which makes an abstract setting for studying periodic points
of differential inclusions. Suppose that ®:U x [0,00) —o M is a set-valued map
where is U is a bounded open subset of the metric ANR M (see Remark 5,5).
A point (z,A) € U x [0,00) is said to be a resting point, if x € ®(x,\). The
set of all resting points for ® is denoted by R(®). A point x € U is called a
branching point, if (z,0) € R(®) \ [M x {0}]; the set of all branching points of
® is denoted by B(®P).

Proposition 6.5 (see [12]). Let an upper semicontinuous map ®:U X
[0,00) —o M be such that

(H1) there are an upper semicontinuous cell-like valued @:U x [0,00) —o Y,
where Y is a metric space, and a continuous g:Y — M such that ® =
gow; B

(H2) for any A1, A2 € (0,00), the set (U x [A1, A2]) is relatively compact;

(H3) ® has the property: if A, — 0% and x, € ®(xn, \pn), for n > 1, then
() is relatively compact;

(H4) B((I)) Nbd yU =0 and
Indp (®(-,N),U) #0, (%)

for sufficiently small X > 0.

Then there exists a connected set ¥ C R(®)N[U x (0, 00)] such that XN [B(P) x
{0}] # 0 (in particular B(®) # () and X is not contained in any compact subset
of [U x(0,00)] U [B(®) x {0}].

The proof uses the basic properties of the fixed point index and a proper
topological lemma allowing to obtain the existence of a branch of resting points
(see [12] for the single-valued version).

Now we are be concerned with periodic points of the parameterized problems
of the form

U € —AAu + AF(t,u) for A >0,

(Bx) {
u(t) € Ma,

where a m-accretive operator A: D(A) —o E, a closed set M C E and an upper

semicontinuous compact convex valued map F: [0, T] x M — E (T > 0) satisfy

(A1)-(Asz) and (A})~(Af).

(%) The condition B(®) Nbd p;U = 0 together with (H3) implies that there is A9 > 0 such
that € ®(x,\) for any = € bd p;U and A € (0, \g].
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A point (z,\) € M4 x [0,00) is called a T-periodic point if there exists an
integral solution u: [0,7] — E of (By) such that u(0) = u(T) = x. Note that any
(z,0) with © € M4 is a T-periodic point. For a given K C M, by Pr(K) denote
the set of all T-periodic points in K x [0,00). A point xg € K is a branching
point if (z¢,0) € Pp(K)\ M4 x {0}. The set of all branching points in K is
denoted by Br(K).

The necessary condition for branching is provided below.

Theorem 6.6. Under the above assumptions, if g € Br(M), then 0 €
—Axg + F(xo) where F: M — E is defined by

1

N T
F(x) := T/o F(t,x)dt. ()

Lemma 6.7. Let A: D(A) — E be a m-accretive operator. If x, — xo in
D(A), (w,) C LY([0,T], E) is bounded and A\, — 0T, then Xy, (2, Apwy) — xo
(in C([0, T], E)).

Proof. By Remark 2.7, for any (y,v) € Gr(A),

T
max Xy, a(2n; Anwn)(t) = yl| < [lzn —yll + )\n/ [[wn(7) = vl dr.
t€[0,T] 0

Further, let € > 0 and Z. € D(A) be such that ||zg — Tc|| < € and take v, € E
with (Te,ve) € Gr(A). Then, passing to the limit,

timsup ( max S, 4 (@, A (1) ~ 7))

n— oo te

< lwo = Tell + lim (An[Jwn = ve|[z1) = [lzo = T <
n—oo

Since € > 0 is arbitrary, we gather that X, a(2n, Apwn) — z¢ in C([a,b], E). O

Proof of Theorem 6.6. Since xg € Br(M), there exist a sequence of T-
periodic points (zn, An) — (20, 0). Then there are a sequence (u,,) C C([0,T], E)
and (wy,) C L([0,T], E) such that u,, = ¥, a(xn, A\nwy) and w,, is an a.e. se-
lection of F'(-,un(-)). By Example 2.12 and Remark 3.5, the sequence (uy,) is
bounded and, by the (A}), the sequence (wy,) is bounded in L*([0, T, E). Hence,
in view of Lemma 6.7, u,, — x¢. Further, by the T-periodicity of u, and the
definition of integral solution, one has, for any (y,v) € Gr (4),

T
(6.2) /0 (un(t) — y, wn(t) —v)4 dt >0 forn > 1.

7) The integral is defined as F(t,x)dt .= w(t) dt | w is a Bochner integrable
& 0 0 &
selection of F( -, z)}
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If F is single-valued and does not depend on ¢, then w,, = F(u,(-)) — F(zq)
and, in view of (6.2) and Lemma 2.4, one has fOT<x0 — vy, F(x9) —v)4 dt > 0 for
any (y,v) € Gr(A), i.e. by Proposition 2.5, 0 € Azg + F(xo).

In the case when E* is uniformly convex, then putting C(t) := conv F'({t} x
{un(t)}n>1) and using Lemma 3.6, we may assume that w, — wy weakly in
LY([0,T], E). By Lemma 2.16, and Remark 2.15, for any (y,v) € Gr(A),

T T
0< / (0 — g, wo(t) — v)4 dt = / J (2o — ) (wo(t) — v) dt.

By the continuity and linearity of J(zo — y) one has

1 T
<x0 -y, T/ wo(t) dt — v> >0,
0 +

and, in view of Proposition 2.5, 0 € —Axq + fOT wo(t) dt. Finally, by Lemma 3.7,
wy is a selection of F( -, zy) and, in consequence, one gets 0 € —Azg + F(x0).0

To prove a sufficient criterion for branching of periodic points, we need the
following formula.

Proposition 6.8. Suppose A, M and F satisfy conditions (A1)—(As), (A))-
(Ag). And let, for X\ >0, ®3: M x [0,00) —o M4 be given by

O (z) == er(L(z, —AA + \F)).

If U is a bounded open subset of M such that 0 & (—A+ F)(d ,U N D(A)), then
there exists Ao > 0 such that, for any X\ € (0, o],

(6.3) Indar, (93, D3),UND(A)) = degu (—A + F, U),
where D} has the obvious meaning.
Proof. Step 1. For A\ > 0, define the map ¥*: My x [0,1] — M4 by
Uz, s) := ep(L(z, —\A + \F}))

~

where Fy(t,z) := (1 — s)F(x) + sF(t,z). Since t — F(t,x) N Cpr(x) is upper
semicontinuous with compact values, it is also measurable with the image in
a compact set, therefore it admits a measurable a.e. selection w,:[0,7] — F
due to the Kuratowski-Ryll-Nardzewski Selection Theorem. This implies that
wes(t) 1= (1 — 8) & [T w,(7) d7 + swy(t) € Fy(t,x) N Cpy(x) for any s € [0,1],
t €[0,7] and x € M. Note also that F; are T-periodic and, by (A4}),

(6.4) up ull < (X = s)lellp /T + sc(t) (1 + [=]]) = e)(1 + [[=[])

uekFs(t,x

where ¢(t) := max{||c||p1/T,c(t)}. Therefore, by Theorem 3.1(P1), the map
U*, for A > 0 is well-defined and, by Theorem 3.1(P2) and (P3), it is upper
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semicontinuous and compact. And, finally, due to Theorems 4.5, 4.10 and 4.12,
®* is c-admissible.

Step 2. We shall prove that there exists A1 > 0 such that, for A € (0, A\1], the
homotopy ¥* is admissible on U N W in the fixed point index theory sense,
i.e.

(6.5) ¢ UNx,s), for (x,s) € (0 U x D(A)) x [0,1].

Suppose, to the contrary, that there are A, — 07, s, — so € [0,1] and
(r,) C 03U such that ,, € ¥ (z,,s,) for n > 1. Then it is clear that, for
any integer k > 1, z,, € ex7(L(zp, —Ap A+ A\ Fs, ) where F, :[0,00)x M — E
is given by Fs, (t,z) := Fs, (t — [t/T|T,x). Let un:[0,00) — E, n > 1, be
T-periodic functions such that w, = X, a(@n, Aywy,)(T) with w,, being a.e.
selection of Fg (-, un(+)), and u,(0) = z,.

First, we prove that the sequence (u,) contains a subsequence convergent in
C([0,T7], E) to some point from 0 pyU. Note that, by the growth condition (6.4)
and Remark 3.5, there exists a constant R > 0 such that ||u,||c(o,r,z) < R,
which, in particular, means that (w,,) is integrally bounded by ¢(- )(1+ R). And
since w,, are T-periodic, for any integer k > 1, Xy a(%n, \ywy,)(ET) = 2,,. In
particular, putting T, := A\, (1 + [1/A\,])T and W, (7) := wy(7/Ay) and changing
the variables, one obtains

(6.6) YA (@, W) (Th) = Tx, a(@ny Apwn ) (L4 [1/A])T) = .
By Proposition 2.8 and the periodicity of w,, one has the estimate

120 @ @) (T) = S (T = T) Sl ,)(T)]
Tn (1+[1/X.])T

Wy (T) || dT = A\, Wy, d

< [Tlaol / PAGIES

An

T
<o [ a1 dE < Moy (1 + )
0
Therefore, keeping in mind (6.6), for any N > 1,

{zntn>n C{SA(Th = T)(Za(zn, wa)(T))} + B(0,en)

where ey 1= maXp>N )\HHEHLI([O,T])(l + R)

Further, since, by Proposition 2.19(a), the set {¥4(zn, Wn)(T)}n>1 is rel-
atively compact, (t,z) — Sa(t)x is continuous and ey — 0 as N — oo,
we conclude that {z,},>1 contains a subsequence convergent to some zy €

O mU N D(A). Without loss of generality one may assume that x, — zo. By
Lemma 6.7, we see that u,|[0,T] = 3, 4(Tn, Anwy) converges to .
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By the periodicity of u,, and the definition of integral solution, for any (y, v) €
Gr(A) and n > 1, one has

T
(6.7) / (tn(7) — 4 wn(r) — v} > 0.

If (a) holds, i.e. when E* is uniformly convex, then by use of Lemma 3.6, we
may assume that w,, — wo weakly in L' ([0, T], E). Then, by (6.7), Lemma 2.16
and Remark 2.15, for any (y,v) € Gr (4),

T T
0< / (0 — g, wo(t) — v)4 dt = / J (2o — ) (wo(t) — v) dt,

which, by the continuity and linearity of J(zo — y), gives

1 T
<x0 -y, T/ wo(t) dt — v> >0,
0 +

and, in view of Proposition 2.5, 0 € —Axg + fOT wo(t) dt. Since, in view of
Lemma 3.7, wy is a selection of F,, (-, ), one has 0 € —Azq + F(x0), a contra-
diction.

If (b) holds, i.e. if F' is single-valued and does not depend on ¢, then w,, =
Fs, (un(+)) — F(x0) and, in view of (6.7) and Lemma 2.4, one has fOT<x0 —
Y, F'(zo) —v)4 dt > 0 for any (y,v) € Gr(A), i.e. by Proposition 2.5, 0 € Azg +
F(xg), a contradiction.

Thus, we have proved the existence of A\; > 0 such that (6.5) holds for
A€ (0, \].

Step 3. Finally, due to the admissibility of ¥* on U N D(A), for A € (0, A1],
one has

Indr, (27, D7), U N D(A)) = Inda, ((¥2(-,1), DM'),U N D(A))
= Indag, (¥7(+,0), DM), U N D(A)) = Indyr, (23, D7), U N D(A))
where ®.(z) := ep(L(x, —AA + AF)) and DM!, DO and D) are natural de-
compositions. On the other hand, by the definition of the topological degree for
—A+ F, there is Ao € (0, \1] such that, for X € (0, \o], one has
degar (A + F,U) = Indar, (837, Dir), U N D(A)).
Since, @% is the operator of translation along trajectories for an autonomous
inclusion, one has ®1, = ®2., which finally implies (6.3). O

Proposition 6.9. Under the assumptions of Proposition 6.8, if A, — 0T
and (z,) is a bounded sequence such that x, € ®}"(x,), then (x,) is relatively
compact.

To prove it one needs proceed like in the proof of Proposition 6.8.
Now we state the sufficient condition for branching of periodic points.
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Theorem 6.10. Suppose that A, M and F satisfy conditions (A1)-(As),
(A))—(A%). Ifdegp (—A+F,U) # 0, then there exists a connected set ¥ C Pr(U)
such that

SNPrU) #0
and either X C U x (0, 00) is unbounded or ¥ N [0 3 U x (0, 00)] # 0.

Proof. We shall apply Proposition 6.5. Define ®: U 4 x [0, 00) —o M4, where
Us :=U N D(A), by the formula

Oz, \) := B} (x) = ep(L(x, —AA + \F)).

Clearly, by Example 2.12(a) and Theorems 3.1(P2) and 3.4(P2), ® is upper
continuous on U4 x (0,00). The continuity on U x {0} follows directly from
Lemma 6.7. In view of Theorems 3.1(P3) and 3.4(P3), the map ® satisfies
the assumption (H2) of Proposition 6.5. By Proposition 6.9, ® satisfies also
(H3). Observe also that, in view of Theorem 6.6 and the assumption 0 ¢ (—A +
F)(8 pUND(A)), one obtains By (U)Nbd ar,Ua C Br(U)N[bd y,UND(A)] = 0.
Observe that R(®) = Pr(U) and B(®) = Br(U).
By Proposition 6.8 we get for sufficiently small A > 0

x & ®(x,\) for any = € bd 5, Ua C bd 3,U N D(A)
and

Indaz, (8(-, A), D3),Ua) = degas (A + F,U) # 0.
Hence, in view of Proposition 6.5, there exists a connected set ¥ C Pr(U) N
[U x (0,00)] such that XN [Br(U) x {0}] # @ and ¥ is not contained in any
compact subset of Pr(U)N[U x (0, 00)]. This implies that either ¥ C U x (0, 00)
is unbounded or X N [0 ;U x (0, 00)] # 0. O

Corollary 6.11. Let A, M and F satisfy conditions (A1)—(Ag), (A})—(Ag).
If My is bounded and x(Ma) # 0, then there exists a connected and unbounded
set of T-periodic points ¥ such that ¥ N Brp(M) # 0.

Proof. By the definition of the topological degree and Proposition 2.21, for
t>0,
dngV[(fA + ﬁ? M) = Ind]V[A((et(L( i) —A+ ﬁ)? Bt)v MA)
= Ind]V[A(id]V[A,MA) = X(MA) 7& 0.

Hence, it suffices to apply Theorem 6.10. (|

Corollary 6.12 (Continuation principle). Suppose that A, M and F sat-
isfy conditions (A1)—(As), (A4)—(Ag). If degm(—A + F, U) # 0 and (Bx) has
no periodic points in O U x (0, 1), then there exists a solution to the periodic
problem (6.1) Moreover, the corresponding periodic point (x, 1) is connected with
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the set {(2,0) | z € UND(A), 0 € —Axg + F(x0)} by a closed connected set
¥ C U x [0,1] of T-periodic points.

Proof. By Theorem 6.10, one obtains a connected set ¥ C Pr(U) such that
YN Br(U) # 0 and, since XN [0 pU x (0,1)] = B, then either X C U x (0, 00) is
unbounded or XN [0 3U x [1,400)] # 0. Since ¥ is connected, in both cases one
has the existence of a periodic point in U x {1}. The other part of the assertion
is clear. O

7. Example of application to PDEs

In this section, we discuss just one relatively simple example, in order to
indicate the area of possible applications of the abstract setting. But it is clear
that results can be applied to a broad class of partial differential equations and
systems. Other problems, to which our setting is applicable, the reader can find
e.g. in [6], [16], [37] and [17].

Consider the following constrained nonlinear problem

ug = Ap(u) + f(t,z,u) on (0,T) x Q,

R) ujp,ryx00 =0,
0<u(t,z)<m on [0,7T] x Q,

where 2 C RY (N > 1) is a bounded domain with the smooth boundary 92,
p:R — R is continuously differentiable on R\ {0} and there exist ¢ > 0 and
a > max{0,(N —2)/N} such that p(t) < c[t|*~ !, for any t € R\ {0} and
such that p(0) = 0, f:[0,7] x & x R — R is a continuous function such that
f(t,z,0) > 0 and f(t,z,m) <0on [0,7] x Q and m > 0.

Let us put (R) into an abstract setting. Let E := L!'(Q) and define an
operator A: D(A) — E by

Au = —Ap(u), wu € D(A),

where D(A) := {u € L'(Q) | p(u) € Wy'' (), Ap(u) € L*(Q)}.

It can be shown that A is m-accretive and that the semigroup S4 is compact
([37, Example 1.5.5 and Lemma 2.6.2]). Let M := {v € L*(Q2) | 0 < v(x) < m}.
Clearly M is convex and closed; moreover, it can be shown that J{!(M) C M for
A > 0 (see [6]). Further, it is easy to verify that the mapping F: [0,T]x M — E
given by F(t,u)(x) := f(t,z,u(zx)), for (t,z) € [0,T] x M and = € Q is well-
defined and continuous. It is also tangent to M. Indeed, for any (¢, ) € [0, T]x M
and h > 0, one has

dyr(u + hF(t,u))
= inf{|lv —u — hF(t,u)||: | v € L' (Q), 0 < v(z) < m a.e. on Q}
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= inf{/ﬂh}(x) —u(z) — hf(t, =, u(z))| dz

v e L' (Q), v(x) € [0,m] a.e. on Q}

< [ domule) + hfta,u(a) de,
Q
which follows from the fact that the function 7: Q@ — [0, m] defined by

[0(x) — u(x) = hf(t, z,u(@))| = diom)(ulx) + hf(t z,u(z)))
is measurable and 7 € M. Further fix x € ), and consider the following cases:

e if 0 < u(x) < m, then, for small sufficiently small h > 0, u(x) +
BI(t 2 u(z)) € [0, m];

o if u(z) = 0, then u(z) + hf(t,z,u(x)) = hf(t,z,u(x)) > 0 and, for
sufficiently small A > 0, hf(t, z, u(z)) < m;

o if u(x) = m, then u(z) + hf(t,z,u(z)) = m+ hf(z,u(xz)) < m and, for
sufficiently small h > 0, u(z) + hf(z,u(z)) = m+ hf(t, z,u(z)) > 0.

Therefore, by use of the Lebesgue convergence theorem,

lim d]y[(u+ hF(u)) _ 0,
h—0+ h

i.e. F(u) S TM(u).
Thus the problem (R) has been transformed into the following one
{ = —Au+ F(t,u),
u e M,

and x(Ma) = x(M) = 1, since D(A) = E and M is convex. Hence, we can
apply the results of the previous sections.

If f does not depend on ¢, then, by Corollary 5.10, there exists a solution of

~Ap(u) = f,u) on @,
upo =0,
0<u(z)<m on €.

If f(0,z,u) = f(T,z,u) for any x € Q, u € R, then, by Corollary 6.11, there
exists a connected and unbounded set ¥ C M x (0, 1) such that each (u,A) € &
is an integral solution of

ur = Ap(u) + Af(t,z,u) on (0,T) x €,
ujp,r)xo9 = 0,

w(0,2) = u(T, ) on €,
0<u(t,z)<m on €,
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and X contains ug: 2 — R being a solution of

o~

0=Ap(u)+ f(xr,u) on€,
upo =0,

0 <u(z) <m,

o~

where f(z,u) := (1/T) fOT f(t,z,u)dt for (z,u) € Q x R.

The above applications show also that there is a further need for formulae

allowing to compute the topological degree in concrete situations, e.g. degrees of
isolated zeros, isolated zeros at cones, etc.
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GENERALIZED DEGREES FOR COINCIDENCE PROBLEMS
INVOLVING FREDHOLM OPERATORS

DoOROTA GABOR

ABSTRACT. In the pper we collect nd briefly describe the most important
homotopy invarints concerning coincidence problems with Fredholm opera-
tor.

1. Introduction
The coincidence problem
L(z) = f(z), (or, more general, L(z) € ¢(x)),

where L is a linear Fredholm operator and f is a continuous map (resp. ¢ is
a multivalued map), seems to be a natural generalization of the fixed point
problem. On the other hand many differential equations and inclusions may be
rewritten in this form. There are various methods to deal with the coincidence
problem, but here we restrict considerations to homotopy invariants often called
a “generalized degree” or a “coincidence degree”.

The coincidence degree theory for single-valued perturbations of a linear
Fredholm operator of index zero was started by Mawhin (see e.g. [26], [27]) and
next developed and applied by many authors (e.g. [16], [20], [33], [34], [29], [13]).
If one wants to admit a nonnegative index of Fredholm operator, the situation
becomes much more complicated and needs different tools. (see [37], [25], [19])

The main aim of this paper is to introduce briefly generalized degrees with
some important properties and to mention about directions of generalization.
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Therefore we have to omit some technical details, which make definitions and
results more general, but also more complicated. Many examples of applications
are included in cited papers.

The paper is organized as follows. In the next section, after some preliminary
remarks, we introduce the problem in the simplest situation. Section 3 contains
a few examples of possible more general considerations strictly connected with
the Mawhin degree. In Section 4 we compare three homotopy invariants defined
for the coincidence problems with Fredholm operator of nonnegative index.

2. Mawhin coincidence degree

We start with some preliminary notation. If V is a subset of a metric space,
then we denote the closure and boundary of V by clV and bd V, respectively. If
2z belongs to a Banach space E, then BF (z,e) = {x € E | ||z — z|| < €}.

All single-valued maps considered in the paper are continuous. If g: X —Y
is a map, A, B are closed subsets of X and Y, respectively, and g(A) C B, then
we write g: (X, A) — (Y, B). By Ix we denote the identity map of the space X.

As usual, by the homotopy between two single-valued maps fy, f1: X — Y we
understand a map H: X x [0,1] — Y such that H(-,0) = fy and H(-,1) = fi.

Let E, E’ be Banach spaces. We denote by L(E, E’) the Banach space of
bounded linear maps from E to E’. An operator L € L(E, E’) is called Fredholm
if dimensions of its kernel Ker L and cokernel Coker L := E’/Im L (where Im L
is the image of L) are finite. Remind that by the index of L one understands
the integer

i(L) = dimKer L — dim Coker L.
The set ®,(E, E’) of all Fredholm operators of index n is an open subset of
L(E,E’). Both Ker L and Im L are direct summands in E and E’, respec-
tively. Therefore we may consider continuous linear projections P: F — E and
Q: E' — FE’, such that Ker L = Im P and Ker Q = Im L. Clearly E, E’ split into
(topological) direct sums

(2.1) KerP®KerL=FE, ImL®ImQ =F'.

Moreover, L|ker p is a linear homeomorphism onto Im L. By Kp:Im L — Ker P
we denote the inverse operator to L|ker p-

Assume now, that (L) = 0. Then, of course, dimKer L = dim Coker L =
dimIm Q. Let us fix the orientations in Ker L and in Coker L, and take in Im )
the orientation which is preserved by z o4, where i:Im Q — E’ is the inclusion
and z: B — Coker L is the quotient map. Denote by J:KerL — ImQ the
isomorphism preserving these orientations.

Observe that then L + J o P is an isomorphism and (L +J o P)™! = Kp o
(I — Q) + J~1 0 Q. Moreover, the problem

(2.2) 0= L(z) - f(z)
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is equivalent to the following one:
0=(L+JoP) ' o(L(z)— f(x))

=g~ P)(x) —(Kpo(Ip —Q)+J " oQ)o f(x)
=z —(L+JoP) to(f+JoP)x).

Below we introduce the definition of generalized degree. It is a bit simplified
version of the one due to Mawhin (see [26], [28]).

Assume that f:clU — E’ is a compact map, where U is an open subset of
E and L: E — E' is a Fredholm operator of index 0.

Definition 2.1. If F:= L — f is such that 0 € F(bd U), then the degree of
F in U with respect to L is defined by

Dy (F,U) :=deg(Iz — (L+JoP) o (f+JoP),U0) €ELZ,
where ‘deg’ is the Leray—Schauder degree.

This definition does not depend on the choice of projections P, @ and an
isomorphism J (see [28]). Moreover, if F' has another representation of the form
F = L; + f1, then (under suitable assumptions), its degree does not depend on
this representation (see [29]) In the next section we describe also larger classes of
perturbations f for which it is valid. The degree Dy, (F,U) has usual properties
collected in the following theorem.

Theorem 2.2. Under the previous assumptions:

(a) (existence property) if Dr(F,U) # 0, then F' has at last one zero in U
(i.e. there is a solution of L(x) = f(x));

(b) (excision property) if Uy C U is an open set such that 0 ¢ F(clU\ Uy),
then
DL(F, U) = DL(F|U1, Ul);
(¢) (addition property) if Uy, Us are disjoint open subsets of U such that
0¢ F(clU \ (Uy UU2)), then

DL(F7 U) = DL(F|U17U1) +DL(F|U27U2);

(d) (homotopy invariance property) if H:clU x [0,1] — E' is a compact
homotopy such that L(x) # H(x,\) for x € bdU and each A € [0,1],
then the map X\ +— Dr(Llay — H(-,A),U) is constant on [0,1]. In

particular

Dr(Llav — H(-,0),U)= Dr(Llav — H(-,1),U).

Many further consequences of these properties for the degree defined above
and its generalizations may be applied in various differential problems (see e.g.

[13]-[15], [33], [35], [31]).
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3. Some possible generalizations

As we have mentioned in Introduction, this section is devoted to a few direc-
tions of generalization of the coincidence problem, strictly connected with the
generalized degree. The whole section concerns the situation when (L) = 0.

Perturbations. The generalized degree from Definition 2.1 was in fact de-
fined for so-called L-compact perturbations f (see [28]). Let us remind that f is
L-compact if (L+JoP)~to f is a compact map (what implies that (L+A) 1o f is
compact provided that A: E — E’ is an arbitrary linear operator such that L+ A
is invertible and dimIm A < co). If one assumes that L is a bounded operator
(as we have done for simplicity), then an L-compact map is simply a compact
one. But in general situation, Definition 2.1 is valid also for unbounded Fredholm
operators.

It is also natural to consider L-condensing maps (see [20], [33]). Namely, let
1 be a measure of noncompactness in F (see e.g. [2]), then f is an L-condensing
map provided that for any bounded set V' C clU if p(V) > 0, then u((L + J o
P)~to f(V)) < u(V). The generalized degree for such maps can be defined
by replacing in Definition 2.1 the Leray—Schauder degree by the Nussbaum-—
Sadovskii one.

Sometimes another special forms of perturbations are needed in applications
and the respective degrees are defined in particular cases. ([12], [8]).

If we replace a single-valued map f by a multivalued one ¢:clU — E’ and
assume that ¢ is L-compact with compact convex values, then the respective
degree may be obtained by using the Leray-Schauder degree for multivalued
vector fields (see [34]). As well one can consider L-condensing multivalued maps
(see [36]). All above invariants have properties mentioned in Theorem 2.2.

Some examples of applications one can find also in [28].

Continuous deformations of the linear part. The homotopy property
of the degree is a very important one, especially in applications, since it often
allows to simplify the problem. Observe that in Theorem 2.2(d) the homotopy
concerns only a perturbation, while L is constant, what means that the role of
L is similar to the one of the identity map in a fixed point problem. But it is
not necessary. However, continuous deformations of the Fredholm operator need
some concept of saving an orientation along homotopies. Below we introduce
very briefly two possible approaches to this problem.

Denote by GL(E, E') and K(E, E’) the subsets of L(E, E') consisting of all
isomorphisms and of all compact maps, respectively, and by GL.(E,E’) the
group of all isomorphisms of the form I — K, where K € K(E,E’). The
operator S € GL(E’, E) is said to be a parametriz of L if Lo S € GL.(E', E’).
By a corrector of L € ®y(E, E’) we understand a linear map A: E — E’ such
that L + A € GL(E,E’) and dimIm A < co. The set of all correctors of L
is denoted by C(L). Observe that, e.g. Jo P € C(L). Moreover, for any two
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A,B € C(L), (L+ Ao (L+ B) € GL.(E,E'), and for any A € C(L),
Lo(L+A)"' € GL.E,E), i.e. (L+ A)~!is a parametrix for L.

Fitzpatrick and Pejsachowicz (see [14], [15]) define the orientation as a func-
tion e: Z — {—1,1}, where Z is a suitable subset of GL(E, E’), satisfying two
following properties:

(i) (lp) = 1.

(ii) If dimTm (M;—My) < oo, then e(M;) = (M) if and only if deg((M; ‘o
M), BE(0,1),0) = 1, where, as earlier, deg denotes the Leray—Schauder
degree.

It allows to define the generalized degree for problem (2.2) as follows:

Definition 3.1. If F:= L — f is such that 0 ¢ F(bd U), then the degree of
F in U with respect to L is defined by

Dpp(F,U) :=¢(S)deg(Ig — So(f+ A),U,0) € Z,
where S is an arbitrary parametrix of L.

It was shown in [14], [15] that Dpp is well-defined and satisfies properties
of Theorem 2.2. One can easily compare it with Definition 2.1, replacing S
by a particular parametrix (L + J o P)~1. Moreover, the homotopy invariance
property can be extended to the following one.

Proposition 3.2. If [0,1] — Ly € ®y(E,E’) is a continuous map and
H:clU x [0,1] — E’ is a compact homotopy such that Ly(z) # H(z,\) for all
(x,\) € bdU x [0,1], then

DFP(LO — H( . ,O), U) = €(L0 + Ao)g(Ll + AI)DFP(Ll — H( ‘y 1), U),

where the map [0,1] 2 A — Ay € K(E, E') is continuous and such that Ly+Ax €
GL(E,E’) for all A € [0,1].

The degree defined above has been developed and applied in many ways (see
e.g. [13] for not bounded Fredholm operators of index 0, [35] for L-contractive
perturbations).

Benevieri and Furi proposed another approach to the orientation based on
the notion of correctors (see [3]). The set C(L) is divided into two classes by
the following equivalence relation: A ~ B < det(L + A)~! o (L + B) > 0. Since
(L+ A)~to(L+ B) =Ig — K, where dimIm K < oo, this determinant is well
defined (!). An orientation of L is simply one of the two classes of correctors. It
determines the choice of such orientation in some neighborhood of L in ®y(E, E')
(and then also along the homotopy) thanks to the following fact.

(1) det(Ig — K) := det(Ip — K)| g, , where Ej is an arbitrary finite dimensional subspace
of E containing Im K; the definition does not depend on the choice of E.
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Theorem 3.3 ([4]). Let A, B be two L-equivalent correctors of an operator L
(i.e. determining the same orientations of L). Then there exist two neighborhoods
Uas and Up of A and B in the set of all operators with finite dimensional range,
and a neighborhood Vi, of L in ®o(E, E') such that A’ and B’ are L'-equivalent
correctors of L' for any A’ € Uy and B’ € Up.

A definition of the respective degree can be similar to Definition 3.1, but
in fact Benevieri and Furi use their orientation in another way (see the next
subsection). Connections and differences between these notions are described in
[4]. The authors also compare them with the earlier concepts due to Elworthy
and Tromba ([10], [11]).

Nonlinear Fredholm operators. A continuously differentiable map f: U
— F’ is called Fredholm if at each = € U its Fréchet derivative D f(z) is a linear
Fredholm operator (of index 0). By the orientation of f one often understands
the orientation of the family of its derivatives in some sense. A degree, which
nontriviality implies the existence of a solution to the problem

flz) =y,

is strictly connected with a respective concept of this orientation. Roughly speak-
ing its construction is the following: Let y be a regular value of f (i.e. f~1(y)
is empty or, for each z € F~!(y), Df(x) is an isomorphism (since i(L) = 0)).
Then
deg(g.Uy) = > n(Df(x)),
z€f~1(y)

where 77 may be understood as the orientation ¢ of the family {Df(z)} (see [16]
for details), or, in the Benevieri and Furi approach, n(Df(z)) = sign D f(x),
ie. n(Df(x) = 1, if a trivial operator determines the orientation of D f(x) and
n(Df(x)) = —1 otherwise. For not necessarily regular value y of f, deg(f,U,y) =
deg(f, W, z), where z is a regular value of f sufficiently close to y, and W is a
respective subset of U (such that f|.w is a proper map).

More details and applications one can find in, e.g. [16], [4]-[6].

Such invariants are also defined for maps acting between Banach manifolds
(see [4], 3], [32)).

4. Invariants admitting a dimensional defect

If we admit that the index of L is nonnegative, then previous methods are
not sufficient (comp. [26]), since, roughly speaking, degree of Mawhin’s type is
trivial. Neverthless there are some ways to deal with such situation. We consider
below a multivalued situation, i.e.

(4.1) L(z) € ¢().
with usual assumption: {x € bdU | L(z) € ¢(x)} = 0.
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The first approach develops ideas described above, namely, the degree is
defined by

D((L,¢),U) :={deg(Ig — My, ;,U,0) | V is a subspace of Ker L,
dim V' = dim Coker L},

where Mjy = RyoP+[JoQ+ Kpo (I —Q)]o¢ and J: Coker L — Ker L is
a one to one linear map, V =Im J, Ry:Ker L — Ker L is a projector such that
V =Im Ry, ¢ is a L-condensing multivalued map with compact convex values
(see [1]). As one can see, the degree is a subset of Z. It has usual properties
mentioned in Theorem 2.2, in particular its existence property says, that if it is
different from {0}, then the problem (4.1) has a solution.

Quite different degree is due to Borisovich and Zvyagin (see [7], [37]). It
takes values in Rohlin—Thom ring of bordisms and may be generalized in the
same directions as Mawhin’s degree (see [9], [30]), but still for multivalued maps
with convex values.

The last invariant was constructed by Kryszewski (see [25]) for multivalued
maps with not necessarily convex values. Remind that the wide class of maps,
for which the degree or the fixed point index can be defined is the one of maps
admissible in the sense of Gérniewicz, i.e. determined by a pair of continuous
maps

AU & T -5 F
such that F(x) = q(p~!(x)) for € clU, where p is a Vietoris map, i.e. a proper
surjection with acyclic fibers (with respect to the Cech cohomology with integer
coefficients).

But a possible dimensional defect does not allow previous (co)homological
methods (see [21], [22]), because they lead to a trivial invariant. The same reason
cuts the class of admissible maps to one of its following subsets:

e c-admissible maps, i.e. such that p is a cell-like map, i.e. a proper sur-
jection with cell-like fibers (2) (this class contains the maps with convex
values);

e admissible in sense of Gérniewicz maps with additional assumption:
dimp := supdimp~!(z) < co.

In both situations the construction is the same: in finite dimensional situation,
i.e. for E =R™, B/ =R", m > n we consider the sequence of maps:

(R™,R™\ B"(0, p)) &=L (', ") —2— (clU, bd U)
— 1 (R™,R™\ U) —2— (R™,R™\ B™(0,r)),

(%) Compact space A is cell-like if there exists an absolute neighborhood retract Y and an
embedding i: A — Y such that the set i(A) is contractible in any of its neighborhoods V C Y.
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where p is such that (L —q(p~!))(bdU) C R™\ B"(0, p), and the maps induced
on the level of cohomotopy sets (groups) (see [23]):

i o (i) Lo (pF) Lo g A (R, R™ \ B(0, p)) — 7" (R™,R™\ B™(0,¢)).

Since 7"(S™) = #™(R™,R™ \ B"(0, p)) and 7™ (R™,R™ \ B™(0,¢)) = 7"(S™),
the degree can be defined by

deg((p, q),U,0) := K(1) € 7"(5™),

where K := i o (i7)"1 o (p#)~! 0 ¢# and 1 is a homotopy class of id: S™ — S™
in 7™ (S™) 2 Z.

In infinite dimensional situation for compact maps one can use a standard
idea of respective Schauder approximations (for details see [25] or [19]) and
next generalize the degree to noncompact maps, called fundamentally restrictible
containing, among others, L-compact and L-condensing ones (see [17], [19]). It
is worth mention, that this approach needs some non trivial algebraic results,
especially the cohomotopy version of Vietoris—Begle Theorem due to Kryszewski
(see [24], [25]).

While this invariant was defined for the largest class of perturbations, the
Fredholm operator L had to be fixed. The recent results concern the possibility
of continuous deformation of L along the homotopy (see [18]). The problem for
nonlinear Fredholm maps is still open.
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MULTIVALUED GENERALIZATIONS
OF THE WAZEWSKI RETRACT THEOREM

GRZEGORZ GABOR

ABSTRACT. This note is a short survey on the famous Wazewski’s retract
method and its subsequent developments, especially those appropriate for
differential inclusions. The corresponding multivalued problems are dis-
cussed with some former as well as present results on the existence of viable
trajectories.

1. Wazewski’s retract method

As a starting point let us state the following problem:
Assume that f:R"™ — R"™ is such that the Cauchy problem

{ z(t) = f(z(t)) fort >0,
z(0) = o,
has a unique solution for every xy € R™, which depends continuously on the
initial condition (we can think about f as a Lipschitz continuous map), and
K C R” is a closed subset.

(P) Is there any solution x to problem (1.1) such that z(t) € K for every

t>07

Each solution to problem (P) is called a wviable trajectory in K when taking
into account motivations from the mathematical biology.

In the literature one can find several sufficient conditions for positive invari-
ance of the set K, i.e. to assure that solutions starting in K remain there forever.

(1.1)
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One of the best known is the Nagumo condition introduced in 1942 (see [30]) in
terms of tangent cones. If K is positively invariant, each point of K is a starting
point of a trajectory solving problem (P). Otherwise, some trajectories leave the
set K or, in other words, from some points in K there start trajectories going
immediately outside the set. Then, these points may be called the points of
egress. When they appear, problem (P) becomes nontrivial.

It occurs that one can study topological properties of the set of egress points
to obtain sufficient conditions for the existence of viable trajectories. In 1947
(see [36, Theorem 2]) Wazewski proved his famous theorem where such condition
was described in terms of retracts. Let us recall it briefly.

Denote by m: R™ x [0,00) — R™ a dynamical system corresponding to our
equation #(t) = f(z(t)), i.e. for each zo € R™ and t > 0 we put w(zg,t), the
value of the solution to problem (1.1) at time ¢.

Assume that K = V, where V is open in R". We define the set of egress
points of V

Vei={zo €0V |35 >0:7({xo} x [-9,0)) CV},
and the set of strict egress points of V
Vi€ i={zo€e V|35 >0:7({xo} x (0,9]) CR"\ K}.

Following Wazewski we assume that
(W) Vse=Ve,

Theorem 1.1 ([36, Theorem 2]). If Z CVUV®, ZNV*® is a retract (1) of
S, and ZNV*® is not a retract of Z, then there exists a viable trajectory in V
which starts from a point of Z\ Ve.

A simple and brilliant idea of proof will be presented after the next theorem
below. Notice that, if Z =V UV*® we simply get: if V¢ is not a retract (in fact:
a strong deformation retract) of Z, then there exists a viable trajectory in V.

In 1976 Conley (see [9]) formulated a new statement of the Wazewski theorem
where condition (W) was replaced by the following one:

(C) the set K= :={zg € K | Ve > 0: w({xzo} x (0,¢)) ¢ K} is closed in

K*:={zeK|3t>0:7(z,t) & K}.

Theorem 1.2 (]9, Theorem 1.3]). For a closed set K C R™, if condition (C)
is satisfied, then K~ is a strong deformation retract of K* and K \ K* is closed
in K.

(1) A closed subset M of a space X is said to be a retract of X provided there exists a
map r: X — M such that r(z) = z, for every x € M, and strong deformation retract of X if
there is a homotopy h: X x [0,1] — X such that h(z,0) = z, h(z,1) € M, for all z € X, and
h(z,t) =z, for each z € M and t € [0,1].
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Sketch of proof. We define the exit function 7: K* — R,
7(z) :=sup{t > 0| 7({z} x [0,¢]) C K}.

Condition (C) (in the original Wazewski theorem condition (W)) implies that 7
is continuous.

Define a homotopy h: K* x [0,1] — K* by h(z, A) := w(z, A (x)). It is easy
to check that h(z,0) = z and h(z,1) € K~ for every x € K*, and h(z,\) =z
for every z € K—. So, K~ is a strong deformation retract of K*. From the
continuity of 7 it follows that K* is open in K, and hence, K \ K* is closed
in K. ]

Notice that the above theorem immediately implies:

Corollary 1.3. If K~ is closed and is not a strong deformation retract of K,
then there exists a viable trajectory in K.

Let us remark that Conley’s formulation of the retract theorem allows us to
consider sets with empty interior. Moreover, the set K~ can be localized and its
closedness can be verified in practice.

2. Briefly on the homotopy index

It is easy to check that, if K is compact, then
Jre K n({z} x[0,0)) CK & Jz € K n({z} xR) C K.

Thus in this case, problem (P) is equivalent to the problem of nonemptiness of
the set

inv(K, f) :={x € K | n({z} xR) C K}
which is called a mazimal invariant subset of K (one easily checks that it is really
invariant).

The idea of defining a suitable homotopy invariant to study the existence of
invariant sets appeared in 1971 in Conley and Easton’s paper [11] on isolated
invariant sets and isolated blocks, and it started what is now known as the
Conley index theory. The celebrated monograph [10] contains main ideas of the
theory. Later on many proofs were simplified [34] and the ideas were developed
in many directions such as discrete dynamical systems (see [31], [29]), infinite
dimensional flows (see [33], [4], [21], [23]) and multivalued systems (see [28], [25],
[26]). Since the beginning the Conley approach has been successfully applied to
study shock waves and periodic traveling waves [12]-[14], [35] as well as to study
qualitative properties of solutions to pendulum-type equations with friction [26].
The list of references concerning the Conley index theory and its applications
may be enlarged. We refer the reader to survey-type articles in [27] and to [1]
for more information.
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We recall basic notions of the Conley index theory in the simple case of R".
If K =int K C R™ is compact and S = inv(K, f) C int K, then K is called an
isolating neighbourhood, and S an isolated invariant set.

By an index pair for an isolated invariant set S C R™ we mean a compact
pair (Py, P») such that

(i) the set P; \ P, is an isolating neighbourhood for S;
(ii) (positive invariance of P, in Py) if € Py with w(x,t) € Py for every
t € [0,to], then m(z,t) € P, for every t € [0, to];
(iii) ifz € Py and there is ¢ > 0 with 7(z, t) ¢ Py, then there exists 0 < to < ¢
such that w(z,tg) € Pe.
Notice that Ps in the index pair (P;, P2) plays a role of an exit set for P;, and
P» need not be contained in a boundary of P;. The situation where P, = (Py)~
is a particular case.

Two main theorems in the Conley index theory are as follows.

Theorem 2.1 ([34, Theorem 4.3]). If K is an isolating neighbourhood for
S, then there exists an index pair (P1, Py) for S with P C K and both Py and
Py, positively invariant in K.

Theorem 2.2 ([34, Theorem 4.10, Corollary 4.11]). The Conley homotopy
index of an isolated invariant set S,

I(S, f) :== [P1/ Pz, [ P]]

does not depend on the choice of an index pair (Py, P2) for S, where [P/ Pa, [ Ps]]
stands for a homotopy type of the pointed space (Py/Ps,[Pa)). If I(S, f) # 0 (is
not a trivial homotopy type [{*},%]), then S # 0.

A power of the above topological tool lies in its homotopy invariance (see [27,
p. 24], for collected properties of the index), and this gives a kind of its superiority
over the Wazewski method. But, on the other hand, there are examples where
[K/K~,[K~]] =0 while K~ is not a strong deformation retract of K and the
Wazewski theorem implies the existence of a viable trajectory in K (see [10,
Chapter II}).

3. When multivalued problems appear

When a map f in (1.1) is less regular, or we have to study a multivalued

problem

z(t) € F(x(t for a.e. t € R,

o) { &) <Rl
2(0) = xo,

then we meet a difficulty that from a point there can start a lot of solutions,

and the differential equation (inclusion) does not generate a dynamical system.
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Instead, a so-called multivalued dynamical system appears which can be described
as below.
Let Sr(zo) denote the set of solutions to problem (3.1). If F' satisfies

(F1) F is upper semicontinuous (u.s.c.) with compact convex values,
(F2) F has a sublinear growth, i.e. there is a constant ¢ > 0 such that |y| <
¢(1 4+ |z|) for each x € R™ and y € F(z),

then the map zg — Sp(x¢) C C(R,R") is u.s.c. with compact R values (2). We
define a multivalued Poincaré operator P: R™ xR — R™, P(xq,t) := e; 0 Sp(xo),
where e;: C(R,R™) — R", e;(z) := z(t) is an evaluation map. The operator
satisfies the obvious conditions P(z,0) = {z}, y € P(z,t) if and only if = €
P(y,—t), and P(x,t+s) = P(P(x,t) x {s}),ts > 0. Moreover, P is admissible
in the sense of Gérniewicz (see, e.g. [22]).

The second difficulty in the case of differential inclusions is that there are
two exit sets, different in general,

K= (F) :={xo € OK | Vx € Sp(zo) Vt > 0: z([0,t]) ¢ K},
K (F) :={xo € 0K | 3z € Sp(zo) Vt > 0: z([0,t]) ¢ K},

with K~ (F) C K.(F), and it is natural that from points in K.(F) \ K~ (F)
there can start trajectories going into K for both positive and negative times.
This implies that the isolation assumption

inv(K,F):={xo € K |3z € Sp(zo) Vt € R:2(t) € K} Cint K

is hard to check.

4. TIsolation assumption and the homotopy index

In spite of what has been noted in the last lines above, let us a priori assume
that inv(K, F') C int K, and that the set K is compact. Then the Conley index
theory can be adopted. We refer to Mrozek’s paper [28] where a cohomological
index has been constructed. An alternative approximation technique can be
applied to construct a homotopy index (see [26]) which is closer to Wazewski’s
retract method we deal with. Let us briefly recall a sketch of this construction.

Let F:R™ — R™ satisfy assumptions (F1)-(F2). By the Cellina approxi-
mation theorem ([7, Theorem 1]; see also results in [8]) it follows that for any
€ > 0 there exists g > 0 such that, for each 0 < § < gg, there is a single-valued
Lipschitz é-approximation (3) of F', and each level h(-,t) of a linear homotopy
joining any two such approximations is an e-approximation of F. This easily
leads to the following;:

(2) A space X is a compact Rgs-set provided it is homeomorphic to an intersection of a
decreasing sequence of compact contractible spaces. In particular, it is acyclic.

(3) We say that f: X — R” is a d-approximation of F: X — R™ if f(z) € F(B(z,d)) +
B(0,0) for every z € X.
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Proposition 4.1 (comp. [26, pp. 150-152]). Let K = int K C R™ be a com-
pact set, F satisfies (F1)—(F2), and inv(K, F') C int K. Then there is € > 0 such
that inv(K, f) C int K for every e-approximation f of F', and I(inv(K, f1), f1) =
I(inv(K, f2), fa) for each Lipschitz e-approximations fi1 and fa.

Now, we define the homotopy index for a multivalued flow generated by
differential inclusion (3.1) as I(inv(K, F), F') := I(inv(K, f), f), where f is as in
the above proposition. The index satisfies standard properties ([26, Theorems
5.3.1-5.3.4]). In particular, if I(inv(K, F),F) # 0, then there exists a viable
trajectory in K.

As we can see, the index is known implicitly as an index of sufficiently near
approximations. An important question is how to describe it in terms of a given
right-hand side F' of a differential inclusion, namely, examining behaviour of F
on the boundary of K. It occurs that in some situations it is possible. We will
come back to it at the end of the last section.

5. Without a priori isolation assumption:
from connectedness to deformation retracts conditions

Now we do not assume that inv(K, F') C int K. As at the beginning we look
for sufficient conditions for the existence of viable trajectories in K in terms of
exit sets to obtain multivalued generalizations of the Wazewski theorem. But
we have two exit sets K~ (F) and K (F'), and it is not clear which one is more
useful.

In the first papers dealing with differential problems without uniqueness
(12], [3], [24]) the authors did not use the sets K~ (F') and K.(F') but followed
Wazewski and, instead, considered sets of egress and strict egress points (*).
They assumed that these sets were equal which implied that the set of egress
points was relatively invariant in K. In particular, there was no point in 0K
from which there started trajectories going into int K for both positive and neg-
ative times. The Wazewski type result was the following:

o If the set of egress points is not a multivalued retract (°) of K, then
there is a viable trajectory in K.

From a topological point of view this result is very weak. Even a sphere 9B(0, 1)

€ R™ is a multivalued retract of the unit ball B(0,1). What we know is that
S C 0K is not a multivalued retract of K if, for instance, K is connected and
S is disconnected. Obviously, a connectedness criterion is far from the strong

(*) A point zg € OK is an egress point (see [3]), if there is a solution  such that ([0, 1)) C
int K, z([t1, t2]) C OK and z(t2) = xo for some 0 < t; < t2. An egress point zg is a strict
egress point, if for every solution z € Sg(xo), c(z) := sup{t > 0 | z([0,t]) C K} < oo, and
z([e(x), c(z) +€]) ¢ K for any € > 0.

(°) We say that A C X is a multivalued retract of X if there exists an u.s.c. map ®: X — A
with compact values such that € ®(z), for every x € A.
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deformation retract approach proposed by Wazewski. Some more general results
have been proved in [20] and [16], where the set K. (F') is used allowing us to con-
sider sets of constraints with empty interior (like with Conley’s condition (C)).
Let us state, for example:

Theorem 5.1 (comp. [16, Theorem 2.1 and Corollary 2.2]). Assume that
the set K. := K.(F) is closed and

e there is a subset A C K, K. C A, and there exists a retraction r: A —
K. such that ([0, T (z)]) C A for every xo € K. and every x € Sp(zo).

If there is no multivalued admissible deformation (°) of K onto K., then there
is a viable trajectory in K.

It occurs that, to obtain a sufficient condition for the existence of viable
trajectories in terms of strong deformation retracts, the smaller exit set K~ (F)
is more appropriate. It is worth adding that K~ (F') can be characterized by
Bouligand tangent cones (see, e.g. [6, Lemma 5.2]). This characterization is due
to Cardaliaguet who has proved in [5] that there exists a viable trajectory in a
convex set (connected C'*'-manifold) K whenever K~ (F) is closed and discon-
nected. This was the first Wazewski type result without paying any attention to
the set K (F).

Recall that the deformation retract approach consists in possibility of con-
tinuous deformation along trajectories of a dynamical system. Therefore, the
idea has arisen to find a Lipschitz selection, or a sequence of sufficiently near
Lipschitz approximations of F', generating a dynamical system with the same
exit set K~ (f) = K~ (F). This selection technique is possible under rather
strong assumptions on regularity of the map F (see [20, Theorem 3.16]). An
approximation Lemma 3.3 in [6] allows us to obtain the following more general
result.

Theorem 5.2. Let F:R™ — R™ satisfying (F1)—(F2) be continuous. As-
sume that K C R™ is a compact C*' n-manifold with a boundary, K~ (F) is
closed and, if it is nonempty, it is a Cb (n — 1)-submanifold of OK with a
boundary. If K~ (F) is not a strong deformation retract of K, then there is a
viable trajectory in K.

In the proof we find, following Lemma 3.3 in [6], a sequence of Lipschitz
(1/n)-approximations (f,) of F with K~ (f,) = K~ (F), and, by the Wazewski
theorem, a sequence of viable solutions z,, corresponding to f,. Since K as well
as the graph of F' are closed, we can go with n to infinity, and obtain a viable
trajectory x for F'in K.

() A multivalued admissible deformation of X onto A C X is a map H: X x [0,1] —o X
admissible in the sense of Gérniewicz, and such that H(z,0) = z, H(z,1) C A for every z € X,
and ¢ € H(z,t) for every z € A. It is seen that H(-,1) is a multivalued (admissible) retraction.
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An approximation technique will be even more effective if we do not insist
that approximating single-valued problems induce the same exit set. The main
result in this direction has been proved in [16], and is as follows:

Theorem 5.3. Let K = Int K be a sleek (7) subset of R and F: R™ — R™ be
a map satisfying (F1)—(F2) and such that K~ (F) is a closed strong deformation
retract of some its open neighbourhood V in K. Assume that Int T (x) # O for
every x € K\ K~ (F). If K~ (F) is not a strong deformation retract of K, then
there is a viable trajectory in K.

Let us give some comments. Sleekness we assume above is an essentially
weaker condition than C1! regularity which means lipschitzeanity of the map
Tk (), as required in Theorem 5.2. We have also dropped the continuity assump-
tion on F. Note that assumption Int Tk (z) # 0 eliminates “too sharp corners”
of the set K, and means, in other words, that K is epi-lipschitz in points of
K\ K~ (F) (comp. [32]).

The method of proof of Theorem 5.3 allowed to add new essential information
to the homotopy index theory for multivalued flows generated by differential
inclusions (see Section 4). The paper [18] concerns the matter. We recall one of
the conclusions of considerations therein.

Theorem 5.4. Under the assumptions of Theorem 5.3, if
[K/K™(F), [K~(F)]] #0,
then there is a viable trajectory in K. If inv(K, F) C int K, then
I(inv(K, F), F) = [K/K™(F), [K~(F)]],
where I(inv(K, F'), F) is a homotopy index defined in Section 4.

Final remarks. (1) The Wazewski retract method can be applied to mul-
tivalued problems in infinite dimensional spaces for various classes of maps (see
e.g. [15], [19]).

(2) The open problem is whether I(inv(K, F), F) = [K/K~(F),[K~(F)]] for
every isolating neighbourhood K and a closed exit set K~ (F).

(3) After the existence problem for viable trajectories, some further steps are
natural and interesting, namely, we can study qualitative properties of viable
trajectories such as stationarity or periodicity. We refer to [6], [18], [17] and
references therein to acquaint oneself with the subject.
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MULTIVALUED FRACTALS

KRzYSZTOF LESNIAK

ABSTRACT. We communicate that under suitable assumptions the system
of multivalued maps generates a fractal.

Let (X, d) be a complete metric space. A family of multifunctions {p;: X —o
X}ier is called multivalued iterated function system. This system induces the
so-called Barnsley—Hutchinson operator defined as

®:2% - 2%, ®(4) = Jwi(4)
il
for A C X. Our main interest is to investigate the sequence of successive images:

A O(A) — O(P(A)) = (I)Q(A) = O (A).

Theorem. Let {p;: X — X}ier be a finite system of multivalued contrac-
tions (with nonempty bounded values). Then there exists nonempty closed boun-
ded subset A, C X with the following properties:

(a) (invariance) ®(A,) = A,

(b) (uniqueness) for any nonempty bounded set A C X with ®(A) = A we
have A = A,,

(¢) (attractor) for any nonempty bounded set A C X we have ®"(A)
A, where the convergence is in the Hausdorff metric,

(d) (compactness) if p; have compact values, then A, is compact.

n—oo
—
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The set A, is called a multivalued fractal. This theorem can be extended on
systems of weak contractions. Its proof relies on application of the Banach fixed
point theorem. We only need to verify that ® is contraction with respect to the
Hausdorff metric on the family of nonempty closed bounded subsets of X. Thus
conditions (a)—(c) follow immediately. To see that (d) holds also, first restrict ®
to the family of nonempty closed bounded sets, and then to the narrower family
of nonempty compact sets. In both cases ® possess unique fixed point. Since it
is the same fixed point, it must be compact.

Example. Let X be a Banach space, D a closed unit ball at 0 and ¢;: X —o
X, ¢1(x) = D. Then ®"(A) = D for every nonempty A C X. Hence A, = D is
infinite dimensional fractal for the system {¢;};,—1. Note that ¢1 is a multivalued
contraction with Lipschitz constant 0, so the above theorem is applicable. This
is “truely” multivaled fractal in the sense that a finite system of single-valued
contractions always yields compact attractor. On the other hand one can always
get any nonempty closed set P as a fractal for infinite system of single-valued
contractions {fp: X — X},ep, fp(z) = p.

We can also formulate similar theorem for more general systems, although
the notion of attractor needs careful revision. But then we have to replace Ba-
nach Principle for other fixed point theorem. Unfortunately hyperspaces (i.e.
appropriately topologized families of sets) hardly ever possess fixed point prop-
erty which makes the application of the Schauder Principle almost impossible.
The other fruitful technique provides the Knaster—Tarski Principle. It allows
us to consider infinite iterated function systems consisting of condensing multi-
functions (joint generalization of compact map and compact-valued contraction).
Research along these lines was done by the author e.g. in [7]. More details can
be found in the author’s Ph.D. thesis (Nicolaus Copernicus University, Toruf,
June 2005).
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INWARD CONTRACTIONS ON METRIC SPACES

MATEUSZ MACIEJEWSKI

ABSTRACT. We study the existence of constrained fixed points of contrac-
tions in arbitrary complete metric spaces from a global and local point
of view. In particular, we provide generalizations of results due to Lim,
Downing—Kirk and others. Some aspects of the topological transversality
in the spirit of Frigon—-Granas of contractions under constraints are also
considered.

1. Introduction

This paper contains some results related to the existence of fixed points of
contractions of any complete metric space (X,d). The main theorem in this
direction is due to S. Banach. He proved, that any contraction f: X — X of
a space X has a unique fixed point. Contractivity means that there exists a
constant k < 1, that for any z,y € X

d(f(z), f(y)) < kd(z,y).

The multi-valued version of above result due to Nadler states that any multi-
valued contraction F': X —o X with closed values has a fixed point (i.e. a point
xo € F(x0)). Multi-valued contractivity is in the sense of the Hausdorff distance,
i.e. there exists a constant £ < 1 that for any z,y € X

(1.1) du(F(x), F(y)) < kd(z,y).
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We shall concentrate on the case of contractions which are not defined on a
whole space. Let F': K —o X be a multi-valued contraction with closed values
defined on a closed subset K of a complete metric space X. It is clear that — in
general — F has no fixed points.

Example 1.1. Let X :=R, K :=[—1, 1]. Consider a single-valued mapping
F: K — X defined by F(z) :=x/2+ 100. Then F is a contraction, but does not
has fixed points.

Of course we could assume that the mapping F' admits values in the set K.
It turns out that it suffices to control a behavior of ' on the boundary 0K of K.

Let us start with a definition of an inward set. Consider a Banach space FE
and its closed subset K. A set

I+ (x):=ac+{hly—2z)|h>1, ye K}

is called an inward set of the subset K in a point x.
It can be shown (see e.g. [6]) that

Ig(x) = {y ek

where d (z) is the distance between z and K, i.e. di(z) :=inf{d(k, z) | k € K}.

inf xl@thly 7)) _ 0},
he(0,1] h

Example 1.2. Let X :=R? and X 5 K := {(2,y) | 22 + y* = 1} be a unit
sphere. Then for (zg,yo) € K

IK(.’,Uo,yo) = {(.’,U,y) | xQ + y2 >1 and <($0790)» (.’,U —Z0,Y — y0)> < 0}7
where (-, -) is the standard scalar product.

Now, we are prepared to formulate a result that seems to be the most inter-
esting in this direction

Lemma 1.3 (Lim, [5]). Let K be a closed subset of a Banach space E.
Consider a contraction F: K —o E satisfying an inwardness condition:

(1.2) F(z) C Ix(x) for every z € K.
Then F' has a fived point.

Remark 1.4. Assumption (1.2) is indeed the boundary condition, because
if a point z lies in the interior of K, then Ik (xz) = E.

Notice that the above theorem generalize the Banach Principle only in the
case of Banach spaces. Our aim is to state a theorem that generalizes the Lim
Theorem to the context of an arbitrary complete metric space. To this end,
given a complete metric space X, a closed set K C X and a point x € K we
shall introduce a generalized inward set I (x). It appears that if X is a Banach
space then I (z) C Ix(z), in general. Moreover, the proof of our result (see
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Theorem 2.6 below) is simpler than the technical and long proof of the Lim
Theorem.

2. Generalization of the Lim Theorem
We shall use the following well-known fixed-point theorem due to Caristi.

Theorem 2.1 (Caristi, [1]). Assume that F: X — X is a multi-valued map-
ping and, for each x € X, there is y € F(x) such that

(2.1) d(z,y) < e(x) —e(y),
where e: X — Ry is a lower semicontinuous function. Then F has a fixed point.

Remark 2.2. (a) Lower semicontinuity of e means that for any ¢ € R the
set {x € X | e(x) < c} is closed.

(b) If F: X — X is a contraction, then satisfies assumption (2.1) with a
function e(z) := d(z, F(z))/(l — k), where a constant k is from the definition
of contractions (1.1), and ! € (k,1) is any number. This proves the Nadler
Theorem.

Theorem of Caristi is equivalent to the following
Theorem (Ekeland, [2]). Let e: X — [0, 00] be a lower semicontinuous func-
tion, xg € Dom(e) := {z | e(x) < 00} and € > 0. Then there exists T € X that

(a) e(T) +ed(x0,T) < e(xg) (hence d(xo,T) < e(x)/e),
(b) for every x #T one has e(T) < e(z) +ed(x,T).

Let us return to the notion of the inward set. It works only in linear spaces.
However, one can introduce an analogous set in any metric space. First, we start
with definitions of segments.

By a linear segment in a vector space F, joining z,y € E we mean the set

lin[z,y] :={(1 —h)z+hy € E| h € [0,1]} = conv{z, y},

and by a linear left-open segment lin(z, y] := lin[z, y] \ {z}. In any metric space
(X, d) one can consider a metric segment defined by the formula:

[z,y] :={z € X |d(z,2) +d(z,y) =d(z,y)} forxz,ye X

and a metric left-open segment (x,y] := [z, y] \ {z}.
It is clear that in normed spaces metric segments always contain linear seg-
ments and, in strictly convex normed spaces (1), these two concepts coincide.

(1) A space FE is strictly convex, if for any two different points 2 and y with ||z||, |ly|| < 1,
the inequality holds: ||(z +v)/2| < 1.
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Example 2.4. Let X := R? and consider three norms on X:

(@) [[(z,y)llr := |z + [yl

() @,z == Va2 + 92,

(©) NIz, y)lloo := max{[z[, |y[}.
Then (X, || - ||2) is strictly convex; therefore for any z, 2’ € X one has lin[z, /] =
[z, 2']. However such equality does not hold in two other cases. For example,
((0,1), (1,0)] = [0, 1]x[0, 1] in case (b) and [(—1,0), (1,0)] = {(z,) | [z|+]| < 1}
in case (c).

Notice that the set Ik (x) can be written by the following formula:

st )

z€lin(z,y] HZ — .’,EH B

(2.2) Ig(x) = {x}U{yGE, y#ax

If we replace a Banach space E by any complete metric space X and a seg-
ment lin(z, y] by (z,y] in an equation (2.2), we shall obtain the definition of the
generalized inward set: for x € X let

Ik (z) = {x}U{yGX, y#x

1
inf ——d =0;.
zelgtay] d(z, z) x(2) }
For a given real number 0 < o < 1, let us define an auxiliary set J&(z) (%)
by the formula:

Ji(x) :={y € E | there exists 2’ € K, 2/ # x
such that ad(z,z’) + d(z',y) < d(x,y)}.
Relations between sets defined above are collected in the following lemma.

Lemma 2.5. If K is a closed subset of a metric space X and 0 < o <1,
then Ix(z) C {z} U J¥(z). If, in addition, X = E is a normed space, then
Ix(z) C Ix(z). Moreover, if E is strictly convex, then Ik (x) = Ix(x).

Now, we are prepared to formulate and prove a generalization of Lim’s The-
orem.

Theorem 2.6. Let K be a closed subset of a complete metric space X. Let us
consider a multi-valued contraction F: K —o X with closed values. If F' satisfies
an tnwardness condition:

F(z) C Ix(z) foralze K
then F' has a fized point.

Proof. Assume that the conclusion is false. Choose [ and [ such that 0 <
k <l<l+p<1,and define a metric D on the graph G := Gr(F) = {(z,y) €

(2) This set is introduced in [4].
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KxX|yeF(zx)}of F:

D). = max{d(e' ). 1/ )} (o). () € G

Obviously, (G, D) is a complete metric space.

Now, we shall construct a map ¢: G — G without fixed points, but satisfying
the assumptions of the Caristi Theorem. To this end, let (z,y) € G, i.e. y €
F(z) C Ix(x) \ {z} € JP(x). By Lemma 2.5, y € F(z) C Ix(z)\ {z} C
J?ﬁ (x). Hence, there is ' € K, x’ # x such that
(2.3) (I + B)d(z,2") +d(2,y) < d(z,y).

On the other hand, dy(F(x), F(2')) < ld(x,z’); therefore there is a point 3/ €
F(2) such that

(2.4) d(y,y') < ld(x, ).

Let o(x,y) := («/,y'). It is clear that ¢ has no fixed points. However, in virtue
of (2.3) and (2.4),

d(y',2") + pd(x,z') < d(y',y) + d(y, «") + Bd(z, ")
< (14 B)d(z,z") + d(y,x") < d(z,y).
Hence
Bd(z,z') < d(z,y) —d(=',y).
Similarly, thanks to (2.4),
1
57d(y’,y) < pd(z',x) < d(z,y) —d(z',y).

It means that

BD((z,y), p(x,y) < d(x,y) — d(p(z,y)).
Therefore

D((.’,U,y), @(xvy)) < €($,y) - e(f(xvy))v
where e(z,y) := d(z,y)/F. From Caristi’s theorem it follows that ¢ has a fixed

point: a contradiction. O
3. Local version of the Lim Theorem
Let us recall the local version of the Nadler Theorem.

Theorem 3.1. Consider a multi-valued k-contraction F: B(zg,7) — X,
where B(xg,r) :={x € X | d(x,x9) <r} is an open ball. Suppose that

d(xo, F(z9)) < (1 — k)r.
Then F' has a fived point.

It turns out that an analogous version of Theorem 2.6 is also true.
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Theorem 3.2. Let K be a closed subset of a complete metric space X and
xo € K. Let F: B(xg,r) N K — X be a multi-valued k-contraction such that

F(z) C Ig(x)
for all x € Bi(xo,7), and d(zg, F(x0)) < (1 —k)r. Then F admits a fized point.

The proof of above theorem repeats some arguments from the proof of The-
orem 2.6, but instead of the Caristi Theorem, the following result is used:

Theorem 3.3. Let F: B(xg,r) — X be a multi-valued mapping. Assume
that, for each x € B(xg, 1), there exists y € F(x) such that

d(z,y) < e(x) —e(y),

where a function e: X — Ry is lower semicontinuous. Moreover, let e(xg) < r.
Then F has a fived point.

4. Topological transversality under constraints

By using the local version of the Lim Theorem (Theorem 3.2) we can prove
a continuation principle for inward contractions.

Theorem 4.1. Let K be a closed subset of a complete space X and V be
an open (in K) subset of K. Consider a homotopy H:I x V —o X with closed
bounded nonempty values satisfying the following conditions:

(a) dg(H(t,z), H(t,y)) < kd(x,y), for every points v,y € V and a number
tel,

(b) du(H(t,z),H(s,z)) < |p(t) — p(s)|, where ¢:I — R is a continuous
and increasing function, for every point x € V. and numbers t,s € I,

(¢) FixH(t,-)NOxkV =0, for any t € I, where dxV denotes the boundary
of V relatively to K,

(d) H(t,z) C Ix(x) for any x € V and t € I.

Then FixH (1, - ) # 0 provided FixH (0, - ) # 0.

The proof of Theorem 4.1 is similar to this of Theorem 4.3 from [3], but
instead of Theorem 3.1, Theorem 3.2 is used.
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THE ROLE OF VARIOUS KINDS OF CONTINUITY
OF SET-VALUED MAPPINGS.
A SURVEY

DARIUSZ MIKLASZEWSKI

ABSTRACT. We present some generalizations of the Brouwer Fixed Point
Theorem for the set-valued mappings. The related open problems (e.g. on
the Stiefel-Whitney classes) are indicated.

1. Introduction

Let X be a disc B™ and f — a mapping assigning a nonempty compact
set f(z) C X to every point z € X. We study the assumptions on the values
f(z) and on the continuity of f which guarantee that f has at least one fixed
point z € f(x). The more complicated values are taken, the stronger continuity
is required. We consider 4 kinds of continuity: (1) the upper semicontinuity
(u.s.c.), the continuities with respect to (2) the Hausdorff metric ps, (3) the
Borsuk metric of continuity p. and (4) the Borsuk metric of homotopy py. Here
the jth continuity implies the ith one for j > ¢. Taking into considerations the
Borsuk metrics is a beautiful idea of Gérniewicz.

Let us recall, that f is u.s.c., if its graph is closed in X x X

ps(A,B) =inf{e >0: A C O.B and B C O A},
where O.C = {z € X : inf{d(z,c¢) : c € C} < e} for A,B,C C X and d —

a metric in X;

pe(A,B) <e
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Key words and phrases. Fixed point, set-valued mapping, Borsuk continuity, Stiefel—
Whitney classes.
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if and only if there are continuous functions g: A — B, h: B — A which locate
each value at a point closer than € to the argument. The Hausdorff metric could
be defined similarly, but with any, not necessarily continuous g and h.

The Borsuk metric of homotopy py, is defined on the set of all compact ANRs
in X. Let us fix ¢ > 0 and a locally contractible set A, which is a compact subset
of X. We define ¢4(t) to be the lower bound of the set, which is composed of
1 and all s > ¢ such that every set T C A with the diameter diam(7") < ¢ is
contractible in a set S C A with diam(S) < s.

We say, that sets from the class © C 2% are equally locally contractible
(elc.), if

Ve>036>0VA €O ¢4(d) <e.

If we replace the contractibility of T in S by the assumption that each map-
ping from the j-sphere into T is homotopy trivial in S for j =0, ... ,m, then the
above condition makes the sets from © equally locally connected in the dimension
m (eLC™).

The explicit formula for p, (see [1]) can be replaced by the observation, that
the mapping f: X — 2% is pj,-continuous if and only if f is ps-continuous and
has e.l.c. values.

We now recall some classical results of the fixed point theory to create the
context of this paper.

e In 1912 Brouwer proved, that every continuous map f: B® — B" has
a fixed point, [2]. The Brouwer Fixed Point Theorem was generalized by
Schauder for compact maps of infinite-dimensional normed spaces, [35].
The Schauder Theorem is basic for many applications to differential
equations, [8]. Another excellent generalization is the Lefschetz Fixed
Point Theorem, [24], [25], [3], [7], [16].

e In 1941 Kakutani proved the Brouwer Fixed Point Theorem for u.s.c.
mappings with convex compact values, [21].

e In 1946 Eilenberg and Montgomery proved the Lefschetz Fixed Point
Theorem for u.s.c. set-valued mappings with Q-acyclic values, [10]. The
set is Q-acyclic, if its Cech cohomology groups with rational coefficients
are isomorphic to these of the one-point space. The star-shaped sets,
known from the Poincaré Lemma, are Q-acyclic. Another example is
the real projective space RP?". The Gérniewicz generalization of the
Eilenberg—Montgomery theorem, [13], opened the doors to many ap-
plications of set-valued mappings to differential equations and inclu-
sions, [12].

o In 1947 O’Neill gave an example of the fixed point free mapping f: B? —
232, which is ps-continuous and takes values homeomorphic to S*, [33].
Set n(x) =1 — ||z|| + ||=||? for z € B%. Then

fl@)={ye S :lly—al 2n()}yU{y e B*:|ly -z = n(x)}.
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Exercise. Show that lim,_.¢ p.(f(z), f(0)) = 2.

o In 1987 Jezierski proved, that there is a fixed point free mapping B? —
232, which is ps-continuous and takes the finite values, which have 1, 2
or 3 elements, [20].

e In 1990 Schirmer defined the fixed point index for bimaps, [36]. The
bimap is the ps-continuous mapping, which takes values having one or
two elements.

e In 1977 Gérniewicz defined the spheric mappings, [15]. This notion was
developed by Gérniewicz’s student Dawidowicz in [5] and [6]. The most
general definition comes from [14]. Denote by Bf(x) the set, which is
the sum of all bounded components of the complement of f(z) in R™.

Set f(z) = f(z) UBf(x).

e
(X ~

f(z) f(z)

The above figure shows a 1-dimensional continuum f(z) in R? shaped as
two hearts joined by two wedding rings and a 2-dimensional continuum
f(x) which has a form of the gingerbread “katarzynka” baked in the
town Toruni as a souvenir connected with a beautiful ancient legend.

The map f: B — 28" is called the spheric mapping, if it satisfies the fol-
lowing conditions:
e fisus.c;
e the graph I'(Bf) of the mapping Bf is an open subset of B" x R™;
e the mapping f has a fixed point.

Let us recall two properties of spheric mappings:

e every spheric mapping has a fixed point, [14];
e every p.-continuous mapping f: B2 — 28” with compact connected val-
ues is a spheric mapping, [14].

The following question (called in [27] the Gérniewicz Conjecture) was the
main source of inspiration for the author of this paper:

Is the Brouwer Fixed Point Theorem true for p.-continuous mappings with
compact connected values?

We now formulate our results:

Theorem 1.1 ([29]). There is a fized point free mapping f: B* — 234, which
s pc-continuous and has compact connected values.
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Theorem 1.2 ([29]). Every py-continuous mapping f: B — 28" has a con-
tinuous selector and a fized point.

Theorem 1.3 (see [29]). Every ps-continuous mapping f: B — 28" with
eLC™? walues, such that the mapping f = f U Bf has eLC™™! wvalues, is
a spheric mapping and has a fized point.

Theorem 1.4 ([30]). Every p.-continuous mapping f: B — 28" such that
for every x € B™, f(x) is homeomorphic to either a point or the n — 2-sphere,
has a fived point, n # 6.

In the next paragraphs we comment these results and give examples.

2. Borsuk continuities and fibrations

Let X, Y be two compact finite-dimensional metric spaces, f: X — 2V —
a mapping and I'(f) — its graph. We formulate here two results, which connect
the continuity types of f to some fibre properties of the projection p:I'(f) — X.

Theorem 2.1 ([31]). Let f be a pp-continuous mapping. Then the projection
p s a Hurewicz fibration.

Theorem 2.2 ([31]). Let f be a p.-continuous mapping with values, which
are compact connected topological n-manifolds without boundary, n # 4. Suppose
that for n = 3 the values contain no “fake 3-cell”. Then the projection p is
a locally trivial bundle.

The proofs of these theorems are based on strongly regular mappings [11],
completely regular mappings [9] and approximating homotopy equivalences by
homeomorphisms [4], [19]. Another theorem in this spirit, though not connected
with the Borsuk metrics, is the famous Vietoris Theorem explored in [13] and [23].

3. Mappings with e.l.c. or eLC™ values

Since every Hurewicz fibration over the contractible base has a section, the
Theorem 1.2 follows immediately from Theorem 2.1. Let us note that the fact
that fvin Theorem 1.3 has a fixed point (which is a necessary condition for f to
be spheric) follows from Theorem 1.2 and from the equivalence of eLC™~! and
el.c. in R™

Problem 3.1. Could we drop in Theorem 1.3 the assumption on fv?

The positive answer is known for n = 2 only, [29]. The assumption on f
in Theorem 1.3 can not be weakened, because there is a fixed point free ps-
continuous mapping f: B" — 28" with eLC™ 3 values:

fl@)={yes" iy o< (1 - [lzlD]=]}

A special kind of mappings with eLC™ ™3 values which have fixed points are
mappings from the Theorem 1.4. More generally, we have the following
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Definition 3.2. We call f: B" — 28" an 1 — S*-mapping if f is p.-con-
tinuous and for every x in B™, f(x) is homeomorphic to either a point or the
k-sphere.

One can check that 1 — S¥-mappings have eLC*~! values. We know that
1 — S"~'-mappings of B" are spheric, 1 — S%-mappings are Schimer’s bimaps
and 1 — S™2-mappings are “heroes” of Theorem 1.4. All these mappings have
fixed points. The following problem is still open.

Problem 3.3. Has every 1 — S*-mapping f: B” — 28" a fixed point for
1<k<n-37

In the next paragraph we tell the story, how this problem was attacked.

4. 1 — S*-mappings
Let us start with the following

Definition 4.1. Let F be a field and H, denote the Cech homology functor.
The u.s.c. compact-valued map ¢: B® — 28" is called an F-Brouwer mapping if
and only if

H,(T(¢),T(|S™ 1) F) 5 H,(B™ x B", 5" ! x B"; F)
induced by inclusion is a non-zero homomorphism.
Theorem 4.2 ([26], [34, Corollary 5.1]). Every F-Brouwer mapping has
a fized point.

The class of F-Brouwer mappings is rich enough to contain the single-valued
mappings, the maps equipped with the continuous single-valued selector, map-
pings graph-approximable by the single-valued continuous functions and the F-
acyclic mappings. Moreover, this class is closed under compositions with the
single-valued mappings.

Theorem 1.4 is a corollary from the following

Theorem 4.3 ([30]). Every 1—S"%-mapping of B" is a Zz-Brouwer map-
ping, 1 <n #6.

The next example shows that Zs in the above theorem can not be replaced
by any field F' of the characteristic char(F') # 2.

Example 4.4. Fix ¢ € (0,1). We define f: B3 — 2B° with £(0) = {0} and
f(x) — a circle on S?(0; ||z||) such that d(y,z) = ¢ - ||z| for y € f(z), z # 0. Of
course, f is the 1 — S'-mapping of B3.

Indeed, in the above example I'(f) is contractible and T'( f|5?) is homeomor-
phic to the real projective space RP3. Thus

H3(D(f),D(f|S*); F) = Ho(RP* F) = Tox(Zy, F) = {y € F : 2y = 0}
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which is 0 when char(F') # 2, so in this case f is not the F-Brouwer mapping.
Theorem 4.3 is a (nontrivial) consequence of the following

Theorem 4.5 ([26], [31]). Let f: B® — 25" be a 1 — S*-mapping and 1 <
k<n. Let U(f) C B™ be the set of these points x, where f is really multi-valued,
i.e. f(x) = S*. Roughly speaking, we now approzimate the boundary of the set
U(f) by some closed connected (n — 1)-manifolds M in U(f). By Theorem 2.2,
the graph T'(f|M) is a space of the locally trivial bundle over M with fibre S*,
(k #£4). If each of these bundles (for a sufficiently close approximation) satisfies
the inequality

dim Hi(T'(f|M); Z3) > dim H,(M; Zs),

then f is a Zs-Brouwer mapping and has a fized point.

Remark 4.6 ([27]). The homology inequality in the above theorem is equiv-
alent to the vanishing of the last Stiefel-Whitney class wy1 of the bundle

Sk — T(fIM) — M.

The discussion of the Stiefel-Whitney classes we postpone until the last para-
graph.
We end this story with

Theorem 4.7 ([28]). There is an 1 — S'-mapping f of B*, which for every
field F' is not an F-Brouwer mapping.

We now describe the example from the above theorem (in general lines only).
Let &y denote the Hopf fibration py:d(B*) — S%2. We embed M = $? x S!
into Int(B*) as well as its neighborhood M x [—1,1]. Consider the projection
m: M — S% and take I'(f| M) equal to the space of the bundle 7* (£g), i.e. the pull-
back {(x,y) € M xd(B*) : n(x) = pu(y)}. In other words, f(z) = (pu)~ (r(z))
for x € M = M x 0. Define f(z) = (1 —|t|)- f(z) if z = (z,t) € M x [-1,1] and
f(2) = 0 otherwise. The bundles from Theorem 4.5 are two copies of 7*({x)
(over M x (1 —¢) and over M x (—1+¢)). Since

dim H,(0(B"); Zo) = dim H,(S%; Z3) = 0,
we have wy (&) # 0. Then
wo (7" () = 7" (w2(§m)) # 0,

because the retraction 7 induces a monomorphism on cohomology groups. Of
course, this calculus does not prove Theorem 4.7 but shows that f is a good
candidate — not excluded by Theorem 4.5. Author does not know if we could
modify the above construction of f to get a fixed point free 1 — S*-mapping.
Theorem 1.1 provides with an example of a fixed point free p.-continuous map-
ping of B* such that each value is the topological join of two finite sets with 1,
2 or 3 elements. This example is based on [20].
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5. Stiefel-Whitney classes

Let p: E — M be a locally trivial bundle with the fibre S* and the Stiefel-
Whitney classes wy, ... , wi4+1 (defined with help of the Steenrod squares and the
Thom isomorphism [32]). The proof of the Theorem 4.3 applies Theorem 4.5, a
version of the Borsuk—Ulam antipodal theorem [31, Theorem 5.3], [28, Fact 2],
and the well-known equality:

k

(*) M = g (wa) + Y q (Wi ) U,
j=1

(see [18]), which holds in the Zz-cohomology algebra of the space E/Zs, if this
projective bundle does exist, (¢ is the first Stiefel-Whitney class of the 0-sphere
bundle £ — E/Zs and ¢q: E/Z> — M is the projection induced by p). Surely,
the projective bundle E/Z; exists, if the antipodal actions of the group Z> on
the separate fibres of p: E — M could be “glued together” to form the free
fiber-wise Zs-action on the space E. Such a gluing makes no difficulties when
the structural group of the fibration is linear (orthogonal), or more generally,
when all homeomorphisms in the structural group are odd mappings. This was
the reason of the fact that author’s considerations in [28] have been restricted to
the case of k = 1,2,3. In this case, by theorems of Kneser [22], Smale [37] and
Hatcher [17], the structural group of any locally trivial k-sphere bundle reduces
to the orthogonal group O(k + 1).

Finally, the above problem of the projective bundle existence was solved
in [30]. The main idea of this solution is to replace the k-sphere bundle E with
the bundle

E® ={(z,y) € Ex E:x #y and p(x) = p(y)}
which has fibres (S* x S*)\ A homotopy equivalent to S* and the same Stiefel-
Whitney classes as E. The action of Z; on these new fibres is a transposition of
coordinates in S*¥ x S*. The same transposition defines the Zs-action on E2.
By the Leray—Hirsch Theorem, there is a version of the formula (k) for

E* /Z, with coefficients w; replaced with (a priori — new) coefficients wf for
i=1,...,k+ 1. We know that

o wi', = wip, [30, p. 184].

The question if wf is the Stiefel-Whitney class of the bundle E for i < k
remains (for the author) still open.
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