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INTRODUCTION

Let X be a topological space and f — a mapping assigning a nonempty set
f(x) € X to every point x € X. The point z is called the fixed point of the
mapping f if z € f(x). This work was intended as an attempt to answer the
following question: What assumptions are sufficient for the mapping f to have
at least one fixed point? There are three kinds of the natural assumptions:

e on the space X,
e on the values f(x),
e on the kind of the continuity of the mapping f: X — 2%.

The space X, generally in this dissertation, is the compact disc B™ in the
n-dimensional Euclidean space. One of our fixed point results is formulated for
closed topological manifolds. It is interesting that manifolds appear as well as an
instrument of the analysis of the set-valued mappings on B™. The classical fixed
point theory deals with the more extensive classes of spaces, e.g. the absolute
neighbourhood retracts (ANRs). We work with the smaller class, since our
interest is focused on the other two types of assumptions.

The assumptions of the second type mean that some topological properties
are satisfied by every value considered as the subspace of X. One of these
properties is the compactness, which is assumed throughout the whole thesis.
We will impose some conditions not only on every set f(x), but also on the
family of all values of the mapping f. Sets which are equally locally contractible
(e.l.c.), [2], or equally locally connected in the dimension k (eLC*), [47], provide
with examples of such conditions.

The continuity of set-valued mappings will be considered with respect to one
of three metrics on some subsets of 2%: the Hausdorff metric p, the Borsuk
metric of continuity p., the Borsuk metric of homotopy ppn, [2]. Occasionally
there will appear the upper semicontinuity (u.s.c.) or the lower semicontinuity
(Ls.c.). We apply the Dyer-Hamstrom and Ferry’s results on the completely
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6 DARIUSZ MIKLASZEWSKI

regular mappings [13] and strongly regular mappings [20] to translate the Borsuk
continuities into the language of the fibrations.

We now recall these results of the classical fixed point theory which are
especially important for our thesis to create its mathematical context.

e In 1912 Brouwer proved that every continuous map f: B™ — B™ has
a fixed point, [4]. The Brouwer Fixed Point Theorem was generalized by
Schauder for compact maps of infinite-dimensional normed spaces, [60].
The Schauder Theorem is basic for many applications to differential
equations, [12]. Another excellent generalization is the Lefschetz Fixed
Point Theorem, [41], [42], [5], [11], [27].

e In 1946 Eilenberg and Montgomery proved the Lefschetz Fixed Point
Theorem for u.s.c. set-valued mappings with @-acyclic values, [16]. The
set is Q-acyclic, if its Cech cohomology groups with rational coefficients
are isomorphic to these of the one-point space. The star-shaped sets
known from the Poincaré Lemma are Q-acyclic. Another example is
the real projective space RP?". The Gérniewicz generalization of the
Eilenberg—Montgomery theorem, [22], opened the doors to many appli-
cations of set-valued mappings to differential equations and inclusions,
[21].

e In 1947 O’Neill gave an example of the fixed point free mapping f: B2 —
2B” which is ps-continuous and takes values homeomorphic to St, [57].
Set n(xz) =1 — ||z|| + ||z||* for z € B%. Then

fl@)={yesS" :|ly—zll=n@)}u{yeB*: |ly—zl| =nx)}

The following pictures show “moon-shaped” values f(p) = S L for p =
(x,0) with z = 1,1/2,1/4,1/8,0. Each picture shows S!, p, f

T @000

Of course, if ¢ = e - p then f(q) = € - f(p), so arguments and values
rotate by the same angle.

e In 1987 Jezierski proved that there is a fixed point free mapping B? —
28% which is ps-continuous and takes the finite values who have 1, 2 or
3 elements, [37].

e In 1990 Schirmer defined the fixed point index for bimaps, [61]. The
bimap is the ps-continuous mapping which takes values having one or
two elements.

e In 1977 Gérniewicz defined the spheric mappings, [24]. This notion was
developed by Gérniewicz’s student Dawidowicz in [9] and [10]. The most
general definition comes from [23]. Denote by Bf(x) the set which is
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the sum of all bounded components of the complement of f(x) in R".

Set f(x) = f(z) UBf(x).

¢

f(x)

The above figure shows a 1-dimensional continuum f(x) in R? shaped as
two hearts joined by two wedding rings and a 2-dimensional continuum
f(a:) which has a form of the gingerbread “katarzynka” baked in the
town Toru as a souvenir, and is connected with a beautiful ancient
legend.
The map f: B™ — 28" is called the spheric mappingif it satisfies the following
conditions:
e fisus.c;
e the graph T'(Bf) of the mapping Bf is an open subset of B™ x R™ (or
equivalently of B™ x B™, since Bf(xz) C IntB™);
e the mapping fhas a fixed point.
Let us recall two properties of spheric mappings:

e every spheric mapping has a fixed point, [23];
e every p.-continuous mapping f: B2 — 25” with compact connected val-
ues is a spheric mapping, [23].
The following problem (called in [49] the Gérniewicz Conjecture) was the
main source of inspiration for the author of this dissertation.

Problem 0.1 ([23]). Is the Brouwer Fized Point Theorem true for p.-
continuous mappings with compact connected values?

‘We now formulate the main results of our thesis:

(1) There is a fixed point free mapping f: B* — 234, which is p.-continuous
and has compact connected values, [51, Theorem 1].

(2) Every pp-continuous mapping f: B® — 25" has a continuous selector
and a fixed point, [51, Theorem 2A].

(3) Every ps-continuous mapping f: B® — 28" with eLC™~2 values, such
that the mapping f: fUBf has eLC™ ! values, is a spheric mapping
and has a fixed point, [51, Theorem 3].

(4) Every p.-continuous mapping f: B® — 28" such that n # 6, and for
every x € B" f(z) is homeomorphic to either a point or the n— 2-sphere
S"~2 has a fixed point, [49, Theorem 2] (for n = 3); [50, Theorem 4]
(for n = 3,4,5); [52] (for n # 6).
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In this thesis the above results are Theorems 3.1, 3.2, 4.4, and 7.5. The
Reader can ask: why does the author write this dissertation if the main results
are published in the separate papers?

The first reason is that the author’s way to Theorem 7.5 is contained in four
papers. The truth was revealed little by little in the consecutive steps. On this
way we find some conjectures which are only partially confirmed in the following
papers, (e.g. see Conjectures 1 and 2 in [48]). The status of these conjectures is
clarified in this thesis by means of several examples. On the other hand there
were some problems with the formulation of Theorem 7.4, which is the basic tool
for proving Theorem 7.5, (see [50, Theorem 2] and the footnote 4 given there,
p. 71). We overcome these difficulties with the help of the Stiefel-Whitney
classes and more piecewise-linear (p.l.) topology (see Lemmas 5.4, 5.5 and proof
of Theorem 7.4, Case 2).

The second reason is that some theorems given in this dissertation are not
formulated in the author’s earlier papers. These are Theorem 2.1 and Theo-
rem 2.2, where we claim that graphs of some set-valued mappings, which are
continuous with respect to the Borsuk metrics, are spaces of some fibrations
and bundles. Chapter 1 contains some preliminary notions and theorems which
make proofs of Theorem 2.1 and Theorem 2.2 possible (these proofs are given
in Chapter 2). The contents of Chapter 1: The continuities; Completely regular
mappings; Approximating homotopy equivalences by homeomorphisms; Strongly
regular mappings; show that our starting point assumes rather difficult results
of Borsuk, Dyer, Hamstrom, Edwards, Kirby, Ferry, Chapman and Jakobsche. In
the earlier papers author cited these results, but he did not write Theorems 2.1
and 2.2 explicitly and did not prove it.

We will not describe here the contents of all chapters, but there are two
matters which are worth pointing out.

The first matter are the special cases. The eLC™2-result in Chapter 4 (The-
orem 4.4) is followed by its two-dimensional version (Theorem 4.9) in Section 4.4.
This low-dimensional version has weaker assumptions. Author does not know
if the assumptions of Theorem 4.4 can be weakened in the similar way. This
problem is posed in Chapter 8 where some other open problems are collected.
Similarly, the Section 7.2 on the 1 — S™ 2-mappings of B" is followed by the
Section 7.3 on the 1 — S'-mappings of B3. This special case was inserted by an-
other reason: author heard someone’s opinion that everyone who does not know
K-theory is not a mathematician. In these circumstances giving up the proofs
of Lemma 7.8 and Theorem 7.7 was impossible.

The second matter is the question, whether all lemmas in this dissertation
which have no references to the literature are new results. Author suspects that
some of these lemmas could be known earlier (e.g. Lemma 4.6, Lemma 7.6), but
he does not know the corresponding references. Though it is difficult to claim
that one can say something new about the Stiefel-Whitney classes the author
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hopes that the description of classes ij in Chapter 5 is new. The proof of the fact

that w].A are some characteristic classes is given in the Appendix. The question if
these are the Stiefel-Whitney classes is posed in Chapter 8. Theorem 5.8 answers
this question for mod 2 Euler classes only. We stress the fact that without the
notion of the classes ij the proof of Theorem 7.5 was known for low dimensions
(n =3,4,5) only and it used results of Kneser [39], Smale [63] and Hatcher [32]
on the equivalence TOP(S"~2) ~ O(n — 1) for these dimensions, (see [50]). The
fixed point theorem for the Brouwer mappings (Theorem 6.3) is a special case
of the Saveliev result on the coincidences, [59, Corollary 5.1], but it was obtained

independently and in another way in [48].
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CHAPTER 1

PRELIMINARIES

1.1. The continuities

Let X and Y be compact metric spaces and f: X — 2¥ — the function with
nonempty compact values. Let us recall that f is u.s.c. (Ls.c.) if the inverse
image {z € X : f(z) C U} (respectively, {z € X : f(z) NU # 0}) of any open
set U C Y is an open subset of X. Under our assumptions, f is u.s.c. and Ls.c. if
and only if f is continuous with respect to the Hausdorff metric ps, [21], which
is defined by the equivalence of the following two conditions:

(a) ps(A,B) <e,
(b) there are functions g: A — B, h: B — A, not necessarily continuous,
which locate each value at a point that is closer than € to the argument,

for all compact subsets A, B of Y. In other words,
(1.1) ps(A, B) = inf{e : the condition (b)},

or equivalently, ps(A, B) = inf{e : A C O.B and B C O A} with

0.c %« {yeY :d(y,C) def inf{d(y,c) :c€e C} <e} forCCY.

The Borsuk metric of continuity p. is defined similarly, by the formula (1.1)
with the continuous functions ¢g and h in (b), [2].

If A, B are homeomorphic, then we repeat the same schema and define
pt(A, B) by (1.1) with the homeomorphisms g, h in (b). The metric p; is a notion
of an auxiliary character.

Let us note that

® Pc 2 Ps;
e p. = ps on finite sets.

The Borsuk metric of homotopy pr, [2], is defined on the set of all com-
pact ANRs in Y. We would like to present a definition of p; which is slightly

11



12 DARIUSZ MIKLASZEWSKI

modified when compared with [2], (the difference concerns the description of the
function A4).

Let us fix t > 0 and a locally contractible set A which is a compact subset
of Y. We define ¢ 4(t) to be the lower bound of the set which is composed of 1
and all s > ¢ such that every set T C A with the diameter diam (7)) < ¢ is
contractible in a set S C A with diam(S) < s.

We say that sets from the class © C 2Y are equally locally contractible (e.l.c.)

if
Veso0 J5>0 Vaco  ¢a(d) <e.
Let Toup (pa) = {(t,u) : —oo < u < ¢pa(t) and ¢ > 0} and
Aa(t) =sup{s € R: (t,s) € conv(Igyp(da))} fort>0.
Then
(1.2) pr(A, B) = pe(A, B) +sup{|Aa(t) — Ap(t)] : t = 0}

The explicit formula (1.2) can be replaced by the observation that for the
finite-dimensional space Y the mapping f: X — 2" is pj,-continuous if and only
if f is ps-continuous and has e.l.c. values. This follows from two facts (see [2]):

(1) limy—o0 pr(An, A) = 0 if and only if lim, o ps(An, 4) = 0 and sets
Ay,... A, ..., are el.c.
(i) the sets forming any pj,-compact subset of 2¥ are e.l.c.
In particular, if we replace p, in (1.2) with ps, we get a metric which is equivalent

to Ph;s [2]
The following lemma is of great importance:

Lemma 1.1 (Borsuk, [2, p. 187]). Suppose that all sets from the class
© c 28" are compact el.c. Then there is a continuous increasing function
a:(0,1] — (0,1] with a(e) < e (for all €) such that for every set 8 € © there
exists a retraction

Tg: Oa(l)(e) — 9,
with ||rg(x) — x| < e for all v € Oy )(0) and € € (0,1].

We prove this lemma (in a slightly modified version) in the Appendix.

1.2. Completely regular mappings

Let B, E be compact metric spaces. The metrics in both spaces are denoted
by d.

Definition 1.2 ([13]). The map p: E — B is called the completely regular
mapping if p is onto B, and for every b € B and € > 0 there is § > 0 such that
for any ¢ € B with d(b, c¢) < § there exists a homeomorphism h: p~1(b) — p~1(c)
such that d(h(z),z) < € for all z.
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Theorem 1.3 (Dyer-Hamstrom, [13], [7, Proposition 7.1]). Letp: E — B be
a completely regular mapping, dim(B) < co. If the group of all homeomorphisms
of p~1(b) is a locally contractible space for every b, then p is a locally trivial
bundle.

Theorem 1.4 (Edwards—Kirby, [15]). The group of all homeomorphisms
of any compact topological manifold is a locally contractible space.

1.3. Approximating homotopy equivalences by homeomorphisms

Let X, Y, Z be compact metric spaces, € > 0.

Definition 1.5 ([7]). The maps fo, fi: X — Y are called e-homotopic (fo ~
f1) if there exists a homotopy f;: fo =~ f1 such that diam{f;(z) : t € I} < e for
every x € X.

Definition 1.6 ([7]). Let us fix g: Y — Z. The mappings fo, f1: X — Y are

—1
called g~ (e)-homotopic (fo I :(E) f1) if there exists a homotopy f;: fo ~ f1 such
that diam{g(f:(x)) : t € I} < e for every z € X.

Definition 1.7 ([19]). The mapping f: X — Y is called an e-domination if
there exists a mapping ¢: Y — X such that

fogéid.

Definition 1.8 ([19]). The mapping f: X — Y is called an e-equivalence if
there exists a mapping g: Y — X such that

—1
fogéid and QOfff_V(E)

id.
Theorem 1.9 (Ferry, [19, Theorem 3]). Let N be a closed connected topo-

logical n-manifold. Then for every e > 0 there is § > 0 such that for every
n-manifold M (such as N) each é-domination f: M — N is an e-equivalence.

Theorem 1.10 (Chapman—Ferry—Jakobsche, [7], [35], [36]). Let N be a clo-
sed connected topological n-manifold and n # 4. Then for every e > 0 there
is & > 0 such that for every closed connected topological n-manifold M and
d-equivalence f: M — N, there exists a homeomorphism h: M — N which is
e-close to the mapping f, (i.e. d(f(z),h(x)) < e for all ). In case n = 3 we
additionally assume that the manifold M does not contain any “fake 3-cell”.

The “fake 3-cell” is any set homeomorphic to Sy \ Int(A) where Sg is a non-
standard p.l. homotopy 3-sphere and A — one of its 3-simplices. According to
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some press reports, we hope that the Poincaré Conjecture is true and, conse-
quently, there is no “fake 3-cell” in topology.! The fact, which is essential in this
thesis, is that S® does not contain any “fake 3-cell”, [29].

1.4. Strongly regular mappings
Let B, E be compact metric spaces.

Definition 1.11 ([20]). The map p: E — B is called the strongly regular
mapping, if for every b € B and € > 0 there is § > 0 such that for every ¢ € B
with d(b,c) < ¢ there are mappings

gpt(0) = p7He),  hpTH(e) = pTH(D)
and the homotopies
jihog~id, k:goh~id
satisfying the inequalities
d(g(x),z) <e, d(i(x),x) <e, d(h(y),y) <e, d(ki(y),y) <e
for every x, y, t.

Theorem 1.12 (Ferry, [20]). Let p: E — B be the strongly regular mapping
onto B, dim(B) < co. Suppose that the set p~1(b) is an ANR for every b € B.
Then p is a Hurewicz fibration.

1For a fuller treatment we refer the reader to the Milnor’s article “Towards the Poincaré
conjecture and the classification of 3-manifolds”, http://www.ams.org/notices/200310/fea—
milnor.pdf.



CHAPTER 2

CONTINUITIES AND FIBRATIONS

This is known very well that some conditions on the mapping f: X — 2V
reflect in the properties of the graph I'(f) or the projection p:T(f) — X. (We
will also use I'(f|X) or I‘g( to denote the graph I'(f) of f.) Though the previous
sentence sounds trivially, because each function is identified with its graph in
the set theory, yet, there exist connections which are unexpected. We recall two
classical examples, the first — not difficult, the second — very deep and not easy
to prove. We assume, that X and Y are compact metric spaces.

e The map f is u.s.c. if and only if the graph I'(f) is a closed subset of
X xY,[21].

e If the map f is u.s.c. with acyclic values, then the projection p:T'(f) —
X induces an isomorphism of the Cech cohomology groups, (the Vietoris
Theorem). For a fuller treatment we refer the reader to [40].

We now formulate two results, which connect the continuity types of f to
some fibre properties of p.

Theorem 2.1. Let X, Y be compact finite-dimensional metric spaces and
f: X = 2Y — a pp,-continuous mapping (with values ANRs). Then the projection
p:T(f) — X is a Hurewicz fibration.

Theorem 2.2. Let X, Y be compact metric spaces, n # 4 — a fixed natural
number, dim(X) < oo, f: X — 2Y — a p.-continuous mapping with values which
are compact connected topological n-manifolds without boundary. Suppose that
for n = 3 the values contain no “fake 3-cell”. Then the projection p:T'(f) — X
18 a locally trivial bundle.

The proofs of these theorems are straightforward, but only modulo the deep
theorems from the Preliminaries. We give these proofs below.

Proof of Theorem 2.2. If f is ps-continuous, then the mapping p~: X —
2V with p~'(x) = {x} x f(x) is ps-continuous, which means that p is the

15



16 DARIUSZ MIKLASZEWSKI

completely regular mapping. By the Dyer-Hamstrom Theorem, p is a locally
trivial bundle.

What is left is to show that the p.-continuity of f implies (under our as-
sumptions) that f is p;-continuous.

Let us fix a point b € X. We have the sequence of implications:

d(b,c) < e;
= pe(f(b), f(c)) <
= there are g: f(b) f(e) and h: f(c) — f(b)
such that d(g(x),x) < €2 and d(h(y),y) <
= d(h(g(z)),x) < d(h(g(x)), 9(x)) + d(g(z),

= hog=~id

g (for all z,y)
) < 262

(since f(b), as the compact ANR, is uniformly locally contractible)
= h: f(c) = f(b) is an e3-domination
= h is an g4-equivalence
= there is a homeomorphism k: f(c¢) — f(b) with d(h, k) < €5
= d(k(y),y) < es + &2 (for all y)
= p:(f(D), f(e)) < e5+e2 < &6.

Having e; we can choose ;1 for ¢ = 6,...,2, such that all the above-
mentioned inequalities are true. This proves that f is ps;-continuous. 0

Proof of Theorem 2.1. By assumption, the mapping p~': X — 2V p=1(z)
= {a} x f(x) is pp-continuous. By the Ferry Theorem, it suffices to prove that p
is a strongly regular mapping. Since dim(X x Y) < dim(X) + dim(Y") < oo, we
can assume that X x Y C R™ for some m, by the Menger-N&beling Theorem.
Let us consider the function a: (0, 1] — (0, 1] from the Borsuk Lemma for the
class
0={p Ha):ze X} c2*.

The sets from O are e.l.c., because p~! is pp,-continuous and X is a compact

space. We fix a point b € X and ¢ € (0,1]. Choose § > 0 such that
d(b,c) <8 = pr(p (), p ' (c)) < aoale).
Since ps < pe < pr, we have
pH0) C Ouz(ey(p7(0)),  P7H(€) C Oaze)(p7 (1))

The retraction
Tp=1(2): Oaqy (0™ (2)) = p~ ' (2)

from the Borsuk Lemma will be denoted by 7.
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We define the mappings
gp ') =p ), hipt(e)—=p (),
and homotopies j;:h o g >~ id, k:: g o h ~ id, by the formulae:
9(y) = re(v); h(z)
o) =re((1 = Ore(y) +1y),  Fa(2) = rel(1 = Ory(2) + £2).
Since y € pil(b) - Oa2(s)(p71(c))a
d(9(y),y) = Irely) — yll < ().
The homotopy j; is well-defined, because

d((1 = t)re(y) +ty,p~ () <11 = t)re(y) +ty —y|
=1 =t)llre(y) —yll < ale) < a1).

rp(2),

Set ¢ = (1 — t)r.(y) + ty. Then

d(je(y),y) < llro(q) —all + llg — yll < e+ afe) < 2e.

17

The estimations for h and k; can be obtained in the similar manner. We

conclude that p is a strongly regular mapping.

|






CHAPTER 3

THE BORSUK CONTINUITIES AND FIXED POINTS

3.1. A fixed point free p.-continuous mapping

We give here the negative answer to the Problem 0.1, applying the Jezierski
example of a fixed point free p,-continuous mapping of B? with values being
finite sets, [37]. For the sake of completeness of our considerations we recall
below Jezierski’s ps-continuous homotopy x”: St x I — 2° " between the single-
valued “identity” and single-valued constant mapping.

This picture shows the graphs of xj fort = 0,1/9,...,8/9,1 (“as time goes by”)
under the obvious identification of S x S' and I x I.

Theorem 3.1 ([51, Theorem 2.1]). There exists a fized point free p.-conti-
nuous mapping of B* with compact connected values.

Proof. Let us recall that
pe(X,Y) =max{d.(X,Y),d.(Y, X)},
d.(X,Y) = inf{max{||a(z) —z|| : z € X}},

where the infimum is taken over all continuous functions a: X — Y; (X,Y C B?).
The disc B* will be identified with B2 x B2, Set H(-,t) = x’(-,1 —t). This

19



20 DARIUSZ MIKLASZEWSKI

formula yields a p,-continuous homotopy H: S* x I — 25" joining H(z,0) = {20}
and H(z,1) = {z} such that H(z,t) is a finite subset of S, which has at most
3 elements for every (z,t) € S x I. The multivalued retraction r: B? — 25" is
the standard one:

o= { for [l < 1/2,
Hz/all 2z = 1) for [l € [1/2,1]

We define J: B2 — 25" by

—r(3z) for ||z| < 1/3,
J(x) =
{=a/llzll} for |[=| € [1/3,1].
Of course, J is ps-continuous and has finite values. Since p; = p. on finite sets,
J is pc-continuous. The mapping J is fixed point free, moreover

x ¢ [1/2,1]J(x) for every x € B2

This is easy to check that the join of sets A C S! x {0} and B C {0} x S! in
B? x B? is well defined by

AxB={(1-t)a+tb:te[0,1], a€ A, be B},

(i.e. each point (1 —t)a+tb with 0 <t < 1, a € A, b € B, is uniquely written in
this form). Let ¢1, ¢o, f: B2 x B2 — 2B°%B” be given by

d1(z,y) = J(x) x {0},  ¢olz,y) ={0} x J(y),  [f(p) = d1(p) * P2(p).

We check now that f is p.-continuous. Take an € > 0. Since ¢; is p.-continuous,
there is a positive ¢ such that

lp—qll <0 = 0c(bi(p), di(q)) <e

for i = 1,2. Fix p,q € B? x B? with ||p — ¢|| < §. By the definition of p,,
there is a continuous map «;: ¢;(p) — ¢:(g) such that ||o;(v) — v|| < € for every
v € ¢;(p). Let ay * as: f(p) — f(q) be the join of maps a; and ag. Take
x = (1 —tus + tug € f(p) with u; € ¢;(p). Thus ||ag * ag(z) — z| = ||(1 —
t)aq (ur) +tas(ug) — (1 —t)ug —tus|| < (1—1)||ar(ur) —up || +]|as(uz) —usl| < e.
Hence d.(f(p). /(q)) < . Likewise, d.((a), f(p)) < &, pe(f(p). (@) < =.

The mapping f is fixed point free. Otherwise, there is (x,y) € B? x B? such
that

(x,y) € f(z,y) ={((1 —t)a,tb) : t € [0,1], a € J(x), be J(y)}.

As we have already noticed x ¢ [1/2,1]J(x). Now x = (1 —t)a, a € J(z) implies
t € (1/2,1]. But then y =t-b, b € J(y) gives y € [1/2,1]J(y) contradicting to
the above.

The values of f being joins of some finite sets are compact and connected
(these are graphs of 4 homotopy types: o, O, S, @). O
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3.2. The pp-continuity and fixed points

Theorem 3.2 ([51, Theorem 2.2]). Every pp-continuous mapping f: B™ —
28" (with values ANRS) has a continuous selector and a fized point.

Proof. Let f: B™ — 28" be a pj,-continuous mapping. By Theorem 2.1, the
projection p: T'(f) — B™ is a Hurewicz fibration. Since B™ is contractible, p has
a section. The second coordinate of this section is a continuous selector of f,
which proves the theorem. O

We now formulate our main result for the set-valued mappings on the man-
ifold. Let K be a field and L(F; K) denote the Lefschetz number of the J-
mapping F in K. For the definition and properties of J-mappings we refer the
reader to [26] or [21]. We recall that L(F; K) is defined as the Lefschetz number
of the sufficiently close single-valued graph approximation of F'. In other words,
there is an € > 0 such that L(F;K) = L(s; K) for any mapping s: M — M
satisfying T'(s) € O.(T'(F)). This definition is correct, since any two e-graph
approximations of F' are homotopic, for a small ¢, [26], [21].

Theorem 3.3 ([51, Theorem 2.9]). Let M be a closed connected K -oriented
topological n-manifold. Let f: M — 2M be a py,-continuous mapping (with values
connected ANRs). Assume that there exists a u.s.c. mapping W: M — 2M with,
values homeomorphic to the n-disc such that L(W; K) # 0 and

flz) CW(x) for every x € M.
If the Hurewicz fibration p:T(f) — M (see Theorem 2.1) is K-oriented and
Hy, 1(M x f(z); K) = Hy-1(M; K),
then f has a fized point.

Proof. We fix a sufficiently close graph approximation s of W. Let us consider
the composition

M2 P T (2 M2\ A)

with M? = M x M, D(x) = (z,z), j — an inclusion and A — the diagonal
in M?2.

Let U € H"(M?,M?\ A; K) denote a K — orientation class of the manifold
M and A(s) = D* o (1 x s)* 0 7*(U) — the Lefschetz class of the function s.
The following diagram

T(f) —>M2

[T

*>M2
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is homotopy commutative. This is because the mappings i(z,y) = (z,y) (with
y € f(z)) and (1 x s) o Do p(x,y) = (z,s(z)) are two sufficiently close graph
approximations of the J-mapping ¥ (z,y) = {z} x W(z), [26], [21], between
compact ANR’s. The set I'(f) is an ANR, since it is a space of the Hurewicz
fibration with the ANR fibres over an ANR, [17], [20].

To obtain a contradiction suppose that f is fixed point free. From this the
following diagram

(M?, M?\ A)

M2\ A — M2\ A
commutes, (h, k — inclusions).
Since L(s; K) # 0, we see that A\(s) # 0. By our diagrams,
P"(M(s)) = p"D* (1 x 8)"j*(U) = i"5*(U) = h*k*j*(U) = 0.

(The last equality follows from the long exact sequence of the pair (M2, M2\ A).)
Hence p*: H*(M; K) — H™(I'(f); K) is not a monomorphism. Equivalently,
i Ho(D(f); K) — H,(M; K) is not an epimorphism.

On the other hand, p, can be described in terms of the Leray—Serre spectral
sequence as the composition

Hy(D(F); ) =5 By = B g = Hu(M; K),
(see [67]). The monomorphism g is the composition of inclusions
E;:Bl =ker(E, o — E,_,,._1) CEy,

for r =n,...,2. Clearly, E'Z)E1 = E;%- By the assumption,

Hy 1(M; K) = Hy (M x f(2); K) = @ Hnr(M; K) @ Hy_1(f(2); K),

r=1
hence
0=H,_(M;K)®g H-—1(f(2); K) = Ei_nr_l for r=mn,...,2,
which suffices to conclude that Ej,_, . ; =0 and p is an isomorphism. Thus p,
is an epimorphism, a contradiction. ]

Example 3.4. Let M = S, r < 1, f(z) = M N S?*(z;r), W(z) = M N
B3(x;r) for x € M. Then L(W;Q) = L(id; Q) = 2. We have f(z) = S1,
Hi(M x f(z);Q) = Q # Hi(M;Q) = 0. In fact the equality Hy(M X f(z); Q) =
H,(M;Q) can not hold, since otherwise Theorem 3.3 would imply a fixed point.
But f is obviously fixed point free. Note that there are Q-orientations of the
manifold M and of the fibration p: T'(f) — M, because M is simply-connected.



CHAPTER 4

MAPPINGS WITH ¢LCF-VALUES

4.1. The eLC" 2-result: the formulation

Recall that the sets from a class {X : A € A} are eLC* (equally locally
connected in the dimension k) if and only if for every € > 0 there is d() > 0
such that for all A, z € X, r = 0,... ,k, every map w:S" — K(z,d(e)) N Xy
has a continuous extension w: B™™! — K(z,¢) N X.

Here K (z,¢) denotes the open ball with the center « and radius ¢.

Lemma 4.1. Sets from a class © C 28" are el.c. if and only if these sets
are eLC™ 1,

Proof. Clearly, the nontrivial implication is eLC™~! = e.l.c. The basic ob-
servation is that the condition e.l.c. in the Borsuk Lemma 1.1 can be replaced
by eLC™~ !, (see Appendix). Roughly speaking, this is because the proof of the
Borsuk Lemma follows by induction on the dimension of the skeleton of a sim-
plicial decomposition of R™\ # (for § € O©) and n-simplices are maximal. Having
the Borsuk Lemma we see that

do(a(e)/2) < 4e.

Really, take T' C 6 with diam (7") < «a(e)/2 and choose z € T. For any y € T,

def
ye = (L—=t)y +tx € Oue)(@), llro(ye) — all < llro(ye) — well + llye — 2l <

e+ a(e) < 2e. Thus 79(-¢) is a homotopy from idr to the constant map z in
the set @ N Oz (z) with the diameter < 4e. O

By the above lemma, the remark that every ps-continuous multivalued map
with e.l.c. values is pp-continuous and Theorem 3.2 we have:

Corollary 4.2. Every ps-continuous mapping f: B* — 28" with eLC"~!-
values has a continuous selector and a fixed point.

This result has in its origin the Michael selection theorem, [47], which is
applied in the proof of the Ferry Theorem 1.12, which is used in the proof of

23
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Theorem 2.1 — basic for proving Theorem 3.2. We can compare this corollary
with that which is obtained by applying directly the Michael theorem:

Corollary 4.3 ([47]). Bvery l.s.c. mapping f: B™ — 28" with eLC™! and
C"! walues (n — 1-connected) has a continuous selector and a fized point.

The proof of the next result is based on the concept of the spheric mapping,
(see Introduction). This is the main theorem in this chapter.

Theorem 4.4 (eLC" %-result). If

(a) f:B™ — 28" is py-continuous;
(b) the sets in {f(x) : x € B"} are eLC™™2;

(c) the sets in {f(z):x € B"} are eLC™ 1,
then f is a spheric mapping and has a fixed point.

Example 4.5. There is a fixed point free ps-continuous mapping f: B —
28" such that sets in {f(z) : x € B"} are eLC™ 3. Set

fl@)={yes" " (y,2) < (1~ |l])l|=[l}-

4.2. The eLC" 2-result: two lemmas

Let X be a compact subset of R”. We will denote by B(X) the sum of all
bounded components of the complement of the set )g in R™. The unbounded
component of R” \ X will be denoted by D(X). Set X = X U B(X).

Lemma 4.6. Let X C R™ be a compact ANR and x € R" \ X. Then
z € B(X) if and only if the homomorphism

Jw: Hn—l(X; Q) — Hn—l(Rn \ {x}a Q)

(induced by inclusion) is an epimorphism.

Proof. Choose 11,72 > 0 such that DY {yeR": |ly—z]| <m}CcR*"\ X

and Dy % {y € R™ : [ly — x| <o} D X.

The part “if” does not require that X is an ANR. By assumption, the homo-
morphism j,: H,—1(X;Q) — Hp—1(R™\ {z}; Q) is nontrivial. Suppose contrary
to our claim that € D(X). Fix in R™ a point y ¢ D,. Since D(X) is a domain
in R"™, there are points zg = x, 21,... , 2 = y such that each interval z;z;,; lies
in D(X). The diagram

X R {z)

ldl ngi*

Jit1x
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with T;(2) = z+ 241 — 2; is homotopy commutative for ¢ = 0,... ,¢— 1. Indeed,
H(z,t) = (1 —t)z + tT;(z) is a homotopy H:j;y1 ~ T; o j;. It follows that
Jor: Hno1(X;Q) — Hp—1 (R™\ {y}; Q) is a nontrivial homomorphism. But X C
Dy C R™\ {y} and H,_1(D2;Q) = 0, a contradiction.

We now prove “only if”. Let A = Do\ 131, ST =R"U{oo}, z € B(X).

Let H* denote the Cech cohomology, H, - the reduced singular homology.
Consider the following commutative diagram

H" (4 Q)LH"_I(X;Q)

o

R

the Alexander duality
Hy (5", 5"\ A4;Q) —— Hy (5", 5"\ X;Q)

o o~ excision
Hy(R™, R™\ 4;Q) —— H, (R", R"\ X; Q)

o o

ﬁo(Rn \4;Q) . ffo(Rn \X5Q)
with inclusions 5: X — A and a: R" \ A — R™\ X. We have
a: (R™\ Dy)U D1— D(X) U B(X),

R"\ Dy, C D(X), D:C B, C B(X) = [, Bx, where {B)} is a family of all
bounded components of R™ \ X. Thus a,: Hy(R" \ 4;Q) — Ho(R™\ X;Q) is
the homomorphism

() €QeQ - QP Q> (s,iut),
A

where i,: Q — @, @ denotes the p-th canonical inclusion. Choose y € R™ \ D,.
Since Ho(R™ \ A;Q) = coker(Ho({y}; Q) — Ho(R™ \ A;Q)) and the same is
true for X in place of A, a, = i, # 0. Consequently B* # 0. Since A and X
are compact ANR’s and the (co)homology coefficients are in @, it follows that
Bu: Hn—1(X;Q) — Hp—1(A; Q) is nontrivial. Clearly, the same holds for the
composition j,: Hy,—1(X;Q) = Hp_1(4;Q) = H,—1(R™\ {z}; Q) which proves
the lemma. ]

Author does not know, whether the above result remains true with integer
coefficients.

Lemma 4.7. Let X1, Xo,... be compact eLO™ 2 subsets of R such that

lim ps(Xk, X)=0
k—o0
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for a compact X C R™. Then

VeeB(X) Jko Yisk, T € B(Xg),

or equivalently
o0

B(Xy).

B(x)c |
n=1k=
Proof. Let n denote a positive number. Fix x € B(X) and a compact poly-
hedron P such that
X C P COy(X).

Clearly, ps(X,P) < 5. Since D(P) C D(X), © € P. Assuming that 7 <
dist(z, X) gives € B(P). By Lemma 4.6, there is a singular (n — 1)-cycle
Zp-1=Y,,¢,0 in P with ¢, € Q, which does not bound in R" \ {z}. There is
no loss of generality in assuming that

Vo (¢ #0 = diam(c(A,_1)) < 7),

(we apply to Z,,—1 the multiple barycentric subdivision, if necessary).

Choose kg € N with ps(Xy, X) < n for every k > ko and take such a k.
Hence ps(Xy, P) < 2n. The main point of this proof is the construction of the
(n —1)-cycle ¢(Z,,—1) in X}, which is homologous to Z,_; in R”\ {z}. Finding
such a ¢(Z,_1) will complete the proof, by Lemma 4.6.

Let 0: R, — R, be a function, which appears in the definition of the e LC™ 2
property for sets in the class {Xy : k € N}. Set u(e) = §(¢/4). Let u(") denote
the r-th iteration of the function p. Fix the positive numbers

1 1
e < dist(z,X) and 7 < min {5M(n_1)(5>’ 86}'
Let = be the set of all simplices of the cycle Z,,_; and all their faces. Thus
— n—1m—
* == Ui:O Sy
e =, 1={0:cs #0},
o =

i,lz{TOFIf:TEEi, 0<p<itfor1<i<n-—1.
The function F;: A;_1 — A; is the p-th face mapping.

Our strategy is to make a copy ¢(7) in X}, of every simplex 7 € Z. Take
T € Zp. By an obvious convention, 7 € P. We choose ¢(7) to be any point of
X}, such that ||¢(7) — 7] < 2n.

Take 7 € Z;. We have

lp(m 0 Fi) — (70 Fy)|
<lg(roFi) —moFi|+|roFf —1o K|+ |70 Fy —¢(roFy)
<21+ diam (7(A)) + 20 < 59 < p" "V (e) = 5 (" () /4).

We choose ¢(7): A1 — X}, to be any path joining ¢(7 o F}l) and ¢(7 o F}) in
K(¢(r 0 Fg), n" =2 (e) /4) N X
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Suppose that ¢ is defined on Z;_; for an ¢ < n—1 in this way that ¢(7)(A,—

lies in an open ball of the radius ("~ (¢)/4 in X, for every 7 € Z;_;.
Take 7 € Z;. We have

diam (¢(7 0 F})(Ai—1)) < p" " (e)/2
for p=0,...,i. Define w: 0A; — X}, by
w(Fy(x)) = o(7 0 Fy)(x).

Clearly,
diam (w(94;)) < u" " (e) = 6(ut" 7 (e) /4).

27

1)

Take any point ¢ € w(9A;). We choose ¢(7) to be a continuous extension

@:A; — X}, of w such that &(A;) C K (g, p" 1 ()/4). In particular,

¢(1) 0o Fy = (1o Fy) for 7 € E;.

This condition on Z;_; makes w well defined. Since F} o Fi~' = Flo F;:} for

q <p (28],
W(F, 0 Fy~H(y)) = (0 Fp)(Fy ()
=¢(roFyo Fy Y (y) = ¢( o Fyo Fy71)(y)
= o(1 0 F)(F,71(y)) = w(Fy o F,71(y)).
The induction completes the construction of ¢ on =. In particular,
diam (¢(0)(An-1)) < u¥(e)/2 = ¢/2.
We now define the (n — 1)-chain ¢(Z,,—1) in X}, to be Y _c,¢(0). Since
n—1
aZ’n—l = Z Z(_l)pco *00 F;Lil =0,
o p=0
we see that

Y S Capeotoyo

UpO

_ZZ 1)Pe, - (b(jOF” 1)—0.

o p=0

What is left is to show that the cycle ¢(Z,—_1) is homologous to Z,_; in

R\ {}.
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We follow the notation of [28]: Ey,... , E, — the vertices of Ag; dg = ida,;
S4(Y) — the group of the singular ¢ — chains in Y (with rational coefficients);
P,:S¢(Y) = Sg41(Y x I) — the homomorphism defined by

P,(0) =Sg+1(0 xid) o Py(64) for o: Ay =Y,
a

Py(6,) = 3 (1) ((Eo,0) .. (i, 0)(Ei, 1) ... (Eg, 1)),

=0
Let \i:Y — Y x I be given by A¢(y) = (,¢). By [28],
90 Py+ Py_1 00 =Sy(\) — Sy(No).
We now define Gy(o, 7): Ay x T — R™\ {z} by
Gylo.7)(E,t) = (1 — t)o(E) + tr(E)

for all g-simplices o, 7 in R™ \ {z} such that the above expression takes values
apart from {x}. Note that
dist((1 — t)o(E) + to(o)(E), X)
<tl|p(0)(E) — ¢(0)(Eo)ll + tll¢(o) (Eo) — o (Eo)l
+tl|o(Eo) — o(E)|| + dist(c(E), X)
<e/242n+n+ps(P,X) <e/244n < e < dist(z, X),
for every 0 € Z; and E € A,.

It follows that G4(o, ¢(o)) is well defined for every o € E,. Clearly, o =
Gy(o,¢(0)) o Ao and ¢(0) = Gy(0, ¢(0)) o A\1. Moreover,

Gy(o,7) o (F xid) = Gy_1(o o F,To F)
for any F:Ay—1 — A,. Thus
$(0) = 0 = 84(Gy(0,9(9))) © (S4(A1) = S4(Ao))(dg)
=54(Gq(0,9(0))) 0 (0P, + P4-10)(d,)
=05+1(Gq(0,9(0))) Py(0q) + Sq(Gg(o, ¢(0))) Pq—10(dq).

The second summand is equal to

q

Z(_l)jsq(Gq<Ua ¢(0))) o qul(ng>

=0

[
M=

(=1)78,4(Gq(0,6(0))) 0 Sy(F x id) 0 Py—1(d4-1)

<.
Il
o

[
M=

(_1)qu(Gq—1(U °© F]g7 ¢(o) o qu)) 0 Py—1(dg-1)-

<.
Il
o
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Take ¢ = n — 1. The cycle ¢(Z,_1) — Z,,—1 is homologous in R™ \ {z} to

q

ZCU : Z(_l)jsq(Gqfl(U °© Ffa‘?(“ °© FJ(']))) © Pg—1(0g-1),

Jj=0

which equals to zero, because Y-, ¢, - > 1_o(=1)0 o F} = 02,1 = 0. O

4.3. Proof of the eLC" 2-result

We will prove that f: B" — 28" satisfying assumptions of Theorem 4.4 is
spheric in the following sense:

(a) fis u.s.c. with compact values;
(b) the graph I'(Bf) is open in B™ x R"™;
(¢) f has a fixed point.

The only point which needs our attention is (b). Indeed, f is ps-continuous
= fisus.c and Ls.c.; fis ws.c. = f is ws.c., [23]; (f is Ls.c. and (b)) = [ is
ls.c.; fis u.s.c. and Ls.c. = fis ps-continuous. Corollary 4.2 and assumption (c)
of Theorem 4.4 now imply (c).

Suppose, (b) is false. Then

Jeyerdn Hewpoy  Hm (@r,ye) = (2,y) and Vi (2, yx) ¢ D(BS)-

Thus y € Bf(x), yx € f(zx) U Df(zy). Since limyo0 ps(f(2k), f(z)) = 0,
Lemma 4.7 shows that y € Bf(xy) for k > kq. By connectedness of the interval
Yy, there is ¢ € yyi such that ¢, € f(xg) for k > ko. This gives y € f(z),
a contradiction. g

4.4. A two-dimensional eL.C" 2-result

The following theorem is the origin of the idea that for n = 2 the third
assumption in Theorem 4.4 is superfluous.

Theorem 4.8 (Borsuk, [3, p. 212]). The nonempty closed subset A of R? is
the retract of R? if and only if the set A is connected and locally connected and
all the components of R?\ A are unbounded sets.

In this way LC? for f(x) C R? implies LC* for f(m) Omitting the question,

if eLC? for {f(z) : * € B?} implies eLC! for {f(x) : x € B?} (see Chapter 8),
we prove the following

Theorem 4.9. If f: B2 —2B" is p,-continuous and sets in {f(z) : x€ B?}
are eLCO then f has a fized point.
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Example 4.10. Let us recall, that every p.-continuous mapping f: B> —
25” with compact connected values has a fixed point, [23, Theorem 4.4]. The
map f defined by f(z) = {y € D?: ||y|| > ||=||} is not p.-continuous but satisfies
the assumptions of Theorem 4.9.

Proof of Theorem 4.9. We give two proofs.

Proof I. Let us identify B? with I? and consider a p,-continuous mapping
f: 1% — I? with eLC° values. Fix 7 > 0. Choose € > 0 small enough that for all
x € I? and y,y’ € f(x) with ||y — 9| < 4e there is a path o: T — I? from y to
y in f(x) satisfying diam (o(I)) < n. Take § > 0 such that p,(f(z), f(z)) < e
for all z, ' with ||z — 2’| < §. We assume that § < e <.

Let us divide I? into squares, each with the edge of the same length less
than §. Our purpose is to find a single-valued continuous map s: I? — I? which
approximates f.

c d e
Pit+1 qi+1
Di qi
p q
V/
a b b/

We follow the notation of the figure. Fix A € f(a). Then choose B € f(b),
C € f(c) and D, P € f(d) such that ||B — A, |C — 4], ||D — C||, ||P — B| are
all less than e. It follows that ||D — P|| < 4e.

Set p = (b+d)/2 and s(a) = A, s(b) = B, s(c) = C, s(d) = D, s(p) = P.
Find a path o:1 — I? from P to D in f(d) with diam(o(I)) < 7. Choose
ro = 0,71,...,7% = 1 in I such that diam(o([r;,7i+1])) < € for ¢ < k. Set
pi = p+i(d—p)/k and s((1 — t)p; + tpit1) = o((1 — &)r; + tripq) for ¢t € I.
Define P; = s(p;) and note, that |P;11 — P;|| < e. Extend s to be linear on the
segments ab, ac, cd, bp; e.g. s((1 —t)b+tp) = (1 —t)B + tP.

Let U be the square abdc. Clearly, diam (s(0U)) < 3¢ + 7. Obviously map s
into a convex set admits an extension s: U — conv(s(0U)). To simplify notation,
we continue to write s for 5. Clearly, diam(s(U)) < 3e + 7. Let ¢ = (' +¢)/2
and V be the rectangle bb’gp in I2. Choose Q € f(e) such that ||Q — P|| < ¢ and
repeat the construction of s on V' after that on U. We stress that s(q) = Q € f(e),
moreover s maps the segment p’q into f(e), where p’ = (b’ 4 q)/2.

Since P; € f(d), there is Q; € f(e) with ||@Q; — P|| < e for i =0,... ,k and
Qo=Q. Set E=Q, qi=q+i-(e—q)/k, s(¢;) = Qi- Thus [|[Qit1 — Qil| < 3e.
Find a path a;: I — I? from Q; to Q;4+1 in f(e) with diam (i (1)) < 7.
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Let V; be the rectangle p;qiq;+1pi+1. We extend s to be linear on segment
p:q; and by s((1 — t)g; + tqi+1) = @;(t) on ¢;¢;+1. Thus diam (s(0V;)) < 2e + 7.
Clearly, there is an extension s:V; — conv(s(9V;)) with diam (s(V;)) < 2e +n
fori=0,...,k—1.

The map s is now defined on U and on the square bb’ed = VUU;:OI V;. In the
same manner we extend s, square by square, on the first row of our subdivision
of I?. Tt is worth pointing out that passing to the third square we forget points
q; and define p; = p’ +j - (e — p) /K" with k" such that diam (s(pp’;,,)) < ¢, for
j=0,...,k" — 1. The definition of s on the other rows is straightforward.

It remains to prove that s: I? — I? approximates f. For every = € I? there
are R = r%r172r3 and T = t°¢'¢2¢3 such that:

e R is a rectangle, T is a square and z € R C T,
e diam(7) < v/2 -6 and diam (s(R)) < 3¢ + 1,
e s5(r?) € f(t?).
Thus s(z) € s(R) C Osc4y{s(r?)} C Ouy f(t?) C Ouyy f(O26{x}) C Op, f(x). O

Proof II. Another way of proving Theorem 4.9 is the analysis similar to that
in the proof of Theorem 4.4. The only difference is the argument which shows
that fv has a fixed point. We will see that the values of ]? have a fixed finite
number of acyclic components. Therefore f is in a class of mappings which is
equipped with the fixed point index, [14].

Let nc(X) denote the number of the components of the space X. Since f(x)
is compact and LC°, nc(f(z)) < oco. By the Alexander duality, H(f(z)) =
Hy_;(Df(z)) =0 for i > 1.

It suffices to show that nc(f(z)) is finite and does not depend on . Since
every component of f(z) contains a point of the set f(z), we have nc(f(z)) <
ne(f(z)) < co. Because sets in {f(z) : * € B} are eLC?, there is an ¢ > 0 such
that the distance of any two components of f(z) is not less than ¢, for every

x € B2. The same is true for the components of f(z). Indeed, if C,C" are two

components of f(z), then
oC C f(x), 0C' C f(z), dist(C,C") = dist(dC,0C") > e.

Since f is ps-continuous, there is § > 0 such that ne(f(z)) > nc(f(x)), when-

ever ||z — 2’| < §. Thus nc(f(z')) = ne(f(x)) for every ' € Os{z}. The
connectedness of B? finishes the proof. O






CHAPTER 5

PRELIMINARIES
TO THE STIEFEL-WHITNEY CLASSES

The notion of the Stiefel-Whitney classes originated from [66] and [69]. Each
class can be considered as the mod(2) reduction of the obstruction to extending
a section of an associted bundle [64], an element of the cohomology algebra of
the classifying space [43] or a homology class ([31]). The approach to this subject
is sometimes diversified according to the kind of fibration we wish to describe.
In Section 5.1 we recall the Thom—Cartan definition of Stiefel-Whitney classes
[68], (see also [45]). This definition is suitable for all spherical fibrations, i.e. the
Hurewicz fibrations having the fibers homotopy equivalent to the sphere. We
also recall these properties of Stiefel-Whitney classes which will be useful for
our purposes. Section 5.2 contains two easy consequences of the definition. The
sphere bundles are these spherical fibrations which are locally trivial and which
are equipped with a structural group. Some properties of the characteristic
classes of the sphere bundle are conditioned by the possibility of passing to the
projective space bundle and, moreover, by the assumption that all maps in its
structural group are the linear isomorphisms. In Section 5.3 we show how to
generalize one of these properties (coming from the Vector Bundles Theory) for
all locally trivial fibrations with fibre S*.

5.1. Definition and basic properties

The good starting point of the journey to the world of characteristic classes
is the following

Theorem 5.1 (Leray—Hirsch, [67, 15.47]). Let p: (F2, E1) — B be a pair
of the Hurewicz fibrations over a pathwise connected base B with fibre (Fa, Fy).
Assume that there are elements ey, ... e, € H*(Fa, E1) such that their restric-
tions to the fibre form a base of the free H*(pt)-module H*(Fy, Fy). Then the set
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{e1,...,e;} is a base of the free H*(B)-module H*(E2, E1) with
be =p*(b)Ue
defining the multiplication.

Let p:T' — B be a spherical fibration with fibre S ~ S*. Unless otherwise
stated, we assume that B is a pathwise connected topological space. Set Z =
(IxTUB)/ ~, where (1,z) ~ p(z) for every . The map p: Z — B, p[t, ] = p(x)
is easily checked to be the Hurewicz fibration with fibre D = I x S/1x S ~ B*+1,
The identification 2 = [0, z] makes T" a subset of Z and S C D. Let 7: (D, S) —
(Z,T) be the inclusion. There exists t € H**1(Z,T; Z,), called the Thom class
of the bundle p, such that 7%t generates H**1(D,S;Z,). The Leray-Hirsch
theorem provides with Thom’s isomorphism ®: H*(B; Z,) — H*t*+t1(Z T'; Z,),
O(x) =prxUt.

Definition 5.2 ([68]). The element
w; =@ 1S¢®(1) € HI(B; Zs)
is called the j-th Stiefel-Whitney class of the fibration p.

Since the Steenrod square S¢7: HI( -, -; Zy) — H9ITI (-, -; Z5) equals zero for

J>4q
wj =0 forj>k+1.

Thom proved that the Stiefel-Whitney classes are invariants of the fibre
homotopy equivalences, [68]. Moreover, for any spherical fibrations p;: T'; — B;,
i = 1,2 and every f: B; — Bs such that there is an f:T'; — I'y which satisfies
poo f = fop; and induces a homotopy equivalence of the corresponding fibres,
we have f*w; s = wj 1, (see Appendix). This property is called the naturalness
of characteristic classes. It implies that classes wg, w1, ws, ... are natural in the
sense of the category theory:

frwj([p2]) = wi([f"pel)-

Here [-] denotes the fibre homotopy equivalence class, and f*py: f*T's — B
(called the induced fibration) with

f*FQ = {(b, 6) (S Bl X FQ : f(b) = pg(e)}

is given by f*pa(b,e) = b.

One can list some properties of the Stiefel-Whitney classes which considered
as the axioms, uniquely determine these classes for all sphere bundles with the
structural group O(k+1), (such bundles are in some sense the same as the vector
bundles), [54], [33]:

o w;(p) € HI(B; Zy) for j =0,1,2,... and wo(p) = 1;
e The naturalness of w;(-);
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o wi(p®q) = S7_ wi(p) Uw;_i(q), (® denotes the Whitney sum of two
spheric bundles, which has the fibre being the join of the fibre of p and
that of q);

e The class w; of the covering S — RP' is nontrivial.

This axiomatic approach fails for the locally trivial bundles with the fibre S*.
The reason is that the algebra of Zs-cohomology of the classifying space of these
bundles is much more complicated, [6]. Such algebra for the spherical fibrations
is described in [53], (see Appendix).

Assume for the moment that p is a sphere bundle with fibre S* and the
structural group O(k + 1). In this case a free fibre preserving action of Zs on I'
is defined with the help of the local trivializations ¢ = ¢y:p~ U — U x S* by

(5.1) lz,o=¢ toaop(zx), where a(u,s) = (u,—s).

The right-hand side of (5.1) does not depend on the local trivialization, if
only all elements of the structural group are odd mappings (which is true for
O(k+1)). Having the above action we proceed as follows. Let ¢ be the first (= the
last) Stiefel-Whitney class of the S°-bundle I' — I'/Z;. The map ¢:I'/Zy — B
induced by p is a locally trivial bundle with fibre RP*. We call q the projective
space bundle. By the Leray—Hirsch theorem,

(5.2) H*(T'/Za; Z3) is a free H*(B; Zy)-module with a base 1,¢, ... ,cF,

and the multiplication 8y = ¢*(8) U~. More exhaustive arguments: the al-
gebra H*(RP¥; Zy) is the truncated polynomial algebra with one generator x
of degree 1 such that 2**t! = 0, [11]; 2 is the first Stiefel-Whitney class of
the S%bundle S*¥ — RP* (for k = 1 — an axiom); at last ¢|[RP* = z, by
the naturalness of characteristic classes; the Leray—Hirsch theorem now applies.
Consequently,

k+1

(5.3) Ftl = Zq*(@j) U7 for some @y, ... , Wt
j=1

Surprisingly,

(5.4) w; =w; forj=1,... k+1.

Proofs of this equality, (see for instance [33, II1.5]), use the Splitting Principle
[30, p. 106] which is a property of the sphere bundles having the structural group
O(k+1).

The next property generalizes the well-known Borsuk-Ulam theorem (see
[12], for further generalizations in this direction see [56]).
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Theorem 5.3. Let E be a topological space, T:E — E — a fixed point free
involution, ¢ € HY'(E/T;Zy) — the first Stiefel-Whitney class of the 0-sphere
bundle m: E — EJ/T and g:E — R™ — a continuous function. Suppose that
™ #0. Then there is y € E such that g(y) = g(Ty).

The proof of this theorem is an easy application of the naturalness of the
Stiefel-Whitney classes to the map f: E/T — RP"~! induced by f: E — S"~!,

Fly) = (9(y) — 9(Ty))/llg(y) — g(Ty)]l.

Suppose that f is well-defined. Then ¢* = f*z" = 0 for x = generator of
HY(RP™1; Z,), which contradicts our assumption. O

5.2. Preliminary results

The following lemma is an immediate consequence of the naturalness of char-
acteristic classes.

Lemma 5.4. Let p:I' — B be a spherical fibration. If By is a deformation
retract of Ba, B1 C By C B and w;; denotes the j-th Stiefel-Whitney class of
p|lLi:p™(B;) = B;, (i =1,2), then w;1 = 0 if and only if wjs = 0.

The second result generalizes [49, Lemma 1].

Lemma 5.5. Let p:I' — B be a Hurewicz fibration with compact ANR fibres
which are homotopy equivalent to S*, B — a compact ANR, I' — a compact
space. Then the following conditions are equivalent:

(55) dlmHk(F,ZQ) > dlrIlfIk(.B7 22)7
W41 = 0,
0 — Hy(S*; Zy) — Hy(T'; Z5)

is an exact sequence (an inclusion of the fibre in T’ induces a monomorphism on
Hi(-, Z2)).

Example 5.6. The Hopf fibration p: $3 — S? with fibre S' has wy # 0,
since dim Hy(S%; Zy) = dim H; (S?; Z,) = 0.

Proof of Lemma 5.5. The equivalence of (5.5) and (5.7) follows from [46,
Example 5.D, p. 145]. We now prove that (5.5) and (5.6) are equivalent. By
[20, p. 374], T" is an ANR. Since I', B are compact ANRs, the inequality (5.5) is
equivalent to dim H*(T'; Z3) > dim H*(B; Z;). The Gysin exact sequence for p

0= H YB; Zy) — H"(B; Z) LN H¥T; Zy) — - -
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shows that p* is a monomorphism. Thus (5.5) does not hold if and only if p* is
an epimorphism. The commutative diagram

H*Z 2 gD Sy g (Z,T) s ghtig
p*T%/ Tp*
H¥B—— H*B

with the first row exact (and Zs-cohomology coefficients) yields that p* — epi-
morphism < j* — epimorphism < § = 0 < * — monomorphism.
If t € H**Y(Z,T; Zy) is the Thom class of p, then t — t|Z — wj.41 under the
homomorphism
HMY(Z,T Zy) — s H¥Y(Z: 25) T HFV\(B; 2,).
Moreover, H**1(Z,T'; Z3) = Zy = {0,t}. These well-known relationships show
that #* — monomorphism < t|Z # 0 < wg41 # 0, which completes the proof.(]

The following example shows that the compactness of I' does not follow from
the condition that p: " — B is the Hurewicz fibration with compact fibres.

Example 5.7. Set I' = (0;1] x [0;1]UO C R? O = (0,0), B = [0;1],
p(z,y) = x. The map p:T' — B is a Hurewicz fibration. It is easy to check that
for every path o in B and e € p~!(c(0)) there is a path &, from e which covers
o and which is continuous with respect to the pair (o, e).

5.3. Classes ij

It is of interest to know whether the polynomial formula (5.3) with (5.4) holds
for the fibrations which are not equipped with the structural group O(k + 1).
We give here a partial answer to this question. Let p:T' — M be a locally trivial
fibration with fibre S = S*. Set S© = S x S\ A with A — the diagonal. It is
easy to check that maps ¢,1: S — S, which are defined by the formulae

¢(x,y) - ||$*y||71 (l.fy)v w(xay) =,

are the homotopy equivalences with the homotopy inverse w(z) = (x, —x). Let

I'* ={(z,y) eETxT\ A:p(x) =p(y)}

and p”(z,y) = p(z). The group Z, acts on S* and I'® by the transposition.
The map p=:T'® — M is a locally trivial bundle with the fibre S®. The orbit
spaces of the fibres of p” are homeomorphic to S /Z, ~ RP*  the homotopy
equivalence being induced by ¢, (the idea of such an equivalence is due to Cohen
[8, Proposition I1I]). The map

5 (z,y) >z €T,
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covers the identity on M (with respect to p® and p). Moreover, X\SA =1 isa
homotopy equivalence of the fibres, (we skip here the obvious homeomorphisms
which identify these fixed fibres with the standard ones). By the naturalness
property, both bundles p, p© have the same Stiefel-Whitney classes.

It is a simple matter to obtain the polynomial formula (5.3)

k+1
A .
(5.8) (€)= (g%) (w)) U ()
j=1
in the new situation, with ¢, g, w; replaced by ¢® € HY(I'>/Za; Z3), ¢°: T2 | Zy
— M and w}® € HI(M; Zy).

Theorem 5.8. Let M be a pathwise connected topological space. With the
above notation, we have kaH = Wg41-

Proof. Our proof will resemble a classical inductive reasoning in theory of
characteristic classes which makes use of the Gysin sequence, (see [54, 14.5]).
To simplify notation, we continue to write
o E=T%, Ey=T%/Z;
A A
® W= Wi, Vj = Wj, €= ¢
o 1 =p>, g=q°, p:E — E5 (the projection).
() By the Leray—Hirsch theorem, H*(FEs; Z2) is an H*(M; Zs)-module freely
generated by 1,e, ... ,e* with the multiplication

H*(M; Zy) x H*(Eg; Z) 3 (p,m) = p-n = g" () Un.
The Gysin exact sequences of bundles r and p form the following commutative

diagram with Zs-coefficients:

*

L HOUM HFM "y HRE %y O Y% prh+ipg 7 ghip. ..

!

HkEQ . HE 5 HkEQ 5 Hk+1E2 — HE1E ...
p ¢ P

-.-HFL1E,
Ue
Since H~'M = 0, »**: H*M — H*E is a monomorphism. Similarly, 7*/ is an
isomorphism for j < k. By our assumption, H'M = Z,.
Case 1. Assume that o = 0. Since r*/ is now an isomorphism for j < k and
r* = p* o g*, we have

(5.9) HIEy = ker(p*) @ im(g*) = im(Ue) @ im(g*)

for j < k. Since w = 1 U w € ker(r*) = ker(p* o g*), g*w € ker(p*) = im(Ue).
There is 2, € H*E, with g*w = z1 Ue. By (5.9), there are 2o € H*"1E, and
vy € H¥M with z; = 29 U e + g*vi. By induction on j < k,

*
Tj=Tjt1Ue+ g Vk—jt1
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for some zj11 € H* I Fy, vy_ji1 € H¥JTIM. Thus g*w = zj41 U eFt! +
Z?Zl G vk—j+1 U el for an w1 € HOEy = {0,1}. If 2441 = 0 then (x) shows
that w = 0. In this way « is an epimorphism, « # 0, which contradicts our
assumption. We conclude that z;4; =1 and
k
M= grw+ Y gtop U,
j=1
which gives w = vi1, as required.
Case 2. Assume that o # 0. Thus « is an epimorphism, ker(Uw) = H°M,
w=1Uw=0.
Case 2.1. Suppose that 3 = 0. Hence p** is an epimorphism. By (x),

k
H*Ey = g*H*M & @ (g*H* M) U e
j=1

Since p* o (Ue) = 0, we have p* H*E, = p*g*H*M. Thus H*E = r*H*M =
ker(a), @ = 0, a contradiction.

Case 2.2. Suppose that 8 # 0. There is an z; € im(8), 1 # 0. Clearly,
0=z Ue.

Case 2.2.1. Assume that ap*r; = 1. Fix 2 € H*E. If a(z) = 0, then
x € im(r*) C im(p*). If a(z) =1, then z = (x — p*x1) + p*z1 € im(p*), because
a(z — p*r1) = 0. Hence im(p*) = H*E and 8 = 0, a contradiction.

Case 2.2.2. Assume that ap*z; = 0. Thus p*z; € ker(a) = im(r*) =
im(p* o g*). There is an vy € H*M with p*z; = p*g*vg. Thus

x1 — g v € ker(p*) = im(Ue).

There is o € H* "1 E, with 21 = 2oUe+¢*v,. We will now proceed by induction.
Just as in Case 1, z; = xj41 Ue + g*vp_j41,

k
gw=0=x1Ue=xp41 U ekt 4+ Zg*vk_j.u Uel.
j=1
Next we claim that z; # 0 for every j =1,... ,k + 1. Conversely, suppose that
j+1=min{m : 2, = 0}. Thus 0 = 24 Ue = Y 7_, g*vk—it1 Ue'. By (%),
Vg—iy1 =0 for ¢ =1,...,75. Thus x; = 0, contrary to the choice of j. We have

proved that 241 # 0, and so 21 = 1. Thus e**! = g*w+Z§:1 G vk—jr1Uel,
and w = viy1, as required. The proof of Theorem 5.8 is complete. O

The Stiefel-Whitney classes of topological manifolds were considered by
Fadell in [18]. His results differ from ours.






CHAPTER 6

THE BROUWER MAPPINGS

The homology theory will provide us here with the basic tools of proving
that some set-valued mappings have fixed points. In other words, we show that
a homology property of graphs forces that the corresponding mappings have
fixed points. We call these mappings the Brouwer mappings.

Let H, denote the Cech homology functor, F' be a field, B — the closed
unit ball in R™, S = 0B, I'(p|A) — the graph of the restriction of the mapping
©:B — 28 toany A C B, p:I'(p|A) — A — the projection.

Definition 6.1. The upper-semicontinuous compact-valued map ¢: B — 28
is called an F-Brouwer mapping if and only if

Hy (T (¢|B). Tl S); F) = Hy(B x B, S x B; F),
induced by inclusion, is a non-zero homomorphism.

Let us note that single-valued mappings, mappings with a continuous selec-
tor and acyclic mappings are Brouwer mappings, (see Lemmas 6.2, 6.4, 6.6).
On the other hand, there are Brouwer mappings, which are neither acyclic nor
continuously selectionable, (see Theorem 7.11(b), (c)). From now on we consider
upper-semicontinuous compact-valued mappings only.

Lemma 6.2. The following conditions are equivalent:

(a) ¢ is an F-Brouwer mapping;

(b) iy Hy(T(¢|B),T(¢|S); F) = H,(B x B,S x B; F) is an epimorphism;
(¢) pu: Ho(T(¢|B),T(¢|S); F) — H, (B, S; F) is non-zero;

(d) ps is an epimorphism.

Proof. Since H,(B,S;F) = F and F is a field, (c) and (d) are equivalent.
The homomorphism j,: H, (B, S; F) — H,(B x B, S x B; F) which is induced by
the homotopy equivalence j(z) = (z,0), is an isomorphism. Moreover, jop ~ i,
which proves the lemma. O

41
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The next theorem follows from the Saveliev result on the coincidences in [59,
Corollary 5.1], but it was obtained independently and in another way (which we
recall here) in [48].

Theorem 6.3. Every F-Brouwer mapping has a fized point.

Proof. On the contrary, suppose that an F-Brouwer mapping ¢ has no fixed
point. Let A = {(z,z) : © € B}. The following diagram

H,(T(¢|B,T(¢]S); F) —— H,(B x B,S x B; F)

| T

Ho(D(9|B), T(|S); F) —— Hyp(B x B\ A, S x B\ A; F)

with all arrows induced by inclusions, is commutative. (We omit (-) for some
Cech homology groups which are isomorphic to the singular ones). Since Sx B\A
is the deformation retract of B x B\ A, H,(B x B\ A,S x B\ A) = 0 and
iy = 0, a contradiction.

It remains to define a suitable deformation retraction. For x # y € B we
denote by s(z,y) the unique point s € S such that s = y+ A - (x — y) for a
positive number A\. Define r: (B x B\ A) x I — B x B\ A by the formula
r((z,y),t) = ((1 —t)z + ts(z,y),y). It follows that r:id ~ r; and r is a strong
deformation retraction from B x B\ A onto S x B\ A. O

The mapping ¢: B — 28 is called a (multivalued) selector of o if ¢(z) C ¢(x)
for every x € B. The inclusion (I'(¢|B),T'(¢]S)) C (T'(¢|B), T'(¢]S)) implies the
following

Lemma 6.4. FEvery map having an F-Brouwer selector is an F-Brouwer
mapping.

Any compact neighbourhood U of T'(¢|B) in B X B determines a set-valued
map ¢r: B — 28 such that oy (z) = {y € B: (v,y) € U}. We have

(T(pu|B), T(pulS)) = (U, UN(S x B)).

Recall that on the category of compact pairs functors H, and Homp o H* are
naturally isomorphic, [22, Theorem 1.1]. The above fact, the continuity of
the Cech cohomology functor H* [11] and the formula Hom(-; F) o dir lim =
inv lim oHom( - ; F') give

H,(T(¢|B),T(¢|S); F) = inv lim { H,,(U,U N (S x B); F)},

where U runs over the set of all neighbourhoods of T'(¢|B).

We say that the set-valued map ¢: B — 28 is approximable by F-Brouwer
mappings if for every compact neighbourhood U of T'(¢|B) in B x B the map ¢y
has an F-Brouwer selector. We have the following generalization of Lemma 6.4.
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Lemma 6.5. FEvery map approximable by F-Brouwer mappings is an F'-
Brouwer mapping too.

Proof. Our assertion follows from three facts:

e H,((T(¢|B),T(¢|S)) = (B x B,S x B); F) = inv lim{ H, (iy; )} with
the inclusion iy: (U, UN (S x B)) = (B x B, S x B), where U runs over
the set of all neighbourhoods of T'(¢|B);

e The family of polyhedral neighbourhoods of T'(¢|B) in B x B is cofinal
in the family of all compact neighbourhoods of T'(¢|B) in B X B;

e The functor inv lim of the inverse limit is exact on the category of the
inverse systems of finite dimensional vector spaces. ]

The map having F-acylic values is called an F-acyclic map.

Lemma 6.6. The composition B BB of an F-acyclic map 1 and
an F-Brouwer mapping ¢ is an F-Brouwer mapping.

Proof. We will follow the ideas of Gérniewicz [25]. Let C be B or S. Consider
the following commutative diagram

T(p|C) = T'( 1/)|B

I'(4|B)

where q(z,y) =y, p(y1,2) = y1,
D(p|C) « T (|B) = {(z,y,y,2) : (z,y) € T(¢|C), (v, 2) € ['(¥|B)},

and p(x,y,y,2) = (z,v), 4(z,y,y,2) = (y,2). The assumption that ¢ is an F-
acychc map implies that p, p are Vietoris maps and p,: H,(I'(¢|C) * T'(¢|B)) —

H,(T(p|C)) is an isomorphism [25]. By Five-Lemma, another p, is an isomor-
phism in the following commutative diagram

H, (D% T%,T% « T') ™ H, (T2, T5°%) o H,(B x B, S x B)

.|

H,(I'%,T%) Ja
H,(B,S) H,(B,S)

where 7(x,y,y,2) = (2,2), j(x) = (2,0) and T% = D(x|C). Since j.pB, is an
epimorphism, i, is an epimorphism too. O






CHAPTER 7

THE 1 — SF-MAPPINGS

7.1. Definition and the basic theorem

Let us begin with the following definition for B = B™.

Definition 7.1. We call f: B — 28 an 1 — S*-mapping if f is p.-continuous
and for every z in B, f(z) is homeomorphic to either a point or the k-sphere.

The motivation for this definition comes from [61] and [23]. Results of these
papers show that 1 — S%-mappings and 1 — S™!-mappings of B™ have fixed
points, though for different reasons. The 1 — S-mappings (called bimaps) are
equipped with the fixed point index, [61]. These mappings can be considered as
the single-valued maps of B™ into its second symmetric product. The fixed point
theory for this case was developed in [44]. The 1 — S™~l-mappings are simplest
spheric mappings which have been studied in [23]. The main idea was there to
“fill” each value f(x) =2 S"~! with the bounded component Bf(z) of R\ f(z)
and consider the mapping f with acyclic values f(x) = f(x)UBf(z); (note, that
f(z) does not have to be a disc). Of course, both methods mentioned above do
not apply to 1 — S*-mappings with 0 < k <n — 1.

We now describe the method of the approximation of 1 — S*-mappings by
the mappings from the same class, but having the more regular set of all these
points, where the corresponding values are spheres. The general reference for
the notions and results of the p.l. topology is [58].

Definition 7.2. Let U be an open subset of B = B™ and € > 0. We say
that an n — 1-dimensional p.l. manifold M e-approzimates FrU = FrgnU in U,

if there exists a compact n-dimensional p.l. manifold K such that 0K = M and
UDKDU\O(Frgl).

Let us observe that for every U and ¢ there is a p.l. manifold K such that
OK e-approximates Fr U in U: it suffices to take a simplicial decomposition of B

45
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with mesh < £/2 and define K to be a small regular neighbourhood of the union
of all simplices intersecting U \ O, (FrgU).

Let f,¢: B — 28 be mappings. We say that ¢ e-approximates f if ¢(z) C
O f(x) for every x € B.

Lemma 7.3. Let f: B — 2B be an 1 — S* mapping and U ={z € B:
f(x) = Sk}, Then for every e > 0 there is an v > 0 such that for any compact
p.l. manifold K with OK r-approzimating Fr Uy in Uy there is an 1—S*-mapping
¢ with U, = Intp K, which e-approzimates f.

Proof. Fix an € > 0. Set U = Uy. Take r > 0 such that diam f(x) < ¢ for all
2 € Og,.(Fr gU). Let K be a p.l. manifold with 0K r-approximating FrU in U.
Take ¢ < r. Then

UDKD K\Og(FI‘BK) D U\OQT(FI'BU).

For every compact convex subset C of R we will denote by s(C') the Steiner
point of C ([1], [55]). We have s(C) € C and ||s(C1) — s(C2)|| < n- ps(C1,C2).
Let

A@) = ¢~ min(¢,d(z, B\ K)), b(z) = s(cl(conv(f(x)))),

(7.1)
e(x) =b(z) + AMz) - (f(x) —b(z)) forz e B.

Since ¢(x) C cl(conv(f(z))) for every x and {x : p(z) # f(x)} C Oz (FrgU), ¢
is an e-approximation of f. One can check that ¢ is a p.-continuous mapping
which takes values homeomorphic to S* on IntpK and which is single-valued
elsewhere. O

Theorem 7.4. Let f:B — 28 be an 1 — S*-mapping with 0 < k # 4 and
U={x € B: f(x) = S*}. Assume that for every ¢ > 0 there exists a p.l.
manifold M, which e-approximates FrU in U and satisfies the inequality

(7.2) dim Hy,(T(f|M;); Zo) > dim Hy, (M;; Z5)

for all components M; of M. Then f is a Zs-Brouwer mapping.

Proof. The basic observation is that p: I'(f|U) — U is a locally trivial bundle
with fibre S* by Theorem 2.2.

Case 1. The case where U C Int B.

Fix ¢ > 0. Take r > 0 from the Lemma 7.3. Choose K with M % 9K r-
approximating Fr U in U and satisfying (7.2). Define ¢ to be the e-approximation
of f, which is the one we have described in the proof of Lemma 7.3.
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By Lemma 6.5, it suffices to prove that ¢ is a Zs-Brouwer mapping. Consider
the following diagram with Zs-coefficients

H,(D(¢]B), T(]S)) —— Hy -1 (D(9]8)) —— Ho 1 (D(¢]B))

l l:

Hy(B,S) ———4— Hy1(S) =——=12,

and the first row exact; n = dim B. The right vertical arrow represents an
isomorphism because ¢|S is single-valued. Note that the condition on ¢ to be a
Zy-Brouwer mapping (p, # 0) is equivalent to i, = 0. We shall define a Z5-cycle
which generates H,,_1T'(¢|S), and which is zero in H,_1I'(¢|B).

There exists a simplicial decomposition 7 of B and a subcomplex K of T
such that K = |K|. Let us denote by K; — components of K, by M;; — com-
ponents of JK; and by K;, M;; — corresponding subcomplexes of the simplicial
decomposition 7 of B. Let S C T be such that S = |S|. Fix a linear order in the
set of all vertices of 7. Ordered and singular simplices determined by o € T will
be denoted by the same letter o. If p|o is single-valued then & denotes the sin-
gular simplex &(x) = (o(z), p(c(x))). We use the same notation for chains. All
considered chain complexes have Zs-coefficients. For every 77 C T let > 7' (p)
denote the chain equal to the sum of all p-simplices of 77. If 1g = > S(n — 1),
Lij = > M;j(n—1),c=3(T\K)(n), then 1g = Jc+3_, ; 1ij, 1g = I+, 1;
and 1g is a generator of H,_11(¢|S). It suffices to prove that > 1:; =0in
Hy, 1T (0] K).

Without loss of generality we can assume that K is connected and we omit
the index 4. There exists a neighbourhood N; of K in K (the collar of 0K in K)
and a homeomorphism hy: Ny — 0K x [0, 2] such that hy(z) = (z,0) for x € OK.
For simplicity of notation we write Ny = 0K x [0,2]. Let N = 0K x [0,1] C Ny
and L = cl(K \ N). We define a homeomorphism h: L — K by the formula:
h(y) =y for y € L\ 0K x [1,2], h(x,t) = (z,2t — 2) for (z,t) € OK x [1,2]. In
particular, h(z,1) = (z,0), i.e. h(OL) = OK.

Let M} = h=(M;) and 1 = h='1;. Of course, M is a component of
M’ = OL and the cycle 17 is a generator of H,_1(M]). We assume that ¢
(chosen in the proof of Lemma 7.3) is small enough, i.e. that O¢(0K) C N and,
consequently, ¢ = f on M’.

Consider the following commutative diagram

(O,u)l lv

Hy—1D(p|OL) —— Hu-1D(0lL) ® Hy 1 D(0|N) —— Hyo1D(0]K)
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where «, 3, u, v are induced by inclusions and the second row is a segment of the
Mayer—Vietoris exact sequence. We are reduced to proving that v(>_ j 1) =0,

which is equivalent to (0, u(3_; 1;)) € im(—f,a). Rows of the next diagram are
segments of Gysin exact sequences:

Hp_p_10L —— H, _\T(p|0L) — H,_10L

| |7 "
Hn_k-_lL ﬁ Hn_1F(<p|L) 47r> Hn_lL

We first prove that (0,>_;17) € im(B, p,). The first row of the above diagram is
the direct sum of the following exact sequences:

Hyo gt M —"— Hy, 1 T(p| M) —% H,o 1 M.
By the Poincaré duality,
dim H,, M} =1,
dim H,, 1T (¢| M) = dim H,'(¢| M),
dim H,, 1 M} = dim H}, M.
By (7.2) and Lemmas 5.4, 5.5, dim HI'(p|M}) > dim Hy M}. Hence ; is not an
epimorphism, p;, # 0, p;. is onto, p, is an epimorphism. Another epimorphism
is 0. This follows from the Mayer—Vietoris exact sequence:
Hy,  10L — H, 1L & H, p_1cl(R*\ L) = H, 5 R>

Since p, is onto, there exists z € H,_1I'(p|0L) such that p,z = 3°;1;. Of
course, nzj 1} = 0. Hence 0 = np,z = 7wz, Bz € ime. Let y € Hy__1L
and a € H,,_j_10L be such that ey = Bz and da = y. Thus Bz = eda = pra,
B(z —va) = 0, (B,p)(z —va) = (0,p.z) = (0,3°;17). It remains to prove
that p,z = >, 1} implies that az = u(}_; 1;) for € H, 1T(p|0L), (here
x = z —~ya). This is a corollary from the following diagram:

Ho1D(00L) —2 Hy 1OL — " H, 10K

al J’(id,tp)*

H,_1T'(¢|N) Hy, 1T'(¢]0K)

u

pr*xf > then hy 37,10 =370 15, (id, ) 22,1 =35 1~] and finally ax =
u(d j 1,). The only remaining point concerns the commutativity of the above
diagram. Let r: N — OK be the retraction r(z, s) = z and 7: T'(¢|N) — T'(¢|0K)
be given by 7(z, y) = (r(z), ¢(r(x))). If 7 is a strong deformation retraction, then
u = (T,)~! and reversing the lower arrow makes the corresponding diagram of
mappings commutative. We now prove that this is the case.
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Define p: N x I — N by the formula p((z,s),t) = (x, (1 —t)s) for (z,s) €
OK x [0,1] = N. Of course, p:idy ~ r. By the Homotopy Lifting Property,
there exists p:T'(f|N) x I — T'(f|N) which makes the following diagram

I(fIN) x {0} I(fIN)

J ///j////% k

T(fINyxI ———NxI——3N
pxid 4

commutative. Recall that p(z) = b(z) + A(z)(f(x) — b(x)), (see (7.1)). Let
h:T(fIN\ OK) — I'(¢|N \ 0K) be a homeomorphism defined by the formula
Wa,y) = (2, b(z) + Ax)(y — b(z))).
One can check that p: T'(p|N) x I — I'(p|N) defined by
_ h(p(h=t(z,y),t)) for x € N\ 0K and t # 1,
Pt = {
(p(x,1), 0(p(x,1))) forx € OK ort =1,

is continuous and p:id ~ 7, which proves the theorem in the Case 1. The
continuity of p follows from the fact that

h(p(h™ (z,),1)) € {p(z,t)} x p(p(x,1)).
Case 2. The case where U N OB # ().
We replace f by ¢:2B — 2B,
ey ={ it o] € 0,1,
@ ==l fC/Nl)) it [l € [1,2],
which is singlevalued on 25 and satisfies all assumptions which were made on f.
Let us check the condition (7.2) for ¢. Let V.= U N9B. The new U is the set
Up=UU[,2)-V=Ux{0tuV x[0,1).

Take an € > 0. We find the n — 1-manifold L C V such that 0L e-approximates
FrsgV in V. Then we find the n-manifold K C U such that 0K d-approximates
FrU in U and satisfies (7.2). For simplicity of notation we may assume that 0K
is connected. If § > 0 is sufficiently small, then L is contained in 9K (even with
a collar). Then the set

Ki=KU[1,2-4]- LYK x{0}ULxI
is a p.l. manifold and 0K, well approximates Fr Uy in U;. We have
0K, = (0K \ L) x {0} U(OL) x TUL x {1}.

Since (L, dL) is a Borsuk pair, the set (L) x UL x {1} is a strong deformation
retract of L x I and consequently, 0K is a strong deformation retract of the set
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C = (0K) x {0}UL x I. Of course, also K is a strong deformation retract of C'.
By Lemmas 5.4, 5.5, the conditions (7.2) for K and for 0K, are equivalent.
The Case 1 now implies that 1 is a Zs-Brouwer mapping.
It suffices to prove that if ¥ is a Zs-Brouwer mapping, so is f. Let P =
2B\ Int(B). Consider the following diagram

ﬁn(Fé, Fé) — Fln(F;/’B, Ff,) — ﬁn(rng’ ng)

.| J |-

H,(B,S) ——=— H,(2B, P) +——— H,(2B,25)

All horizontal arrows represent isomorphisms: left arrows are excisions, on the
right-hand side 25 and Fg’s are strong deformation retracts of P and 5. Thus
p}f’ # 0 implies that p, # 0. ]

7.2. The 1 — S 2-mappings of B"

The next theorem is in the author’s opinion the main result of this disserta-
tion.

Theorem 7.5. Every 1 — S™ 2-mapping of B" is a Z-Brouwer mapping
and has a fived point.

We will need the following lemma, which states that the raising to the n-th
power in the Zs-cohomology algebra of any closed n-manifold in R**! is a trivial
operation.

Lemma 7.6. Let M C R""! be an n-dimensional compact connected topo-
logical manifold without boundary, n > 2. Then 2" = 0 for everyx € H'(M; Z3).

The situation described in the assumptions of this lemma is known very
well in the literature. Let us gather some facts before the proof. First, M C
R U {oo} & St SnHI\ M = U UV, (U, V — connected). The closures
A=U,B=YV are ANRs, [11, VIIL.4.8]. By the Alexander duality, H"(4; Z;) =
H™(B;Z3) = 0. Let i: M — A, j: M — B be inclusions. The Mayer—Vietoris
exact sequence shows that ¢: H*(A; Zs) @ H*(B; Zs) — H*(M; Z3), p(a, ) =
i*a + 7* 6 is an isomorphism for 1 < s < n. Moreover,

(1) Sq" "y =0 for every y € H"(M; Z3), 1 <r < n, [65, I11.2.3];

(2) i*Sqta U j*b = i*a U j*Sq'b for all a € H"(A; Z3), b € H" 177 (B; Z,),
(65, T11.2.4] (see also [65, I1.4, TI1.1.4]).

(3) SqgiuF = (M)uk+i if dim(u) = 1, [65, 1.2.4].

Proof of Lemma 7.6. Case 1. Let n # 2™ — 1 for every natural m. Since
0=8q¢""x" = (nir)x", by (1), (3), it suffices to find r such that (nir) is odd
and 1 <n—r <r <n. If n =2t then r = t satisfies the above conditions. If
n =2t — 1 then t # 2™~ ! for every m. Thus t = 2~! + j for some ¢ > 2 and
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1< j <2711, It is easy to check that (Qik_l) is odd for every k =0,...,2"—1,
(by induction on i, (z + y)? mod 2 = z? + y? for ¢ = 2', so (3) is even for
k=1,...,20—1), and r 20 — 1 satisfies 1 <n —r <7 < n.

Case 2. Let n = 2" — 1. Then

n

n—1
" :(i*aJrj*ﬂ)” _ Z (Z)Z-*ak Uj*ﬂnfk _ Zi*ak Uj*ﬂnfk
k=1

k=0
(n—=1)/2
_ Z (Z‘*a2p71 U j*5n72p+1 + ,L-*a2p Uj*ﬂ"”p)
p=1
(n—-1)/2
_ Z (i*an—l U j* (n - 2])) ﬁn_2p+1 +4* (2]7 - 1) a2p U j*ﬁn—Zp)
=t 1 1
(n—1)/2
— (Z'*a2p—1 U j*Sqlﬁn_Qp + i*SQIOéQp_l U j*ﬁn—Qp) — 0,
p=1
by (2), which proves the lemma. O

Proof of Theorem 7.5. By Theorem 7.4, it suffices to check the inequality
(7.2). Let f: B® — 28" be a 1 — " 2-mapping, M — a closed n — 1-manifold
in B™; p:T'(f|M) — M — a projection. By Theorem 2.2, p is a locally trivial
bundle with the fibre S = S"~2. Let us denote by w; the j-th Stiefel-Whitney
class of p. Set I' = T'(f|M). Consider the bundle p~:T* — M and the map
g2 = R™ g((z,y),(z,2)) = y. Recall that ¢® denotes the first Stiefel-
Whitney class of the S°-bundle I'* — I'*/Z, with the Z, action given by the
transposition T((z,y), (z,2)) = ((x,2), (z,y)). We must have (¢®)* = 0, for
otherwise, by Theorem 5.3, y = z for a ((x,y), (x,2)) € ', a contradiction.
Therefore, applying twice the formula (5.8), we see that

0= () Ut = SR ) U ()i U
= () (@) U () + §<qﬂ>*<wf> U ety
= ?qA)*(wf Uwd) U (e2) 177 §<qﬂ>*<wﬁl> U (B
= T P Uu ) Uy
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This gives ijH:wlA ijA for j=1,... ,n—2, and w,_ =w> , = (w1 =0,

by Theorem 5.8 and Lemma 7.6. According to Lemma 5.5, this completes the
proof. O

7.3. The 1 — S'-mappings of B3
For n = 3 Theorem 7.5 sounds especially visually:

Theorem 7.7. FEvery p.-continuous mapping of the closed 3-dimensional
disc, taking values which are points or knots, has a fized point.

Note that the values in two points of the same component of the set Uy (see
Lemma 7.3) can be knots of different types.

We give an alternative proof of this special case of Theorem 7.5, which is
based on another lemma.

Lemma 7.8. If M, is a closed orientable surface of genus g then
K(M,) = (Z5)*.

Proof. (All results of K-theory which will be needed here, can be found in
[33] and [38].)

We begin by recalling that K (S*) = Z» and K (52) = Z,. Now suppose that
g > 1. Let SX denote the reduced suspension of the space X and K—1(X) =
K(SX). Let Y be a closed subset of X. Consider the following exact sequence
of abelian groups (see [33, 9.2.8], [38, 11.3.29)):

KY(X) L KY(Y) S5 K(X/)Y) -5 K(X) -2 K(Y).

Take X = M, and Y = \/?ilY“ Y; =2 Sl fori=1,...,2g. If the surface M,
is represented as a polygon (with 4g angles and standard identifications) then
Y is its boundary. Of course, X/Y = S2. Homomorphisms v and 3 have their
right inverses. Indeed, let r;: X — Y; be a retraction such that r;(Y;) = * for
j # 4. Then

Ew)=@ERv) ™ R(X)

is a right inverse of 8, (fortunately, IN((*) = 0). Replacing K by K~ we obtain
a right inverse of 7. Consequently, v and S are epimorphisms. We obtain an
exact sequence

29

0 — K(5%) % K(M,) 2 P K(SY) — 0,

i=1

which splits. Thus

K(M,) =~ K(5%) & 6]99 K(SY) = (Z,)%1. O

i=1
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Proof of Theorem 7.7. The structural group of the locally trivial bundle with
fibre S1 reduces to O(2), (see [67, 11.45], [48, Fact 2]). For this reason we can
rewrite the proof of Theorem 7.5 omitting the triangles in all the symbols (- ).
We now change our last argument in that proof.

Let 7 be the vector bundle with the fibre R2, which corresponds to p. By
Lemma 7.8, 7 &  represents zero in I?(M) This gives P & 7 @ ? = O for
some trivial vector bundles 6, 6. 1t follows that 1 = w(p®p) = w(p)Uw(p) =
(1+w; +ws)? = 1+ [wq]? 4+ [w2]? = 1+ [w;]?. Therefore [w;]? = 0, which finishes
the proof. O

Proof of Lemma 7.8 was based on the classification of the closed 2-manifolds.
We now describe the construction of any S'-bundle E over the closed oriented
surface M = M, of genus g. The question, which of these bundles are weakly
equivalent, is answered in [62]. We get a necessary condition for such bundles to
be graphs of the restrictions of some 1 — S'-mappings.

Let g > 0. Remove an open disc D from M. Then M \ D is a “thickened”
wedge W of 2g circles Si,...,S24. There are two S1-bundles over S': the torus
and the Klein bottle. The S'-bundle E|(M \ D) is determined by choosing one
of these bundles over each S;. The bundle E|D is trivial (equivalent to D x S*).
The bundles E|(M\ D) and E|D admit the sections a, b, (the first one — because
there exists a section over

29
w=\/5
i=1

and W is a strong deformation retract of M \ D). Let a, 8 be the restrictions
of sections a, b to 9D and - be any loop representing the fiber. The set T =
p~1(AD) is a torus and there is an integer j such that

a=0+j-v in H(T;2).

Lemma 7.9.

29+ 1 iof j =2s,

dimHl(E;ZZ’){2g ifj=2s+1

Proof. The reduced Mayer—Vietoris exact sequence for E|(M \ D) and E|D
with Zs-coefficients
Hi(E|0D) ~ Hy(E|(M \ D)) & Hy(E|D) = Hy(E) — 0

yields dim H1 E' = [(2g + 1) + 1] — dimim(&). Let us denote by a; the restriction
of the section a to the circle S;. In Hy(M \ D) we have:

Oé:(a1+a2—a1—ag)-i-...-‘r(agg,l—‘razg—agg,l—agg>=0.
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The cycles a1, . .. ,asg,7, freely generate H, (E|(M\D)). The basis of H,(E|0D)
is {a,}. Moreover, Hy(E|D) is generated by . Let [£] be the matrix of £ with
respect to the systems of free generators which are given above. Then

11 1,2 1-1) 0
(€] = §2g,1 §2g2 | = |(1=1) O
§og11,1 2g11,2 0 1
§2g12.1  E2g42,2 J 1
Thus
dimm im(€) ks l€] { 1 for j =0 mod 2,
imim(¢) = ran =
2 2 for j =1 mod 2,
which proves the lemma. U

Since dim Hq(My; Z2) = 2g, wa(E) = 0 if and only if j is even, by Lemma 5.5.
For this reason, for the surfaces with g > 0, we have

Corollary 7.10. The only bundles, which can be graphs of the 1 — S'-
mappings of B> over Mg, are these with even j.

Proof. Tt suffices to consider the case ¢ = 0. According to the classification
given in [34, pp. 143-144], every S'-bundle over S? is equivalent to p: L; — S?,
where L; = S3/Z; is a lens space and p is induced by the Hopf fibration S® — S2.
By [11, V.6.16],

0 if j=2s+1,

H(Ly; 22) = { Zy ifj=2s

7.4. Examples
We give here three examples, which are summarized in the following

Theorem 7.11. Let char(F) denote the characteristic of the field F.

(a) There is an 1 — S'-mapping of B*, which for every field F is not an
F'-Brouwer mapping.

(b) There is an 1 — S*-mapping of B3, which is an F-Brouwer mapping if
and only if char(F) = 2.

(c) There is an 1 — S-mapping of B2, which is an F-Brouwer mapping if
and only if char(F) # 2.

Proof. Let us observe that f is an F-Brouwer mapping for a field F with
char(F) = 2 if and only if f is a Zs-Brouwer mapping, which follows from the
Universal Coefficients Theorem.

(a) (It is worth pointing out that our example does have an obvious fixed
point.)
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Part 1. Write x = 2?21 zie; € R (e;)i, — the standard basis in R,
R? = Span{ey, ... ,e;} for i <4, S — the unit sphere in R*, Si=1 = §3 N RY,
E, = Span{z,e3,e4} for z € S1, S, = S3 N E,. Define ¢,:5% = S,, p.(y) =
Y17 + yaez + yzeq for ¥ € ST and p: ST x S — RY p(x,y) = 2/2 + . (y) /4.
The map ¢ is an embedding of S! x S? in RY. Set K = {x/2 + 7 - ¢, (y)/4 :
(v,y) € ST x §%, 0 < r < 1}. Clearly, K = S! x B3. Let ¢:S® — S? be the
Hopf fibration. We define f: B* — 2B by the formula:

f(;z +r- i%(y)) =r(l=7r)-¢"'(y) onK,

f(z)=0 on B*\ K.
Part 2. Suppose contrary to our claim that there is a field F' making f an
F-Brouwer map. Set B = B* S = 0B and H,(-) = H,(-;F). Note that
fls = 0. The commutative diagram

Hi(Tp,Ts) 22 Hy(B x B, S x B)

J u}*

H,(B,S) =————= H4(B,95)

with j(x) = (z,0) yields p, # 0. The diagram

Hy(Tp,Ts) — HsD's — s HT'p

Hy(B,S) —— H3§ =—=F

with the first row exact shows that i, = 0. Let C' = B\ Int(K). Counsider the
segment of the Mayer—Vietoris exact sequence:

HysB — H3(8K) — H3C@H3K — H3B.

Since H3K = H3(S' x B?) = 0 and H3(0K) = H3(S' x S?) = F, we have
HsC = F. Take v € Int(K). Since S is a strong deformation retract of [B\ {v}],
the composition
F = H3S s HsC — H3(B\ {v})

of homomorphisms induced by inclusions is an isomorphism. Therefore 7 is a
monomorphism. Now, the equality H3C = F shows that n is an isomorphism.
Since 's =S x0and I'c =C x 0, 7: H3['s — H3['¢ is an isomorphism too. It
follows that ji: HsI'c — HsI'p is zero, because 0 = i, = j3 o 7. Summarizing,
we have: j1 = O, HgFC = ch = P’7 HSFBK = H3(8K) =F.

Part 3. Our next goal is to determine the group H3I'x. Note, that K =
LUN, where L = {z/2 + 7 p,(y)/4 : (z,y) € S* x 2, 0 < r < 1/2},
N={z/2+7r @.(y)/4: (z,y) € St x S? 1/2<r <1} and LN N = 9(L). For
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abbreviation, we let  stand for (/2 + 1 - @, (y)/4,7(1 —7)2), 2 € ¢~ 1(y). The
homotopy

Gi(®) = (o + [+ (1= 0] Jouo). e+ (= OrllL =2 = (1= o)

2

shows that T'gx is a strong deformation retract of I'y. Another homotopy

H,(Q) = (;x + tr - ig@m(y),tr(l — tr)z)

with Ho(Q) = (z/2,0) gives ', ~ S1. We also have a homeomorphism h: Ty, —
St x 83, which sends (x/2+ . (y)/8,2/4) to (z,2) for z € ¢! (y). Consider the
segment of the Mayer—Vietoris exact sequence:

HsToy —s HsD'p @ Hsl'ny —2 Halje —s HoTy.

Since Holgr, = Ha(S' x 83) = 0, v is an epimorphism. Clearly, H3['; =
H3S' = 0. If A = 0 then v is an isomorphism and HsI'x =2 H3I'y = H3lgx =2
H3(0K) = F. What is left is to show that A = 0 or equivalently, that the
inclusion w: Ty, — I'y induces the zero homomorphism on Hs-groups. This is
equivalent to 0 = &,: H3(S' x S3) — H3(S! x S?) for ¢ = p~1oGowoh™! where
G1(T'y) = Tox = O(K) x 0 is identified with 9(K) = (S x S?). It is easy to
check that &(z,z) = (z,¢(2)). Thus £ = id x ¢q. By the Kiinneth theorem, the
diagram
3
H3(S" % 8%) «+—— €D H;S' @ H3_; 5

=0

. |

3
H3(Sl X 52) = @HZSI ® HgfiSQ
i=0
commutes. The i-th component of the direct sum is non-zero only for 7 = 0 in
the first row, and only for i = 1 in the second row of the above diagram. Hence
5* =0.
Part 4. Consider the segment of the Mayer—Vietoris exact sequence:

H3lsk 2, H3l'c & H3I'i L} H3l'p

F F?
where a(z) = (i12,i22) and B(x,y) = joy — j1x = jay (see Part 2). Since iy is
a composition

o

HSFE)K — HgFN i) ]{?,FK7
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io is an isomorphism (see Part 3). Now, dimima = 1 = dimker 3. Thus
dimimj, = dimimpB = 2 — dimker3 = 1. But 0 = foa = jy oiy. There-
fore jo = 0, a contradiction.

(b) Fix r € (—1,1). Let A(z) = {re+y:y € R3 (y,z) =0} and F(z) =
52N A(z) for x € S?. Define : B3> — B? by the formula p(sz) = s - F(z) for
s €[0,1], x € S%. By Theorem 7.5, ¢ is a Zo-Brouwer map.

Of course I'}, is contractible and I'Y = RP3, [34, p. 144]. By the exact
sequence

H3(T'; F) = H3(T', TG F) — Ha(TG F) — Ha(Tgs F),
we have
H3(T%.TE; F) = Ho (TS F).
By the Poincaré duality,
dim Hy(I'%; F) = dim H,(T'%; F),
but
Hi(T%;F)=H{(RP*F) =2, F = F/op = 0.

The last equality holds if and only if char(F) # 2. In this case ¢ is not an
F-Brouwer map.

(c) Take r: St — St r(2) = y/zfor z € St =S C C. Let f: B2 — B? be
the cone of r. Then the set I‘é is contractible and the projection p: Fé — S is
a double covering. Since the following diagram

Hy(TL, 1L F) = H (T4 F)

Hy(B,S; F) —— H1(S; F)

commutes, our assertion follows. O

Theorem 7.11(c) and the next result throw light on the difference beetwen
1 — S% mappings and 1 — S™~'-mappings of B". Recall that the earlier methods
of proving the fixed point theorems for these classes of mappings have been of
the quite different natures, [61], [23].

Theorem 7.12. All 1 — S™ '-mappings of B" are Zy-Brouwer mappings.
Proof. We repeat, line by line, the proof of Theorem 7.5, (let me omit the
triangles). The conclusion is now simpler:
n
0=c"= ijc"*j = w; =0 forallj,
j=1

in particular w,, = 0, which proves the theorem. O
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Using the procedure which is described in the proof of Theorem 7.5, we can
obtain some necessary conditions on the sphere bundle to be the graph of an
1 — S*-mapping over a closed n — 1-manifold M in B".

Example 7.13. Let p:I' — M be a S'-bundle over M. Set x = w1 (p),
y = wa(p). We have
A =cx+ Y.

Set uy =1,v; =0, ¢/ =cu; +vj for j=1,... ,n. Then
Ujt1 = TU; + Uy, Vj+1 = Yu;.

Since dim(M) = n — 1, v, = 0. The condition ¢" = 0, which is necessary for T
to be a graph, is now equivalent to u,(x,y) = 0.

Of course, the possibility of getting an application of this observation relies
on our knowledge of the Zs-cohomology algebra of M. Let us compute some
initial polynomials ., vy:

2
uz =z° +y, U3 = TY;

3 2 2
Uy = x°, vy =Y+ Y7

Uy = x4+m2y+y2, ..............

If n = 3, then uz = y, (and y = 0 yields the fixed points in Theorem 7.7).

If n = 4, then uyq = 0, (there is no restriction). This fact combined with the
property of the Hopf fibration of having wy # 0 (see Example 5.6) originated the
first example from Theorem 7.11.

If n = 5, then us = 22y, (see Lemma 7.6 and its proof). The next lemma
shows that this polynomial can take a non-zero value (a priori, i.e. forgetting
the question, whether x¢ and yo satisfying 3 U yo # 0 are the Stiefel-Whitney
classes of any bundle).

Lemma 7.14. There is a closed 4-manifold M in R® such that there are
x € HY(M; Z3) and y € H*(M; Z3) with x®> Uy # 0.

Proof. We choose M to be the boundary of a regular neighbourhood NV of the
projective space RP? in R?. Consider the commutative diagram of the Poincaré
dualities D

H*(N, M) —— H*(N) ——— H*(M)
7| | J
H5_k(N) E— H5_k(N, M) — H4_k(M)

with Zs-coefficients and k = 2. Since N ~ RP? H3(N) = 0. Thus down-
right, up-right arrows in our diagram represent monomorphisms. Of course,
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HY(N) = Zy = H%(N). Moreover, taking  which generates H'(IV), we see that
n? generates H2(N). Consequently, i*(n?) # 0 in H?(M). Since

(-,0(M))

U: H3(M) x H*(M) — H*(M) Zy

is a non-degenerate pairing, there is a y € H?(M) such that [i*(n)]> Uy # 0,
which is our claim. O






CHAPTER 8

OPEN PROBLEMS

) Has every 1 — S*-mapping of B™ a fixed point for 1 < k <n — 3?

Has every p,-continuous mapping of B" with eLC™ 2-values:

(a) a fixed point?

(b) a single-valued selector?

(¢) a single-valued approximation?

Is it true that for every class {4y : A € A} of eLC™ 2 compact sets

in R”, the sets Ay = A\ U B(A)) are eLC™~! for A € A? Is this true

for the one-point set A?

Is there a free fibre-preserving Zs-action on the space of any locally

trivial sphere bundle?

Is the group of all odd homeomorphisms of S* the strong deformation

retract of the space TOP(S¥) of all homeomorphisms of S*?

Are the classes ij the Stiefel-Whitney classes for every ;57

Is there for every spherical fibration such a fibration, which would be

an equivalent of the bundle T'2?

Is the equality w,,_1 = 0 the sufficient condition for the equivalence class

of the S™2-bundles over an n — 1-manifold M in R” to be represented

by a graph of a 1 — S™"~2-mapping on M?

Is every 1 — S" l-mapping of B" an F-Brouwer mapping for every

field F'?

How to generalize Theorems 7.4, 7.5

(a) for p.-continuous 1 — M-mappings with M # S*?

(b) for p,-continuous 1 — S(x)-mappings with S(x) ~ S* which are
pr-continuous on the set Uy = {z € B" : f(x) = S(x)}?

Are there some fixed point theorems for compositions of mappings from

this dissertation? See also [23, p. 177].
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CHAPTER 9

APPENDIX

9.1. The Borsuk Lemma
We prove here the modified version of the Borsuk Lemma (see [2, p. 187]).

Lemma 9.1 (Borsuk, eLC™ !-version). Suppose that all the sets from the
class © C 28" are eLC™ ' and compact. Then there is a continuous increasing
function a: (0,1] — (0,1] with a(e) < e (for all €) such that for every set 6 € ©
there exists a retraction

Tg: Oa(l)(ﬁ) — 9,
with ||rg(x) — x|| < e for all v € Oy )(0) and € € (0,1].
Proof. The definition of the eLC™!-condition for © can be written in the

following form: There are d > 0 and A: (0,d] — (0, 1] such that for every 6 € ©,
z €0, p<n-—1, every continuous map

I(APTYY — Ky(z,0)
for § < d has a continuous extension
AP 5 Ko (2, M(6)).
Here Ky(x,0) denotes an open ball in § with the center z and radius 6. In

addition we can assume that

e the function A is increasing and continuous;
(] Hm(gﬁo )\(6) = 0;
e § < A(6) for all § < d.

Assuming that 6(¢) < € and §(1/(n + 1)) < §(1/n) in the eLC™~!-condition
(see the beginning of Chapter 4), the figure on the page 64 shows the definition
of the function A = A(J).

The formula 7(6) = A(40) defines the function n: (0,d/4] — (0,1]. There is
b < d/4 such that the function p = n(™ =no...0n is well defined on (0,d].

63
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N

= =

5(1) 8(3) 8(3) a(3) =d 5(1)

We choose an increasing continuous function a: (0, 1] — (0, 4] such that

e 0<t<dalz) = pt) <e/2;
e ae) <e/4.

Fix the set # € ©. Let A be an infinite simplicial decomposition of R™ \ 6
such that for every ¢ € (0,1] and A € A

dist(A,0) < a(e) = diam(A) < aTe).

To every vertex p of A we assign a point r(p) € 6 such that
d(p,r(p)) = dist(p, 6).
Let A € A be such that dist(A,0) < a(e) for an € € (0,1]. Then
dist(p, 0) < ga(s)

for every vertex p € A. We have

d(r(po),r(p1)) < —= +2- ga(a) < 4da(e)
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for every vertices pg, p1 € A. By the eLC™ !-condition, we extend r on all edges
of the decomposition A. We have

(A (po,p1)) C K(r(po), M4a(e))) = K(r(po), n((e))),
diam (r(A'(po, p1))) < 2n((e))),
r(0A%(po, p1,p2)) C K(r(po), 4n(al(e))).

We now extend r on all triangles of A. We have

r(A%(po, p1,p2)) € K(r(po), A(4n(c(e)))) = K(r(po),n® (a(e)))-

Assuming that
T(Ai(pO’ s 7pi)) - K(’I“(po), n(i)(a(g)))’

we have

diam (r(A(po, ... ,pi))) < 20 (a(e)),
r(OA (po,... ,pis1)) C K(r(po), 40" (a(e)))-

We extend 7 on all (i + 1)-faces of the decomposition A. We have

A (o, - pien)) © K (o), A (a(e)))) = K (r(po),n D (a(e))):

By induction,

r(A) =r(A") C K(r(po),n'™ (a(e))) = K(r(po), u(a(e))).
We define the retraction rg: Oy (1)(6) — 0 by

rol) = { r(z) forze A €A,

T for z € 6.

Take 2 € Oy(<)(#) \ 0. Choose A € A such that x € A. Of course, dist(A, ) <
a(e). Fix a vertex pg € A. Then ||rg(z) — z|| = ||r(z) — x| < ||r(z) — r(po)|| +
l7(po) — poll + llpo — z|| < p(a(e)) +3a(e)/2+ a(e)/2 < e/2+2-¢/4 = &, which
proves the lemma. O

9.2. More about characteristic classes

For completeness of this thesis we give Thom’s proof of the naturalness of the
Stiefel-Whitney classes. Then we prove that elements ij are natural. Finally,
we cite the Milgram Theorem on the algebra H*(BGj.t1, Z2) of the classifying
space BGg41.
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Lemma 9.2 (Thom). The Stiefel-Whitney classes are natural.
Proof. Let p;:T; — B; be a Hurewicz fibration with fibre ~ S* for i = 0, 1.
Let f: By — Bj be covered by F: Ty — I'q, i.e.
p1oF = fopo.

Moreover, we assume that the restriction F|: py ' (bo) — py ' (f(bo)) is a homotopy
equivalence. Set by = f(bp). Let

We have the mappings

® p;:Zi — Bi, Bilt,vi] = pi(vi)s
o F:Zy— Zy, Flt,v] = [t, F(70)]-
Of course,
ProF = fop.
Let t; € H**Y(Z,,T'1; Z5) be the Thom class of the fibration p;. Then 77 (t)
generates HT1(Dy, S1; Z). Here 7; denotes the inclusion

(Di, Si) = (7 ' (bs),p; ' (b:)) € (Zi,T).
The following diagram

Hk+1(Z17F1) L*) Hk+1(Z07F0)

* *
st J JTO

Hk+1 (Dl,Sl) W Hk-H(DmSO)

with Zs-coefficients commutes. Since (F|)* is an isomorphism, the element
(F)* orf(tr) = 75 (F (t2))

generates H**1(Dy, Sp). Thus ty = F*(tl) is the Thom class of the fibration py.
Let

®;: H*(By; Zo) — H* MY Z, Ty Zy),
Q,(z) =Pz Ut
be the Thom isomorphism for p;. We have
F o®, = dyo f*.
Indeed,

e

F o®(z) = (p o F)*(x) UF (1) = (f oPo)* () Uto = B5(f*) Ut = Do (f*x).
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We now recall Thom’s definition of the Stiefel-Whitney classes:
wj,; =07 S ®;(1) € HY (By; Zo).
Thus
frwjr=fod71S¢7®,(1) = &yt o F S¢? @1 (1)
=05 ' Sg/F" 0 ®1(1) = B ' Sg? By (£*(1)) = By ' S¢? Bo(1) = wj,
which proves the naturalness of the j-th Stiefel-Whitney class. O

Theorem 9.3. FElements ij are some characteristic classes for the locally

trivial bundles with the fibre S*.

We stress the fact that we did not define ij for spherical (= Hurewicz)
fibrations other than locally trivial bundles. The classifying space for the locally
trivial bundles with fibre S* exists and it is denoted by BTOP(S*). In this way,
the elements ij € HY(B; Z3) are called the characteristic classes of the bundle
p:I' = B, if only these are defined for all such bundles and are natural.

This naturalness property differs from the one described for the spherical
fibrations: If p;:I'; — B; are the locally trivial bundles fith fibre S* for i = 0,1
and f: By — Bj is covered by the map F:T'y — I'y such that

Flpg ' (b) = p1 ' (f(b))
is a homeomorphism for every b € By, then
f*(wjﬁ,i) = ij,o
Proof of Theorem 9.3. Take pg, p1, f, F, as above. Note, that the mapping
FATS -T2, FA=(FxF)rg,
is well-defined. The following diagram

. F&)* .
mrs 0 i

T T

HITS )2y =S HITE ) 7,

qﬁ Tq*

HjBl T)HjBO

with G induced by F® commutes. By the naturalness of the Stiefel-Whitney
classes,
& =Gl
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Let us recall that
k+1

kl k:l
+ qujlu + J

Then

k+1

(COA)k+1 G*( >k+1 ZG*Q*’UJ U(G* A)k+1 j
j=1
k+1

N A —j
= Zq*f*wm U (cg) 7.
j=1

We conclude that f*w 1 = wJAO, which proves the theorem. O

Let G141 denote the set of all homotopy equivalences S¥ — S*.

Theorem 9.4 (Milgram, [53]).
(a) H*(BGrt1,22) = P(wi,...,wky1) @ E(...,er,...), where P(...) is

a polynomial algebra, E(...) — an exsterior algebra, w; — the j-th
Stiefel-Whitney class;
(b) I =(i1,...,im) runs over all sequences of integers 0 < i1 < ... < iy, <

k — 1 with m > 2. Additionally, i1 = 0 implies m = 2 and iz > 0;
(c) dim(w;) =1;
(d) dim(e[) =144+ 2ip+4ig+ ...+ 2m712’m

Milgram’s Theorem is loosely-linked with the subject of this thesis but it is
interesting because of some open problems in Chapter 8. Author does not know
the corresponding result for BTOP(S¥), (the reference is [6], but the explicit
formulae for H*(BTOP(S*), Z3) are not written there).

9.3. Addendum to Theorems 7.4 and 7.5

Let f: B" — 28" be an 1 — S" 2-mapping and U = {z : f(z) = S"2}.
In the proof of Theorem 7.4 we deal with the set K such that M = 0K well
approximates FrU in U (see also Lemma 7.3). Next, especially in the proof of
Theorem 7.5, we study the bundle p:T'(f|M;) — M; with M; — a component
of M. This is the point, where the following questions come into being:

(a) What about the bundle m: T'(f|K) — K?
(b) Does 7 bear an information which could make the proof of the equality
wp—1(p) = 0 easier?
In general the answer to (b) is negative. It suffices to consider the example of
K = My x [0,1]. In this case the bundles 7 and p are in some sense “the same”
and are expected to make the same difficulties.
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The (very special) assumption that K and M are connected makes the situa-
tion quite different. With these assumptions we give a short proof of the equality

wWn—1(p) = 0.
Let us consider the following commutative diagram

H" Y (K; Zy) —— Hy(K, M; Zy)

“J P*

Hn_l(M; ZQ) _— Ho(M; ZQ)
‘
Ho(K; Z>)

with ¢ — the inclusion and the horizontal arrows representing the Poincaré du-
alities. Since i, is an isomorphism, we have 0, = 0, i* = 0 and

Wa1s(p) = i* (w1 (7)) = 0.
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